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PREFACE 


There is, I suspect, very little need to explain a second edition. The 
opportunity to improve the awkward sections, to correct the errors, 
to bring information up to date, and to adopt current conventions 
and systems is clearly one to be grasped. In addition, and hopefully 
more important, the author has the opportunity to make use of the 
increased understanding of chemistry that he has acquired with the 
passage of a few years. Much of what I have learned that is particu- 
larly pertinent to the revision of the first edition has come from the 
many helpful comments and criticisms of it that I have received. 
Likewise, the entire staff of the Chemistry Department of Case Insti- 
tute have added immeasurably to my appreciation of many topics in 
chemistry. As a result, | hope that this second edition will provide a 
clearer and more logical presentation of physical chemistry. 

It is almost inevitable, I am told, that revisions lead to longer 
and more sophisticated treatments. I have attempted to resist trends 
in both these directions. Although there are several more chapters, 
the amount of material is only slightly greater than in the first edi- 
tion. The principal extensions, moreover, have been arranged in sec- 


tions that are not essential te the continuity of the material. The 
increase in the number of chapters has resulted from the reorgani- 
zation of some of the material and an attempt to make each chapter 
shorter and more coherent. This will, I hope, allow the teacher to 
select more easily the material he wishes to assign to duilé his phys 
cal chemistry course. 

As in the first edition, sophisticated mathematical treatments 
have been avoided even where such treatments would have given 
derivations a neater and more compact appearance. Therefore, hese 
readers who approach the subject before they have develope much 
mathematical ability will be able to handle this intreduction to phe 
sical chemistry. For those readers who cam go am immediately t 
more detailed mathematical treatments a selection of reference books 
and articles is given at the end of most chapters. 

The passage of four years has not altered my feeling, exaressed 
in the preface to the first edition, that, in brief, physical chemistry 
is the study of the molecular worid itself and the interpretation of 
macroscopic properties and behavior in terms of the detailed pron 
erties and behavior of molecules. At one extreme this attitude leads 
us, as in quantum-mechanical and spectroscopic studies, te addi 
tional knowledge about molecules, or atoms, or ions: at the other 
extreme we accumulate and organize data om macroscopic systems, 
as in thermodynamic and kinetic studies, in such 2 way that these 
data can be understood in molecular terms. 

As our understanding of the molecular world increases, 
naturally does our ability to extend our understanding at the molec 
lar level to a number of diverse systems. The past few years have 
Seen such extensions, perhaps mest dramatically im areas of dielegy, 
and the role of physical chemistry im providing @ base from which 
such understanding can be achieved is new even more clearly estat 
lished. In this edition, as in the first edition, 1 have attempted te 
introduce the reader to the molecular world and te show that macre- 
scopic phenomena can, to varying extents, be treated im terms of 
molecular properties and behavior or, conversely, cam be made te 
give additional information about the molecular werid. 

Finally, I would like to acknowledge, most gratefully, the spe 
cific assistance that has been given me during the revision ow 
Drs. John P. Fackler, Jr. Warren E. Thompson, and Kerre Knex of 
Case Institute: and, for a very understanding and wery impertant 
Service in reviewing the revised manuscript, | wish te thank Dr. James 
W, Richardson of Purdue University. 


GORDON M. BARROW 
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PROPERTIES OF GASES 


The study of the nature of gases provides an ideal introduction to 
physical chemistry. The principal goal of this study, which extends 
through the first two chapters, is considered to be the information that 
can be obtained about the molecular nature of gases and, further- 
more, about the nature of the individual molecules themselves. A 
considerable appreciation of the world of molecules can be obtained, 
and comes about, moreover, without recourse to the more elaborate, 
and more powerful, theories and experiments which will be encoun- 
tered later in this text. The deduction of some of the innermost details 
of the molecular world from the simple experimental results of 
Chap. 1 and the equally simple theory of Chap. 2 should be appre- 
ciated as an elegant accomplishment of science. 

A prerequisite to the study of the molecular properties of gases 
is the tabulation of some of the experimental results for gas behavior 
and the consolidation of these results into compact statements. 
These statements are the empirical gas laws, and it is these gas laws 
which constitute the principal content of this chapter. The under- 
standing of these results in terms of the molecular nature of gases 
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Chapter 1 
Properties of gases 


FIGURE 1-1 

Apparatus for the meas- 
urement of the relation 
between the pressure 
and the volume of a 


sample of air. 


forms the subject of Chap. 2. It is then that our first look into the 
molecular world is obtained. 

Seldom are the experimental and theoretical aspects of a study 
so neatly separated as they are here. A clear illustration is provided 
of how these two aspects of scientific study go hand in hand to lead to 
a more profound understanding of an apparently remote world. The 
division of the subject into its empirical and theoretical aspects, it 
must be admitted, ignores the historical sequence of the events. 
However, most of the results reported in this chapter predate the 
theoretical deductions of the following chapter. For reference one can 
recall that the molecular view of matter was born with the nineteenth 
century and became quite mature and respectable by the end of that 
century. The earlier dates attached to some of the empirical studies 
should emphasize the fact that these studies were indeed purely 
empirical and were not appreciably guided by any existing theory. 


1-1. BOYLE’S LAW 


As early as the year 1660 Robert Boyle performed a series of experi- 
ments in which he determined the effect of pressure on the volume 
of a given amount of air. Boyle’s insistence on recourse to experi- 
mental observation as a scientific method did much to advance 
science, and it seems fitting that the compact statement which re- 
sulted from his pressure-volume studies should bear his name. 

The apparatus which Boyle used was particularly simple, but 
not at all easy to construct in those days, consisting of a bent glass 
tube sealed at one end, as indicated in Fig. 1-1. After adding a little 
mercury through the open end of the tube to seal off a quantity of 
air in the closed end, he measured the volume of the enclosed air for 
various amounts of mercury added through the open end. His experi- 
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MERCURY 


mental results consisted of the measured length of the air column, 
which was proportional to the volume of air, and the difference in the 
heights of the two mercury columns. The difference in the mercury 
levels was then added to the height of mercury, 294 in., corresponding 
to the pressure of the atmosphere on the open end. Table 1-1 shows 
some of the results that he obtained. 

Qualitatively, it is immediately obvious that, as the pressure 
on the air increases, the volume of the air decreases. Such data 
prompt one to go further and see whether or not there is a simple 
quantitative relation between the pressure P and the volume V. One 
tries the relation 


Pat [1] 


or more conveniently, 


ee cons [2] 
or 
PV = const [3] 


The data are easily compared with the final form of this relation, and 
column 4 of Table 1-1 shows the calculated product of the pressure 
and the volume. The units used are not pertinent since it is only the 
constancy of the result which is of interest. Within experimental error 
a constant value is obtained, and so Boyle was able to conclude that 
the volume of air varies inversely as the pressure. Later experiments 
showed that this relation required the temperature to be maintained 
constant and, furthermore, that many gases, as well as air, conformed 
quite closely to this behavior. Boyle’s law can now be written as fol- 
lows: The volume of a given quantity of a gas varies inversely as 
the pressure, the temperature remaining constant. 

Processes which are performed at constant temperature are 
said to be isothermal. The pressure-volume data obtained at con- 
stant temperature in demonstrating Boyle’s law are frequently ex- 


es 
Length of air Difference plus Product of 
column (arbitrary Difference in Hg atmospheric pressure columns 1 
units) levels (in.) (294 in.) and 3 

(1) (2) (3) (4) 

12 0 29-5 349 

10 6535 35355 353 

8 155 443. 353 

6 2944 5843 353 

4 58445 87-45 349 

3 885%. 1174 353 
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FIGURE 1-2 
Isotherms for a gas 


obeying Boyle’s law. 


hibited on a plot of P versus V. The hyperbolic curve obtained, as in 
Fig. 1-2, at any given temperature, is an example of what is called an 
isotherm. 

According to Boyle's law, the pressure and volume of a given 
amount of gas, at a fixed temperature, vary so that the product PV 
always has the same value. Sometimes one deals with an isothermal 
process which takes the gas from the initial values P; and V; to some 
new values P2 and V2. Since the product of P and Vis constant, one 
can write a frequently convenient form of Boyle’s law as 


PiV; = PoV2 [4] 


Later it will be shown that more accurate measurements reveal 
that gases do not, in fact, behave exactly in accordance with Boyle’s 
law. It is convenient, to begin with, to ignore these additional com- 
plications of gas behavior and to restrict our attention to what is 
known as ideal behavior. 

The simplicity of Boyle’s law and the student’s previous famil- 
iarity with it should not lead to the view that this would be the ‘‘ex- 
pected”’ behavior. For liquids and solids, by contrast, no simple rela- 
tion exists between V and P. The fact, for example, that doubling 
the pressure on any of a wide variety of gases reduces the volume of 
the gas sample to half its original value is a rather remarkable result 
that the theory of the next chapter must explain. 


1-2. GAY-LUSSAC’S LAW 


More than a century elapsed before the counterpart of Boyle’s law, 
a relation between the temperature and gas volume, was discovered. 
The reason for this long interval stems from the difficulty of the con- 
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cept of temperature as compared with that of pressure. Although 
qualitative differences between hot and cold can be readily recog- 
nized, the means for making quantitative measurements of the 
“degree of heat,”’ or in the words of Gay-Lussac, ‘‘tensions of caloric,”’ 
are not so easily devised. Toward the end of the eighteenth century, 
however, the use of the expansion of a liquid in a glass tube, i.e., a 
modern thermometer, was generally accepted as a_ satisfactory 
method for measuring temperature. On the continent of Europe, 
furthermore, some agreement had been reached to choose the freez- 
ing point of water as a zero of the temperature scale and the boiling 
point as 100°. The existence of thermometers, with agreed-upon 
scales, allowed investigations to be made of the variation of the 
volume of a gas with the temperature. 

The early work of Charles in 1787, and then further work by 
Gay-Lussac in 1808, showed that, if the pressure is kept constant, 
the volume of a sample of gas varies linearly with the temperature 
in a manner indicated by the solid lines of Fig. 1-3. 

The extrapolation to low temperatures of curves such as those 
of Fig. 1-3 is revealing. One finds that all the curves tend to V= 0) 
ata temperature of about — 273°C. In view of this common behavior, 
it is often more convenient to measure temperatures from this point, 
i.e., from t = —273°C, rather than from the zero of the centigrade 
scale. If the size of the degree is kept the same as in the centigrade 
scale but the zero is shifted, the absolute Kelvin temperature scale 
is obtained. Using the best modern value for absolute zero, tem- 
peratures J on this scale are related to centigrade-scale temperatures 
t by 
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FIGURE 1-3 

Variation of the volume 
of a sample of gas at 
different constant pres- 
sures as a function of 
the temperature accord- 
ing to Gay-Lussac’s law. 
(All slopes are equal to 
V0/273.) 
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A temperature on this absolute scale is denoted by the symbol A or, 
preferably, by the symbol K, after Lord Kelvin. 

With the introduction of this absolute temperature scale, shown 
below the centigrade scale in Fig. 1-3, a relation, paralleling the PV 
relation of Boyle, can be written for Vand T. The linear curves of 
Fig. 1-3, all extrapolating to V = O at T = O, allow us to write 


Vet ‘or ; = const [6] 


This result is Gay-Lussac’s law, also sometimes referred to as 
Charles’ law: The volume of a given mass of gas varies directly as 
the absolute temperature if the pressure remains constant. Like 
Boyle's law, this relation is approximately followed by many gases, 
and obedience of a gas to Gay-Lussac’s law constitutes another 
feature of ideal-gas behavior. 

Inherent in the simple proportionality between volume and tem- 
perature that constitutes Gay-Lussac’s law is the introduction of the 
convenient absolute-temperature scale. Later in the chapter, after 
we have looked more carefully into the PVT behavior of real gases, 
we shall consider in more detail the basis and method of setting up 
such a temperature scale. For the present it is sufficient to see that 
a temperature scale starting with the value zero at about — 273°C, 
where the volume of a gas would be reduced to zero if the ideal be- 
havior of the gas were to persist to this point, is especially convenient. 
One need not worry, it should be added, about the peculiarity of 
vanishing gases at 0°K. Gases will have condensed to liquids and 
frozen to solids before such a temperature is reached, and behavior 
in accordance with Gay-Lussac’s law will not exist near absolute zero. 
This failure at very low temperatures may appear to negate the con- 
cept that O°K, located as it has been here by an extrapolation proce- 
dure, is an absolute zero. In later studies of thermodynamics and of 
the concepts arising from the quantized behavior of molecules, we 
shall see that the extrapolation of ideal-gas behavior locates a zero that 
indeed warrants the term absolute. 


1-3. THE COMBINED GAS LAWS 


The gas laws of Boyle and of Gay-Lussac can be combined into one 
convenient expression which gives the dependence of the gas volume 
for an ideal gas on both the temperature and the pressure. 

Consider a given mass of gas having a volume V, at a pressure 
P, and a temperature 7T;. A relation is required that allows the cal- 
culation of the volume V2 which the gas will have when the pressure is 
changed to P, and the temperature to T2. This relation can be found 
from the previous two gas laws by dividing the total change into two 
parts: first, the pressure is thought of as being changed from P;, to Py, 
the temperature remaining at T,; and second, the temperature is then 


considered to change from T to Ts, the pressure remaining constant 
at P>. These changes can be indicated as 


P,TyV, 2 P2TV, —* P.2T2V2 


where V, denotes the intermediate volume. 
In the first step the temperature is constant, and Boyle’s law can 
be used to obtain 


Be YS [7] 


The second step proceeds at constant pressure, and Gay-Lussac’s law 
can be used to obtain 


T. 
i ae 
V2 = V, T, [8] 


Elimination of V, from these two equations gives, for the overall 
process, 


ey 
Ve=aVUp 7. [9] 
or 
PiVi:_ P2Ve 
7 ene [10] 


Since any values can be assigned to the pressures and temperatures, 
this result implies that, for a given mass of gas which behaves ideally, 


of = const ba 


The last two of these equations are useful in handling problems 
involving gases when both pressure and temperature are changed. 


1-4. AVOGADRO’S HYPOTHESIS AND THE GENERAL GAS LAW 


The relations of the preceding sections show how the pressure and 
temperature affect the volume of a given amount of a given gas. A 
very useful generalization can be made by straying from a purely em- 
pirical development to the extent that we recognize the concept of a 
mole and, in so doing, imply the molecularity of materials. Recogni- 
tion of the molecular nature of matter allows the hypothesis of Avoga- 
dro, first proposed in 1811 but only generally appreciated after 1860, 
to be introduced. Avogadro suggested that equal volumes of different 
gases at the same temperature and pressure contain the same number 
of molecules. Furthermore, it will be recalled that 1 mole of any com- 
pound contains the same number of molecules and that this number, 
known as Avogadro’s number and represented by 9, has the value 
6.0225 x 1023. In terms of moles, Avogadro’s hypothesis can be ex- 
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pressed as follows: The same volume is occupied by 1 mole of any 
gas at a given temperature and pressure. 

The results which stem from Avogadro’s hypothesis can now be 
used to generalize the combined gas law of Sec. 1-3. For a given ex- 
periment we shall see that it is particularly convenient to measure the 
amount of gas, to which Eq. [11] might be applied, in terms of moles. 
Since the volume of gas at a given pressure and temperature is pro- 
portional to the mass, or number of moles, of the gas, Eq. [11] can be 
written as 


BS n(consty’ [12] 
at 
where n is the number of moles, and the new constant term is the 
value of PV/T for 1 mole of this particular gas. 

If 1 mole of each of a number of different gases is considered, 
according to Avogadro’s hypothesis, each gas will occupy the same 
volume at the same temperature and pressure. At 0°C and 1 atm, 
for example, 1 mole of any of the gases that behave ideally is found to 
occupy 22.414 liters. If such data are inserted in Eq. [12], it is 
apparent that they require the constant term to be the same, to the 
extent that Avogadro’s hypothesis is obeyed, for all the gases. The 
constant, which will be important in many connections, is called the 
&as constant and is denoted by R. The behavior of all gases that obey 
Boyle’s law, Gay-Lussac’s law, and Avogadro's hypothesis can now be 
expressed by the relation 


PV = nRT [13] 


where R is a constant and is the same for all gases. 

This result is useful in making gas-volume calculations and is, 
moreover, a summary of the empirical laws of Boyle and Gay-Lussac 
and the hypothesis of Avogadro. The principal goal of the theory of 
the nature of gases, to be developed in the next chapter, will be the 
theoretical derivation of this important result. 

The gas constant R which has here been introduced is of suf- 
ficient importance in many physical-chemistry phenomena so that it 
is worthwhile devoting a section to considering its numerical values. 


1-5. THE GAS CONSTANT 


A numerical value for the gas constant can be obtained most readily 
from the previously mentioned result that at 1 atm and 0°C, 1 mole 
of a gas, which behaves ideally, occupies 22.414 liters. Substitution of 
these data in the gas-law expression (Eq. [13]) gives 


_ (1 atm)(22.414 liters) 
~~ (1 mole)(273.15 deg) 


If the volume is expressed in cubic centimeters instead of liters, the 
result is 


= 0.08206 liter atm/deg mole 


R = 82.06 cc atm/deg mole 


These values are sufficiently useful in gas-volume problems so that it 
is worthwhile committing one of them to memory. In using such con- 
stants and Eq. [13], itis, of course, necessary to be sure that the pres- 
sure is in atmospheres, the temperature in degrees Kelvin, and the 
volume in units consistent with the value of R. 

The gas constant not only enters into PVT calculations but, as 
will frequently be seen in succeeding chapters, also plays a very im- 
portant role in all phenomena involving the energies of molecular 
systems. This aspect of the gas constant is less surprising when one 
notices that R involves the dimensions of work, or energy. If pressure 
is written as force per unit area and the volume as area times length, 
one sees that dimensionally 


force 


Pressure <x volume = ——~~ 
area 


x area x length = force x length 
The dimensions of force times length are those of energy. It follows 
that R has the dimensions of energy per degree per mole. Some 
numerical values involving energy units can now be obtained. 

We first obtain R in cgs units. The cgs pressure unit is dynes 
per square centimeter, and to make use of Eq. [13] it is necessary to 
know the value of 1 atm pressure in these units. A pressure of 1 atm 
supports a column of mercury 76 cm high, and since the density of 
mercury is 13.596 g/cc, the mass of a column of mercury of 1 sqcm 
cross section and 76 cm high is (76)(13.596) g. The force, or weight, 
of this column on the 1-sq-cm base is therefore (980.7)(76)(13.596) 
= 1.0133 x 106 dynes. The desired relation is 


1 atm = 1.0133 x 108 dynes/sqcm 


With this value for the pressure and with the volume of the mole of gas 
measured in cubic centimeters, one obtains by substitution of appro- 
priate quantities in R = PV/nT 


R = 8.314 x 107 ergs/deg mole 


where the erg is the cgs unit of energy equal to 1 dyne-cm. 
A more convenient unit is the joule, which is related to the erg by 
the expression 


1 joule = 107 ergs 
For this unit 
R = 8.314 joules/deg mole 


In chemistry, the most generally used energy unit is that of the 
calorie. This unit was originally based on the amount of heat required 
to raise the temperature of 1 g of water by 1°C. The calorie now, 
however, is defined so that 


1 cal = 4.184 joules 
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In terms of calories, one obtains 
R = 1.9872 cal/deg mole 


In future work it will be well worthwhile to remember the value of R 
in calories per degree mole, but for present purposes of PVT calcula- 
tions, the units which involve the pressure and volume explicitly will 
be more useful. 


1-6. DALTON’S LAW OF PARTIAL PRESSURES 


Another empirical result which will have to be explained by the theory 
of the next chapter is that obtained by Cavendish in 1781 and Dalton 
in 1810. An empirical generalization, known as Dalton’s law of 
partial pressures, follows from experiments in which the pressures 
exerted by given amounts of gases put separately into a container are 
measured and compared with the pressure obtained when the same 
amounts of the gases are placed in the container together. The re- 
sults of such experiments show that the total pressure exerted by a 
mixture of gases is equal to the sum of the pressures which each com- 
ponent would exert if placed separately into the container. This 
law, like those of Boyle and Gay-Lussac, is followed quite closely by 
mixtures of many gases. But deviations are observed in such cases 
as where the components tend to react with one another. 

This law makes it profitable to introduce the term partial pres- 
sure to denote the pressure exerted by one component of a gaseous 
mixture. The total pressure Pis then the sum of the partial pressures 
P; of the components; i.e., 


P=P,+ Pe+P3+ -.. [14] 


Dalton’s law, furthermore, allows each of the partial pressures to be 
treated as if each of the components were occupying the container 
separately. The ideal-gas law can then be applied to each component 
to give 


Pent ey kee ng ll 4 ere 


V V V 
= (m + Me + n3 + ee 

V 
=n¥t [15] 


where n is the total number of moles of the gas mixture in the 
volume V. 

The final result, Eq. [15], shows that the expression PV = nRT 
can be used for mixtures of gases as well as for pure gases. The fact 
that both Boyle’s and Gay-Lussac’s laws are independent of the type 
of molecules that make up the gas anticipates this result. 

In dealing with gas mixtures, it is frequently necessary to be 


able to express the fraction which one component contributes to the 
total mixture. Two of the most convenient ways of doing this are the 
use of the pressure fraction and the mole fraction. The pressure 
fraction of the ith component is defined as P;/P and can be seen to be 
identical, for ideal systems, with the mole fraction, defined as n;/n, 
by writing 

PR; Nj RT/V ny 

7s RTT) ma Ee) 
A noteworthy property of units such as the pressure and mole fractions 
is that the sum of the pressure fractions or of the mole fractions of all 
the components of the system is unity, thus: 


ny 2 n3 ba] 
saat ee = Il 
and [ez 
Pi, Pe, Ps = 
Pi fey eae de Jy a 


If one can refrain from anticipating the explanation of gas prop- 
erties in terms of molecular theory, the properties of gas mixtures 
embodied in Dalton’s law seem quite remarkable. If gases are 
thought of as nothing more than homogeneous fluids, it is not at all 
obvious that they should obey such a simple law as that of Dalton. 
The independent behavior of the components of a gas mixture was, 
in fact, one of the results that stimulated the ideas of the molecular 
nature of matter. 


1-7. THE NONIDEAL BEHAVIOR OF GASES 


The PVT behavior of gases has so far been presumed to follow Boyle’s 
and Gay-Lussac’s laws and Avogadro's hypothesis and to lead to the 
result PV = nRT. When measurements are extended to higher 
pressures, or even when very accurate measurements are made at 
ordinary pressures, it is found that deviations from these laws do exist. 
Behavior in accordance with the expression PV = nRT is elegantly 
simple and is at least approximately obeyed by almost all gases. As 
has been mentioned, such behavior is said to be ideal, or perfect. The 
gas laws summed up by PV = nRT are known as the ideal-gas laws, 
and a gas which will behave in accordance with these laws is known as 
an ideal gas. Real gases may behave essentially ideally over certain 
pressure and temperature ranges. More generally, real gases will 
exhibit deviations from these laws, and are said to behave as nonideal, 
or imperfect, gases. 

The very accurate data for a few gases at relatively low pressures 
shown in Fig. 1-4 indicate that ideal behavior, which requires the 
product PV to be independent of P, is not strictly followed. To rep- 
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FIGURE 1-4 

Accurate data for the 
product Pv for 1 mole 
of the gas as a function 
of pressure, at 0°C. 
(Adapted from L. P. 
Hammett, “Introduction 
to the Study of Physical 
Chemistry,” McGraw- 
Hill Book Company, 
New York, 1952.) 


resent such behavior analytically one might adjust the PV = nRT 
expression and write, for one mole, 


IPG = SIP Bo QUE 
or [18] 
IPG Se TING Se IE) 


where b’ and b are characteristic of the gas and, moreover, are func- 
tions of temperature. 

(In Eqs. [18] we have used a small capital v to indicate that it is 
the volume of 1 mole of the gas that is to be used in the expression. 
The practice of using small capitals to indicate molar quantities will 
be followed hereafter. This notation will be redundant if the expres- 
sion is preceded by the comment ‘‘for 1 mole,”’ but at times the 
appearance of a small capital symbol will be a helpful reminder that 
this stipulation has been made.) 

The equations that one writes, if one attempts to describe the 
PVT behavior of gases, are known as equations of state. The equa- 
tion PV = nRT is the equation of state for an ideal gas. Equations 
[18] are the first of a number of examples of equations of state that 
we shall encounter in our studies of real gases. Various equations 
are used, and this variety results from the highly individualistic be- 
havior of real gases, to the extent that they deviate from ideal behavior, 
and the need for equations that deal with various pressure and tem- 
perature ranges and that are useful for various types of calculations. 

Further data at pressures higher than 1 atm, as shown in Fig. 
1-5, indicate that a more flexible expression than Eqs. [18] is required, 
and a frequently used empirical equation of state, known as a virial 


equation, is written. Thus, for 1 mole, 
JAY a IR IU Se BYP A (CYP at, 5 0 a [19] 


where B, C, .. . are called the virial coefficients and again are functions 
of the nature of the gas and the temperature. Other equations of 
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state which attempt to reproduce the results, such as those of Figs. 
1-5 to 1-7, have been proposed and are used. Some of these, partic- 
ularly those suggested by the nature of the molecular properties that 
lead to this behavior, will be dealt with in the following chapter. 

The deviations from ideal behavior shown in Figs. 1-4 and 1-5 
are more conveniently shown by treating 1 mole of gas and plotting as 
ordinate the ratio Pv/RT. For ideal behavior, Pv/RT for 1 mole of a 
gas must be unity. For real gases, however, some deviation from 
unity will occur. The quantity Pv/RT is sufficiently convenient in the 
discussion of the nonideality of gases so that it is called the compres- 
sibility factor and is given the symbol z; that is, 
ay 


=> [20] 


Z 
Ideal behavior requires z to have the value unity at all pressures and 
temperatures, and the gas imperfection is immediately apparent as 
the difference between the observed value of Zand unity. To illustrate 
this function, the behavior of methane at a number of temperatures 
is shown in Fig. 1-6. 

One might notice that the gas behavior so far described does 
not account for all the results that can be observed when the PVT 
relations of gases are studied. If such studies are conducted at low 
enough temperatures and high enough pressures, all gases will con- 
dense to form a liquid phase. This extreme aspect of nonideal gas 
behavior must now be investigated. 


1-8. CONDENSATION OF GASES AND THE CRITICAL POINT 


A set of isotherms which extend into the region where condensation 
occurs is shown for CO» in Fig. 1-7. The data for this figure came from 
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FIGURE 1-5 
The product Pv versus 
pressure for 1 mole of 


gas at 0°C. 
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TABLE 1-2 
Values of P, v, and T at 
the critical point 


FIGURE 1-6 

The compressibility fac- 
tor of methane as a func- 
tion of pressure at three 
different temperatures. 
[H. M. Kvalnes and 

V. L. Gaddy, J. Am. 
Chem. Soc., 53:394 
(1931).] 


Gas P.. (atm) V. (cc/mole) AE) 
No 335 90.0 126.1 
02 49.7 74.4 153.4 
CO 35.0 90.0 134.0 
C02 73.0 95.7 304.3 
CCly 45.0 275.8 556.2 
NH3 111.5 72.4 405.6 
H=0 Zen 45.0 647.2 
CH4 45.6 98.8 190.2 
Ar 48.0 ied 150.7 
Ho 12.8 65.0 Sis, 
He 2.26 57.6 5.3 
n-Cs5Hyo. 33.0 310.2 470.3 
CH30H 78.5 117.7 Ils} Ih 
CeHe 479 256.4 561.6 


rr 


the pioneering work of Andrews in 1869 on the behavior of gases. 
The higher-temperature isotherms show only slight deviations from 
the hyperbolic curves expected for an ideal gas. A lower-temperature 
isotherm, such as that labeled A, also conforms somewhat to ideal 
behavior at the low-pressure large-volume end. As the pressure is 
increased at such a temperature, the volume decreases approximately 
according to Boyle’s law, until the point on the dotted line of Fig. 1-7 
isreached. At this point the gas begins to condense to a liquid. Now 
the volume decreases as the gas is continually converted to a liquid, 
the pressure staying constant at the equilibrium vapor pressure for 
that temperature. When the left limit marked off by the dotted line 
is reached, the entire gas has been condensed and further application 


2.8 r 


2.4 


2.0 


1.6 


T 
IDEAL GAS 


bedded ee Ee | 


+ -- 


0.4 


=| 
0 200 400 600 800 1000 1200 


PRESSURE, ATM 


of pressure results in only a minor decrease in volume, as shown by 
the steep section at the left end of the isotherm. 

The region beneath the dotted curve is seen to represent situa- 
tions in which liquid and vapor coexist. To the right and above this 
region the system is considered to consist of a gas; to the left of the 
region it is considered to be a liquid. 

Of particular interest in the study of the nonideal behavior of 
gaseous systems are the isotherms, such as the one that touches the 
top of the dotted curve of Fig. 1-7. This isotherm is called the critical 
tsotherm, and its temperature, the critical temperature, is seen to be 
the highest temperature at which the gas can be condensed to a liquid. 
The point at which this isotherm shows its horizontal point of inflection 
is called the critical point, and the pressure and volume per mole at 
this point are known as the critical pressure and critical volume. 
Some data for the critical point are shown in Table 1-2. 


1-9. LAW OF CORRESPONDING STATES 


The intermolecular factors that are important in determining how a 
gas deviates from ideal behavior are also the quantities that govern 
the critical-state constants. In view of this, and indeed from inspec- 
tion of the isotherms of Fig. 1-7, we might expect that the deviations 
from ideal behavior shown by real gases depend on the difference be- 
tween the conditions of the gas and those of the critical point. We 
might further try to explain the behavior of a gas in terms of variables 
which easily reveal the relation of the values of P, v, and T to the crit- 
ical conditions. To do this, we define the reduced variables Pr, Vr, 
and 7'z in terms of the critical constants Pc, Vc, and T¢ as 


WP oo gh Ay pen 21 
22 =p. Ye R To [21] 
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FIGURE 1-7 

Isotherms of COz near 
the critical point. (From 
E. D. Eastman and G. K. 
Rollefson, “Physical 
Chemistry,” McGraw- 
Hill Book Company, 
New York, 1947.) 
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FIGURE 1-8 

The compressibility as 

a function of the reduced 
pressure at various re- 
duced temperatures. 
[From Gougq-Jen Su, 
Ind. Eng. Chem., 38:803 
(1946).] 


If the critical constants are known, it is possible, of course, to treat 
the behavior of a gas in terms of the reduced variables just as easily 
as in terms of the ordinary variables. 

One can investigate the merits of these reduced variables by 
plotting the compressibility factor z = Pv/RT for a gas as a function 
of the reduced pressure. Such plots can be made for various reduced 
temperatures. When this is done for a number of different gases, as 
in Fig. 1-8, the gratifying result is obtained that many gases behave 
nearly alike in terms of these variables. This result is equivalent to 
the statement that all gases deviate from ideal behavior in a way that 
depends only on the reduced pressure and temperature. This state- 
ment constitutes the law of corresponding states. The name ex- 
presses the fact that gases in states with the same values of the re- 
duced variables will deviate from ideality to nearly the same extent and 
are Said to be in corresponding states. 

The law of corresponding states introduces a considerable 
simplification into the treatment of nonideal gases. The uniform be- 
havior of such gases in terms of the reduced variables should not, 
however, obscure the fact that critical data which are characteristic 
of the detailed nature of the molecules of each gas are implicit in the 
reduced variables. No ‘‘ideal’’ generalization such as PV = nRT is 
possible when the behavior of gases is studied accurately or over 
a wide range of pressures and temperatures. 
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The few representative curves for the actual PVT behavior of gases Section 1-10 
shown in Figs. 1-4 to 1-6 are sufficient to allow us to look again more The ideal-gas 
thermometer 


closely into the way that the precise value for the absolute zero of 
temperature is deduced. At the same time we can look more critically 
at the way in which temperature itself is defined. 

Experiments such as those discussed in Sec. 1-2 that led to 
Gay-Lussac’s law show, really, only that the thermal expansion of 
gases at constant pressure is proportional to the expansion of mer- 
cury, or some other liquid, in a glass tube. This way of stating the 
results of Sec. 1-2 emphasizes the arbitrary and not entirely satisfac- 
tory nature of the temperature-measuring devices that were assumed 
when Gay-Lussac’s law was being deduced. Not all liquids expand in 
the same way as the temperature increases, and water, for instance, 
even contracts with increasing temperature in the range O to 4°C. 
Clearly, it would be much more satisfactory if we could imagine and 
construct a temperature-measurement device that did not depend on 
the behavior of any one compound. Let us therefore look again into 
the way in which the PVT behavior of gases can be related to the 
temperature scale. 

Real gases have individual, characteristic behavior patterns and 
therefore might appear to have expansion properties that are no more 
satisfactory than those of liquids for defining a fundamental tempera- 
ture scale. We have found, however, that in the limit of zero pressure, 
gases approach a uniform behavior that has been termed ideal. The 
use of the expansion of gases under such conditions will provide 
a more satisfactory approach to a temperature scale than does the 
expansion of a liquid-in-glass system. 

An ideal-gas thermometer might be visualized as that shown 
schematically in Fig. 1-9. Itis clear from this diagram that the expan- 
sion of a gas at constant pressure can be used to set up a temperature 
scale in much the same way as is done with a liquid-in-glass system. 
A more analytical way of proceeding would be to recognize that we Sections with a vertical rule 
wish to define a temperature scale ¢ such that the volume of a gas running alongside need not 


follows the linear equation eee oer Core 
tinuity. The regular mate- 


V Vellore a’t) [22] rial is arranged so that it 
= Vo 


does not depend on any of 


: : P A the developments or con- 
where Vo is the volume at some reference point, say, the ice point, and : : 
cepts introduced in the 


a’ is a proportionality constant. The scale of ¢ can be made to take raterial set in this way. 
on values between O and 100 in the temperature range between the These side-rule sections, 
ice point and the normal boiling point of water by choosing a suitable — 2owever, introduce aspects 
Value fora” One sees that a” is just a scale factor, and not, with this 7 stone that will be 
approach to temperature, a measurable property of the gas. By ay of plete] ehenase 
rearranging Eq. [22] to (Problems preceded by an 


asterisk are based on 
ae 1 (¥ ss 1) [23] materials presented in these 
0 


side-rule sections.) 


of interest in the reader’s 


18 


Chapter 1 
Properties of gases 


I Dinan 


i ea 


AT ICE POINT 


Ar 


100° 


ed 


AT NORMAL BOILING 
POINT OF WATER 


FIGURE 1-9 

A schematic representa- 
tion of a gas thermometer 
based on the ice point and 
the normal boiling point 
of water as reference 


points. 


we see that ¢ equals zero when V equals Vo and that ¢ can be arranged 
to be equal to 100 when V is the volume at the normal boiling point 
of water by appropriate assignment of a value for a’. As inspection 
of Eq. [23] shows, a’ is related to absolute zero, the temperature at 
which the gas volume would go to zero, by the relation 


t (abs zero) = — 4 [24] 


/ 


The ideal-gas thermometer provides, therefore, a temperature-meas- 
uring device that is fundamental in that it does not depend on prop- 
erties of any single material. Furthermore, it involves in its scale 
factor the value of the temperature at which the volume of an ideal 
gas would vanish. 

The above procedure makes use of two arbitrary points, the 
ice point and the normal boiling point of water; and the temperature 
of absolute zero is deduced in terms of the values assigned to these 
two points. A preferable procedure consists in using absolute zero 
as one of the reference points. Then only one other completely arbi- 
trary reference point is necessary. In this approach, since the zero of 
the temperature scale is taken, by definition, to be the temperature at 
which the volume of an ideal gas would go to zero, the temperature- 
volume relationship that follows for a given amount of a gas at con- 
stant pressure behaving ideally is Va T. A completely defined 
temperature scale can be set up from this relation by, in addition, 
assigning a value to the temperature at any one reference point. For 
experimental reasons the triple point of water, the temperature at 
which liquid water, water vapor, and ice exist in equilibrium, is chosen; 
and the assignment of the value 273.1600° to this point gives tem- 
peratures very nearly equal to those based on the scale established 
on the ice point and boiling point of water. (The ice point is, in fact, 
0.010° lower than the triple point, and thus the assignment for the 
triple point leads to a value of 273.150° for the ice point.) When this 
point, as well as the value of zero at the absolute zero, is used, the 
proportionality equation between V and 7’ which is being used to 
establish the temperature scale becomes, for ideal gas behavior, 


a aia 
T = 273.1600 7 


tp 


[25] 


The value of the temperature T on this scale is determined by 
the ratio of the volume V, at that temperature to the volume Vip of 
the same amount of gas at the same pressure at the triple point of 
water. This relation is, however, satisfactory only for ideal gas be- 
havior, and the volume ratio must therefore be the limiting value as 
the pressure approaches zero. More conveniently, one would find 
the limits of the product PV for the two temperatures and define the 
temperature scale by 


T2731. 600) 2 [26] 
lim (PV )tp 


P30 


This approach to the definition of temperature is now generally agreed 
upon, and in addition to avoiding some difficulties that arise in the 
determination of the boiling point of water, this ideal-gas scale makes 
use of the fundamental concept of absolute zero and needs only one 
arbitrary reference point. 


1-11. GRAHAM'S LAW OF EFFUSION 


Let us now turn from the PVT behavior of gas to two properties of a 
different type that will be of interest and value when we attempt to 
understand the behavior of a gas from the nature and properties of 
the molecules that make up the gas. 

The process by which a gas moves from a high pressure to a 
lower pressure through a porous wall or a very small diameter tube is 
known as diffusion. If the process consists of molecular rather than 
bulk flow through an orifice, the word effusion is used. The rate with 
which a gas effuses, under given conditions, is a property character- 
istic of the gas. Since it is rather difficult, both experimentally and 
theoretically, to deal with the absolute rates of effusion of gases 
through an orifice of well-defined dimensions, attention is usually 
confined to the relative rates of effusion of gases. 

Measurements of the effusion ratios of a number of gases were 
made by Graham in 1829. He found that, at a constant temperature 
and at a constant-pressure drop, the rates of effusion of various gases 
were inversely proportional to the square roots of the densities of the 
gases. This relationship resulted when the rates of effusion were 
measured in terms of the volume of gas, at a particular temperature 
and pressure, that effused per unit time. If the effusion rate is 
denoted by v and the density by d, this result, for gases 1 and 2, is 
written as 


eae 2 27 
a /# [27] 

An alternative and frequently convenient form of this law can 
be obtained by application of the result PV = nRT. The number 
of moles n can be written as w/M, where w is the mass of gas in the 


volume V and M is the gram-molecular weight. The density can then 
be written as 


[28] 


The density ratio of two gases, at the same pressure and temperature, 
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FIGURE 1-10 

The relative motion of 
two layers of a fluid. 
The viscosity of the fluid 
requires a force to be 
applied to the upper 
layer to keep it moving 
relative to the lower 


layer. 


is therefore equal to the ratio of the molecular weights of the two 
gases. With this result Graham's law becomes 


Vee ae [29] 
U2 M, 


This effusion law makes itself evident, for example, in the fact 
that a system which is satisfactorily leakproof to air, molecular weight 
about 28, may fail to hold gases like hydrogen, molecular weight 2, 
or helium, molecular weight 4. 

Graham's law provides yet another property of gases for which 
the theory of the nature of gases must account. 


1-12. THE VISCOSITY OF GASES 


When a fluid flows through a pipe, tube, or trough, flow occurs only 
as a result of the application of a driving force to the fluid. The resist- 
ance to flow which this force overcomes is dependent on the viscosity 
of the fluid. 

A quantitative definition of the viscosity can be made by con- 
sidering the flow of a fluid near the bottom of a rectangular container 
as shown in Fig. 1-10. A gas or liquid flowing in a tube or trough 
forms a very thin stationary layer in contact with the walls of the con- 
tainer. The force required to make the fluid flow results from having 
to push the fluid relative to this Stationary layer. The flow can be 
understood in terms of a force required to move a layer of fluid rela- 
tive to another layer. This force is Proportional to the areas A of the 
layers and to the difference in velocity v that is maintained between 
the layers and is inversely proportional to the distance 7 between the 
layers. The coefficient of viscosity, or simply the viscosity, is intro- 
duced asa proportionality factor, and the equation 


Force = a [30] 


can be written. The viscosity can be thought of as the force required 
to make a layer of unit area move with a velocity 1 cm/sec greater 
than the velocity of another layer 1 cm away. Thick liquids, like 
molasses, have high viscosities; thin liquids, like gasoline, have low 


Ly — VELOCITY vg 
ELINA SELES ss 


viscosities. Gases have relatively much lower, but not zero, 
viscosities. 

In practice, one invariably measures viscosity from the rate of 
flow through a cylindrical tube. Again, the fluid forms a stationary 
layer along the wall, and a force is required to make the fluid flow 
through the tube. By integrating the force required to move the 
annular layers of the fluid relative to this layer as will be done when 
the viscosity of liquids is studied in Chap. 16, Eq. [47] can be ex- 
tended to give the rate of flow through a cylindrical tube as a function 
of the viscosity 7, the radius of the tube R, and the pressure difference 
P, — P, applied over the tube of length 2. The result that will be 
obtained is 


a (P; = P»)R* 


R ta = 
ate of flow 8in 


[31] 
where the rate of flow is measured as the volume of gas, measured 
at 1 atm, passing through the tube per second. Measurement of all 
the quantities other than 7 in Eq. [31] allows this quantity to be 
determined. 

Table 1-3 shows viscosity data for some gases. When all the 
quantities in Eq. [31] are given in cgs units, the viscosity 7 is obtained 
in cgs units, which are given the name poise. This unit, however, is 
inconveniently large, and for gases the unit micropoise, equal to 106 
poise, or centipoise, equal to 10-2 poise, is often used. In the follow- 
ing chapter use will be made of the measured viscosities to obtain 
information on the size of the molecules and other features of their 
behavior. 


Viscosity Viscosity 
Gas (poises) Gas (poises) 
No 1.78 « 10-4 0) 1.76 x 10-4 
Oo 2.08 C02 1.50 
Ho 0.90 HI 1.72 
Ar Dei He 1.97 
H»20 0.98 Hg 2.50 


PROBLEMS 


A ; A gas occupies a volume of 250 cc at a pressure of 742 mm Hg. What 
volume will it occupy, at the same temperature, at a pressure of 10 mm 
Hg? 

2 What volume will an ideal gas occupy at a temperature of 0°C if its 


volume at 100°C is 3.64 liters, the pressure remaining constant? 


3 Prepare plots of P versus V at 25 and 300°C for a sample of a gas obeying 
Boyle’s and Gay-Lussac’s laws and having a volume of 100 ce at 25°C 


and 1 atm. 
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TABLE 1-3 


Gas viscosities at 25°C* 


* From S. Dushman, 
“Scientific Foundations of 
Vacuum Technique,” John 
Wiley & Sons, Inc., New 
York, 1949. 
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Plot the volume of 1 mole of an ideal gas as a function of the absolute 
temperature over the range 0 to 400°K at pressures of 0.2, 1, and 5 atm. 


A gas is collected at 24°C and 735 mm Hg pressure in a bulb of volume 
0.763 liter. What would be the volume of the gas at standard tempera- 
ture and pressure (STP, 0°C and 1 atm)? Ans. 0.678 liter. 


What is the concentration in moles per liter and molecules per cubic centi- 
meter of an ideal gas at 25°C and (a) 1 atm pressure, (b) 10-6 mm of Hg, 
which is a typical “vacuum” reached in the laboratory with a mercury- 


vapor pump? 


A 500-cc bulb weighs 38.7340 g when evacuated and 39.3135 g when filled . 

with air at 1 atm pressure and 24°C. Assuming that air behaves as an 

ideal gas at this pressure, calculate the effective molecular weight of air. 
Ans. 28.2 g. 


In 1894 W. Ramsey, following up studies on the density of nitrogen, re- 
moved, by various absorption procedures, the oxygen, nitrogen, carbon 
dioxide, and water vapor from a sample of air. Similar separations, but 
by diffusion processes, were performed at the same time by Lord Ray- 
leigh. They were left with a small amount of gas which had a density of 
1.63 g/liter at 25°C and 1 atm. What element had they discovered? 


Using To and Pp to represent 0°C and 1 atm, obtain a rearranged form 
of the expression 


Veer 


which shows explicitly that the volume of 1 mole of gas at 0°C and 1 atm 
is 22.414 liters and that Boyle’s and Gay-Lussac’s laws allow the calcula- 
tion of the volume at other pressures and temperatures. 


What volume of a 0.964 M hydrochloric acid solution would be required 
to neutralize an ammonium hydroxide solution made when the ammonia 
in a 2-liter gas bulb at a pressure of 745 mm and temperature of 23°C is 
dissolved in 250 cc of water? 


Rearrangement of Eq. [13] with n = w/M, where w is the weight of gas 
in the volume V, and d= w/V, where d is the gas density, gives 
M = (d/P)RT. The density of gas which behaves ideally is 2.76 g/liter 
at a pressure of 2 atm and a temperature of 25°C. What is the molecular 
weight? 


The following data have been obtained for the density of CO, as a func- 
tion of pressure at 10°C: 


P (atm) 0.68 DD 8.14 
d(g/liter) 1.29 5.25 16.32 


By a suitable graphical extrapolation based on the expression 
M = (d/P)RT, obtain the molecular weight of CO.. 


The density of the vapor in equilibrium with solid NH,Cl was found, in 
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an experiment by W. H. Rodebush and J. C. Michalek reported in J. Am. 
Chem. Soce., 51: 748 (1929), to be 0.1373 g/liter at a temperature of 
596.9°K and a pressure of 192.3mm. From these data deduce the nature 


of the vapor of ammonium chloride under these conditions. 


Into a gas bulb of 2.83 liters are introduced 0.174 g of Hz and 1.365 g of 
No, which can be assumed to behave ideally. The temperature is 0°C. 
What are the partial pressures of Hy and Ne, and what is the total gas 
pressure? What are the mole fractions of each gas? What are the pres- 


sure fractions? Ans. Py,/p = Ny/n = 0.689. 


A synthetic sample of air can be made, except for the minor components, 
by mixing 79 cc of N» with 21 cc of Ox, both measured at 1 atm and 25°C. 
What volume of air would be obtained if this synthetic sample were com- 
pressed to 5.37 atm, the temperature being 25°C? What are the weight 
fractions, pressure fractions, and mole fractions of the two components? 
Calculate the effective molecular weight to which this composition cor- 
responds, and compare with the value obtained in Prob. 7. 


A tube with a porous wall allows 0.53 liter of N2 to escape per minute from 
a pressure of 1 atm to an evacuated chamber. What will be the amount 
escaping under the same conditions for He, CCl4 vapor, and UF ¢? 


In 1846 Graham reported the following results for the time taken, relative 


to air, for given volumes of various gases to effuse: 


Gas Air Oz CO CH, CO» 
Time 1.000 1.053 0.987 0.765 1.218 


How well do these data substantiate Graham’s law of effusion? 
The virial equation that has been given for 1 mole of methane at 20°C is 


i 
or =| —2:023865< 10-3 + 3.723 x 10-6P2 43.59) 5610 42P* 


a Show graphically, up to pressures of a few atmospheres, that the slope 
of the curve for methane, like those of Fig. 1-4, is essentially constant. 

b Calculate the pressure for the minimum in this curve of Pv/RT versus 
P, and verify that it is a minimum. What is the value of Pv/RT 
at this point compared with that of an ideal gas? 

c At what two pressures is Pv/RT = 1? 

d Plot the compressibility factor Pv/RT versus pressure up to 1000 atm. 


The variation in the volume with temperature and with pressure is often 

stated, for gases, liquids, and solids, in terms of the coefficient of expan- 

sion a = 1/V(aV/eT)p and the compressibility B = —1/V(0V/oP )r. 

a Calculate a and £ from the expression PV = nRT for an ideal gas at 
0°C and 1 atm pressure. 

b Calculate a and f for an ideal gas at 0°C and 100 atm pressure. 

c At what pressure would an ideal gas have a compressibility equal to 
that of a typical liquid, for which 8 = 107° atm71? 
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At 100°C and 1 atm pressure the density of water vapor is 0.0005970 g/cc. 
a What is the molar volume, and how does this compare with the ideal- 
gas value? Ans. V (observed) = 30.18; V (ideal) = 30.62. 
What is the compressibility factor Z? Ans. Z = 0.986. 


oC 


For the isotherm of argon at —50°C the following data have been 
obtained: 

P (atm) 8.99 17.65 26.01 34.10 41.92 49.50 56.86 64.02 

V (liters) 2.000 1.000 0.667 0.500 0.400 0.333 0.286 0.250 


The critical temperature and pressure are 151°K and 48 atm. Plot the 
compressibility versus the reduced pressure for this temperature, and- 
compare with the curves of Fig. 1-8. 


Suppose that the freezing point and boiling point of ethyl alcohol, — 116 
and 78.5°C, had been used for the basis of a temperature scale and that it 
had been decided that there should be 1000° between these two reference 
points. What would be the value of absolute zero on this temperature 
scale? What would be the coefficient of expansion of an ideal gas on the 
basis of this temperature scale? 

Ans. Freezing point of ethyl alcohol is 812° Abs, a’ = 0.00123 deg™1. 


Show by reference to Fig. 1-7 that one can carry a gas from the left of the 
dashed liquid-vapor equilibrium region to the right of that region without 
encountering an observable phase change. Deduce, therefore, for what 


systems the terms gas and liquid are really meaningful. 


Attempt to sketch the P versus V isotherms for 1 mole of water in the 

temperature range 25 to 400°C. Use the following data, which are found 

in the handbooks, as guides, and indicate what parts of the sketch are 

determined by these data. 

a The critical point has te = 374°C, Po = 218 atm, and the critical 
density do = 0.4 g/cc. 

b The normal boiling point of water is 100°C. 

c The equilibrium vapor at the normal boiling point behaves nearly 
ideally. 

d The vapor pressure of water at 25°C is 23 mm Hg, and the vapor then - 
behaves ideally. 

e The density of liquid water is 1 g/cc and is not very sensitive to tem- 
perature and pressure. 
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CHAPTER 
TWO 


THE KINETIC-MOLECULAR 
THEORY OF GASES 


2-1. THE KINETIC-MOLECULAR GAS MODEL 


In the preceding chapter, in which the physical behavior of gases was 
studied from an empirical point of view, no attention was given to the 
natural questions: Why is it that a gas obeys Boyle’s law? Gay- 
Lussac’s law? Why does it have the viscosity it has? And so forth. 
In this chapter an attempt will be made to understand gases so that 
some questions of this type can be answered. The kinetic-molecular 
theory is not, however, primarily introduced to provide an explanation 
of the gas laws. It is the quantitative look into the molecular world 
provided by this theory that is our principal interest. 

It is not possible to deduce the nature of gases directly from the 
measured properties. These data must be used in a roundabout 
manner. The procedure is to guess at the essential characteristics 
of gases and on this basis to deduce their physical properties. Acom- 
parison of the deduced properties with those observed allows the use- 
fulness of the guesses to be estimated. A body of assumptions, such 
as that concerning gases, is called a model. The model that is men- 


tally constructed is supposed to embody all the features necessary to 
determine the behavior to be explained. Although models often are 
gross oversimplifications, they are expected to contain all the essential 
features for the purpose for which they are constructed. The use of 
models is not uncommon in chemistry. 

The gas laws and the properties of gases described in Chap. 1 
can be understood through a model according to which gases are 
composed of a large number of small particles, called molecules, that 
move about and collide with one another and with the walls of the 
container. The complex mass of chemical knowledge that led to 
thinking in terms of molecules need not be investigated here. It is 
enough to recognize that the conception of chemical compounds as 
being composed of fundamental particles evolved gradually and that 
during the 1800s the concept of atoms and molecules became 
generally accepted. This idea was applied primarily to chemical 
studies, and proved valuable in explaining the compositions and re- 
actions of chemical substances. Such applications of atomic theory 
do not, however, lead to information on the size, shape, or properties 
of the individual molecules. 

This molecular concept provided the basis, however, on which 
the behavior of gases could be studied. In this application, known 
as the kinetic-molecular theory of gases, much information on the 
properties of individual molecules appeared. The work of Boltzmann, 
Maxwell, and Clausius during the late 1800s was primarily responsible 
for the development of the theory. 

Here some of the derivations of gas properties by means of the 
kinetic-molecular theory will be followed through. It should be 
pointed out that, although the treatments given here do illustrate the 
methods that are used, they do so in a somewhat simplified form. For 
example, in one of the derivations to be given later, integrations over 
the random directions in which molecules move are replaced by the 
assignment of one-third of the molecules to motion along each of the 
three coordinate directions. By such simplifications the results and 
method of the kinetic-molecular theory can be indicated and the more 
detailed, but mathematically involved, treatments can be postponed 
to later study. 

The kinetic-molecular model for a gas is described by the follow- 
ing statements: 


1 Agasis made up of a large number of particles, or molecules, that 
are small in comparison with both the distances between them and the 
size of the container. 


2 The molecules are in continuous random motion. 


3 Collisions between the molecules and between the molecules and 
the walls of the container are perfectly elastic; i.e., none of the trans- 
lational energy is lost by conversion into internal energy at a collision. 
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FIGURE 2-1 


Coordinates and molec- 


ular velocity and veloc- 


ity components for the 
derivation of gas pres- 


sure. 


The first step with this model is to show that it does lead to the 
observed properties of gases. 


2-2. THE PRESSURE OF A GAS 


The pressure exerted by N molecules, each of mass m, that are con- 
tained in a cubic container of side 7 can be calculated on the basis of 
the kinetic-molecular model. The pressure exerted by these mole- 
cules is the result of their collisions with the walls of the container. 
(The stipulation of a cubic container is not necessary but does simplify 
the derivation.) 

To begin with, only one of the N molecules will be considered. 
Let its velocity, which may be in any direction in space, be u. This 
velocity can be resolved into the components u;, uy, and u;, which 
are perpendicular to the walls of the container as drawn in Fig. 2-1. 
The effect of the x component of velocity of the one molecule will now 
be considered. As a result of this velocity component in the x direc- 
tion, the molecule will collide with one end of the container, which is 
perpendicular to the x axis, bounce back, and subsequently collide 
with the opposite end. It is the total effect of such impacts with the 
container walls that, according to the kinetic-molecular theory, pro- 
duces the gas pressure. 

The force exerted by collisions of this one molecule on a side, 
that labeled A, for instance, is obtained first. This force can be ob- 
tained from the change of momentum that occurs per unit time at 
this wall. The relation between rate of change of momentum and 
force is given by Newton's relation f = (d/dt)(mv). [This expression 
can be recalled by writing Newton’s f = ma relation and then sub- 
stituting for the acceleration a the time derivative of the velocity; 
dvu/dt. In this way we obtain f = m(dv/dt), or since here the mass 
m is constant, f = (d/dt)(mv).] This result shows that, since mv is 


the momentum of the particle, the force exerted is equal to the rate 
of change of the momentum. The momentum corresponding to the 
motion of the molecule toward the wall A is mu,. After collision, the 
molecule moves away from the wall with the velocity component —u, 
and a momentum along the x direction of —mu,. The change in 
momentum that occurs for each impact with the wall is therefore equal 
to 2mu,. 

The number of such momentum changes per second at wall A 
is the number of collisions per second which the molecule makes with 
wallA. Since the molecule travels a distance u, in 1 sec and since the 
distance traveled between collisions with side A is 21, the number of 
collisions per second with A is u,/2l. 

The rate of change of momentum, i.e., the change of momentum 
per second, is therefore 

2 
lige Dibe [1] 


This is the force one molecule exerts on side A. Since the pressure 
is the force per unit area, the pressure exerted by one molecule on 
side A is 

mu,*/l__ mu,* _ mu,” [2] 


[2 Ll V 


where V = [2 is the volume of the container. Since the pressure of 
a gas is the same on all walls of the container, the qualification ‘‘on 
side A” can now be discarded, and the result mu,?/V is equal to the 
pressure due to one molecule of the gas. 

Now let us consider N molecules, instead of just one, to be in 
the cubic container. It is clear that if these molecules act independ- 
ently of one another, each molecule will make a contribution to the 
pressure according to a term like that of Eq. [2]. (Uf they interact to 
the extent of occasionally colliding, the fact that momentum in the 
component directions must be conserved leads to the same result as 
obtained for completely independent particles.) 

It cannot be assumed, however, that all molecules will have the 
same speed, and certainly not the same direction. They will therefore 
not have the same value of the x component of their velocities. Before 
multiplying the contribution of each molecule by the number of mole- 
cules, it is necessary, therefore, to indicate an average contribution. 
This is done by writing a bar over the quantity to be averaged as 
mu,2/V or, if the mass of all the molecules is taken to be the same, 
mu,2/V. (One must note that it is the squares of the components of 
the molecular velocities that are being averaged, and not the compo- 
nents themselves. In fact, since uw, can take on both positive and 
negative values, w, will be zero for a large number of molecules. This 
is not the case if one squares the velocity components and then does 
the averaging; it is this procedure that is implied by u,?.) After this 
digression into the method of averaging the contributions of the N 


29 


Section 2-2 
The pressure of a gas 


30 


Chapter 2 
The kinetic-molecular 


theory of gases 


molecules, the pressure due to N molecules in a volume V can be 
written as 


mu,” 
PN, [3] 
It is more convenient, however, to have a relation between the 
pressure due to the N molecules and an average of the magnitude of 
the velocities of the molecules. The relation between the square of 
the components of the velocity, with which we have been dealing, and 
the magnitude of the square of the velocity itself is, as will be recalled 
from the more familiar resolution along two perpendicular directions, 


u? = u,* + uy? + U,2 [4] 


Since for a large number of molecules moving in random directions 


he a Tiny! = WE [5] 


the useful relation, since the x direction has been considered in the 
derivation so far, 


wm = 3u,2 [6] 


can be obtained. (Note that u2 and u2 are scalar, not vector, quan- 
tities; i.e., they indicate magnitudes, and not directions, of the molec- 
ular velocities.) Substitution of Eq. [6] in Eq. [3] gives the desired 
relation between P and u2; that is, 


_ 4Nmv 
bi V 
or 
je “NIE [7] 


This important equation is, in a way, the end result of the present 
derivation. It is as far as one can go in explaining the basis for the 
pressure of a gas from the kinetic-molecular postulates of the pre- 
ceding section. This result cannot, however, be compared with the 
empirical gas laws, but with the additional considerations of the 
following section, this comparison can be made. 


2-3. MOLECULAR VELOCITIES, KINETIC ENERGIES, 
AND TEMPERATURE 


Frequently, as in this case, it is more convenient to arrange the result 
to show explicitly kinetic energy rather than molecular speed. The 


average kinetic energy of one molecule of a gas is written as ke. This 
quantity is related to the average squared molecular velocity by 


ke = 4mu2 [8] 
Equation [7] can be written as 


PV = 3N(4mu?) 


and replacement of the velocity term according to Eq. [8] gives 
PV = 3Nke [9] 


The empirical results of the previous chapter dealt with molar 
quantities of gases. The present theoretical results involve the prop- 
erties of individual molecules, such as ke. These can be brought 
together through Avogadro’s number %, which relates the number 
of molecules N to the number of moles n by the relation 


N = n% {10] 
Equation [8] can now be written as 
PV = 3n(Stke) [11] 


Furthermore, we introduce the term KE to denote the kinetic energy 
of an Avogadro’s number of molecules and rewrite Eq. [11] as 


PV = 3nkKE [12] 
At this stage it is necessary to recall the empirical result 
PV = nRT 


and to compare the kinetic-molecular-theory result, Eq. [12], with 
this expression. Historically, the apparent discrepancy between the 
two relations presented no problem. Heat and temperature had often 
been associated, in a qualitative way, with the idea of agitation and 
motion of the particles of the hot material. It was a relatively straight- 
forward matter, therefore, to make the theoretical deduction agree 
with the experimental law by putting KE equal to RT, or 


KE = 3RT [13] 


Thus, if the translational kinetic energy of an Avogadro’s number of 
molecules, i.e., 1 mole, has the value $RT, then the ideal-gas laws, as 
embodied in PV = nRT, are derivable from the postulates of the 
kinetic-molecular theory. 

Some of the empirical results given in Chap. 1 have now been 
derived. The expression PV = 4nkE, together with the postulate 
KE = $RT, in effect reproduces Boyle’s and Gay-Lussac’s laws. 
Furthermore, the derived result PV = nRT holds, to the extent that 
the postulates of the kinetic-molecular theory are followed, for any 
gas; i.e., itis independent of the molecular weight or any other property 
characteristic of the molecules of the gas. This expression can hold 
for two different gases at the same temperature and pressure only if 
equal volumes of the different gases contain the same number of 
moles or molecules. Thus Avogadro’s hypothesis is derived. Dal- 
ton’s law follows directly from the original postulates since, on the 
assumption that molecules are noninteracting and occupy no appreci- 
able volume, one set of gas molecules will have no effect on another 
set. Each gas in a mixture will therefore have the pressure that it 
would exert if it were in the container by itself. 
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2-4. NUMERICAL VALUES FOR MOLECULAR ENERGIES 
AND MOLECULAR SPEEDS 


As previously pointed out, the intention in this chapter is to reveal 
some of the properties of the molecules of which a gas is composed. 
It has been shown so far that the qualitative postulates of the kinetic- 
molecular theory are a sufficiently accurate description of the molec- 
ular world to lead to the ideal-gas laws. More quantitative information 
is obtained from the result that the kinetic energy of an Avogadro’s 
number of molecules is 3R7. 

The value of 1.987 cal/deg mole obtained in Sec. 1-5 for R yields 
for this energy at 25°C the result 


3RT = #(1.987)(298) = 888 cal/mole 


This calculation shows that at 25°C the translational-motion contri- 
bution to the energy of any ideal gas will be about 900 cal/mole. 

The average kinetic energy of one molecule of the gas can be 
calculated as 


[14] 


Since much of our subsequent work will be concerned with the en- 
ergies of individual molecules and atoms, it is useful to introduce a 
new constant k, called Boltzmann’s constant, as 


R 


= oe [15] 


Boltzmann's constant is therefore the gas constant per molecule, and 
the average kinetic energy of one molecule is 


ke = 3kT [16] 


The most generally used energy units in & are ergs, and with this unit it 
has the value 


p — 8:314 x 107 


= 6.023 x 1023 — 1-380 x 10° erg/deg molecule 


The average kinetic energy of a gas molecule at 25°C is 
ke = $(1.380 x 10-16)(298) = 6.17 x 10-14 erg 


Although the values of these kinetic energies are very important 
and will become progressively more meaningful, they are at first dif- 
ficult to appreciate. It is therefore worthwhile to consider a related 
and more readily visualized molecular property, the speeds with which 
molecules travel. 

The kinetic energy of an Avogadro’s number of molecules can 
be written 


KE = (mu?) 


or 
KE = 49uUn)u2 
= 4Mu2 [17] 


where M is the gram-molecular weight. A molecular-speed term is 
obtained by combining this result with the kinetic-molecular-theory 
postulate KE = $RT to get 


a SRT 
- M 
or 
Wie /3RT 
u = _ / — 
VM [18] 


The cumbersome term WAT is Known as the root-mean-square (rms) 
speed. It is necessary to note that this term implies that the magni- 
tude of each of the molecular velocities is squared, then the average 
value of the squared terms is taken, and finally the square root of this 
average is determined. This procedure leads to a quantity which is 
different from a simple average speed, but different only, as will be 
seen in Sec. 2-6, by about 10 per cent. For the present, the values 
of Vie which are deduced will be taken as indicative of average 
molecular speeds. 

If cgs units are used, R has the value 8.314 x 107 ergs/deg 
mole and the rms speed is calculated in centimeters per second. For 
No at 25°C, for example, we obtain 


S_ /BN8.314 x 107)(298.16) 
a 28.02 


— 5.15 x 104 cm/sec 


= 1150 miles/hr 


Table 2-1 shows further results for a few simple molecules. It should 
be kept in mind that at a given temperature the average kinetic energy 


en EEUU EEEEEEE EES EEEEEE EEE 


Gas cm/sec miles /hr 
PS EEEE—E———————————E——— 
Ho 1.77 x 10° 3960 
He 1.26 2820 
H20 0.59 1320 

No 0.47 1060 

02 0.44 990 
C0. 0.38 845 

Clo 0.30 671 

Hg 0.18 400 

HI 0.22 490 


ee ee ee en eee 
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of the molecules of different compounds is the same. It follows that, 
at a given temperature, light molecules have greater speeds than 
heavy molecules. 

The units of miles per hour are not convenient, of course, for 
calculations involving molecules. It is well, however, to make a men- 
tal note, in units that can be comprehended, of such properties of 
molecules as their speeds. It should be appreciated that these in- 
teresting quantitative results are due to the rather simple deductions 
of the kinetic-molecular theory in conjunction with the empirical ideal- 
gas laws. 

An important question remains as to the distribution of the mo- 
lecular speeds that go into the average, or rms, speed. In Sec. 2-6 we 
shall see that there are, in fact, many molecules moving much faster 
and many much slower than the average values tabulated here. 


2-5. DEGREES OF FREEDOM 


The average kinetic energy of a molecule resulting from its transla- 
tional motion has been shown to be 


It is of value to investigate this energy in terms of the energies con- 
tributed by the x, y, and z components of the molecular velocity. The 
velocity in space is related to the component velocities by 


u? = Ug? + U,? + UZ? [20] 
Multiplying by 4m and averaging the squared velocities, one obtains 
bmi = mite + $ming? + mia? 


or 


ke — (ke), + (ke), + (Ke). [21] 


The total translational energy can therefore be regarded as 
being made up of the kinetic energies resulting from the x, y, and z 
velocity components. It is to be noted that the kinetic energy breaks 
up into separate components only because the velocities can be re- 
solved along three perpendicular axes. Such a resolution gives the 
square of the total velocity in terms of the squares of the components, 
and no cross terms such as u,U, appear. 

These components of the kinetic energy represent the average 
energy of the molecules as a result of their motion in each of the three 
perpendicular directions. Since 


(ke), = (ke), = (ke), [22] 


we obtain the result 


(ke), = 4kT [23] 
(ke), = 3&7 


The average kinetic energy for each of the perpendicular directions 
in which the molecules are free to move is therefore 4kT per molecule 
or 4RT per mole. 

These motions, in the three perpendicular directions, are ex- 
amples of what are called degrees of freedom. The deduction, sum- 
marized in Eqs. [23], could therefore be expressed as follows: The 
average kinetic energy of a molecule per degree of freedom is $kT. 
This statement is more far-reaching and important than can be 
immediately shown. Although so far only kinetic energy of transla- 
tion has been attributed to molecules, it will be seen later that they 
also can, in general, have kinetic energy as a result of their rotation 
and of the vibration of one part of the molecule against the other. 
These motions also represent degrees of freedom, and the expectation 
of a kinetic energy of 4kT for each rotational and each vibrational 
degree of freedom—although at times not realized on account of 
quantum rules that are then important—is very useful. 


2-6. DISTRIBUTION OF MOLECULAR VELOCITIES 


Having considered and tabulated some average molecular speeds in 
Sec. 2-4 and having recognized in the preceding section that, for some 
purposes, one can treat separately the 3 translational degrees of free- 
dom of gas molecules, it is now appropriate to investigate in more 
detail the molecular speeds that contribute to the average values 
already worked out. 

The basic relation for handling questions regarding the number 
of molecules that have various speeds, or energies, is Boltzmann’s 
distribution. The deduction of this important relationship is best 
done after the quantum rules that will be seen to govern molecular 
behavior are studied. Here the results of the derivation will be an- 
ticipated, and the Boltzmann distribution will be used to obtain the 
desired information on the distribution of molecular speeds. 

Let us first consider the simplest aspect of the problem, namely, 
the distribution of molecular speeds along one direction. If this is 
again chosen as the «x direction, the goal is the determination of the 
fraction of the molecules, dN/N, that have velocities in the range 
between u, and u, + du;. One seeks the value of (adN/N )/duz, the 
fraction of molecules per unit velocity interval, for various values of wz. 

According to the Boltzmann distribution expression, the 
number of molecules that have a certain energy is proportional to an 
exponential term with an exponent that involves the ratio of that 
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energy to kT. For the one-dimensional distribution being considered 
now, the Boltzmann distribution gives 


dN/N 
du, 


= Ae~(1/2)mu,2/kT [24] 


where A is a proportionality factor. 

Even before the proportionality factor is evaluated, the form 
of the distribution can be seen from this expression. First one notes 
that since u, occurs only as a squared term, the expression properly 
gives the same distribution for positive and negative values of wz, 
that is, for molecules moving to the right and to the left. The most 
probable velocity component in this one dimension is seen to have 
the value zero. The probability of higher velocity components occur- 
ring drops off exponentially with u,2. 

Before considering a plot of this distribution, let us evaluate the 
A factor so that an absolute scale can be attached to the (dN/N )/du, 
versus u, plot that will be made. The value of A must be such that 
the number of molecules spread out over the entire range of u, as 
given by Eq. [24] will be equal to N, the number of molecules in the 
sample. Alternatively, one expresses this as the condition 


w= +2 dN 
[SF el [25] 


In view of Eq. [24], this requires 
+00 


Ae-(/2)muz2/kT dy, = 1 [26] 


or 
1 


+00 
il e7 (1/2)muzp2/kT du, 


co 


A= 


[27] 


Here use has been made of the fact that A is a constant factor not 
involving uz. Substituting 22 = 4mu,2/kT and du, = \/2kT/m dz 
converts the denominator of Eq. [27] to a form involving an integral 
tabulated in Appendix 1: ; 


2ET foo 
af if eds [28] 


The value of the integral itself is \/z, and we obtain 


A= (so [29] 


Finally, the one-dimensional distribution equation for a sample of NV 
molecules can be written as 


aN/N _ m 
du, 2ukT 


e~(1/2)muz2/kT [30] 


Graphs of this one-dimensional distribution function are shown 


for two temperatures for the example of nitrogen in Fig. 2-2. One now 
sees the qualitative features discussed earlier in the section and, 
furthermore, notices the spreading out of the distribution that occurs 
as the temperature is raised. 

In addition to the velocity scale, a kinetic-energy scale can be 
attached to Fig. 2-2. This scale is shown along the top of the figure, 
and since the square of the velocity occurs in the kinetic energy, the 
kinetic-energy scale is positive on both sides of the origin. Qualita- 
tively, from the figure, or more accurately by replotting on a linear 
energy scale, it can easily be verified that the total kinetic energy for 
this one-dimensional motion is indeed 4RT per mole. 

Let us now pass over the distribution of molecular speeds in 
two dimensions and proceed directly to the more important case of 
the distribution in three-dimensional space. Again the Boltzmann 
distribution will provide the basis on which the distribution expression 
is derived. The original derivation of the result that will be obtained 
was given by James Clerk Maxwell, and the result itself is now known 
as the Maxwell-Boltzmann distribution expression. 

The graphical representation of the magnitudes and directions 
of the velocities of the molecules of the sample that is used in Figs. 
2-3 to 2-5 is helpful in recognizing the factors that enter into the result 
and, moreover, in appreciating the derivation itself. These figures 
contain points each of which represents the speed and direction of a 
molecule. The speed is conveyed by the distance of the point from 
the origin and the direction, by the location of the point, as suggested 
by the arrows, relative to the coordinate axes. 

In the one-dimensional probiem that we have already solved we 
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The one-dimensional 
velocity distribution for 
Nz molecules at 298 and 
1500° K. 
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FIGURE 2-3 

The velocities of mole- 
cules, each magnitude 
and direction repre- 
sented by the length and 
direction of the arrow, 
and the volume element 
for a one-dimensional 


distribution. 


dealt with the density of points along any direction, for example, along 
the direction of the x axis. One sees again, in Fig. 2-3, although too 
few points are exhibited, that the number of points contained in a 
volume element, du, in the figure, falls off as the element is moved 
away, in either direction, from the origin. In a similar manner, of 
course, one-dimensional distributions along the y and 2z, or u, or u,, 
axes could be dealt with. These one-dimensional distributions can, 
in fact, be combined to give the fraction of the molecules that have 
velocity components between u, and u, + du;, uy, and u, + du,, and 
uz and u, + du,. This is equal to the fraction of points that occur in 
the shaded rectangular element of volume in Fig. 2-4. It is given 
analytically as the product of the fractions of the molecules that lie in 
the appropriate volume elements perpendicular to the axes; i.e., 


aN m m 
eS —(1/2)muz2/kT 
iMpe ( QakT - i) (, QakT 


e-(1/2)muy/kT a) 


M _ 4-(1/2)muz/kT 
aahT © du,) [31] 
or 
3/2 
asad = ap) Aaa ni aa [32] 
zr y z 


This result gives the distribution of the molecular velocities in that it 
expresses the density of points in various volume elements in a plot 
like that of Fig. 2-4. 

What is wanted, however, is the density of points within a volume 
element like that of Fig. 2-5, because all points lying in such an ele- 
ment correspond to the same speed, which we shall now denote by c. 


Since this spherical shell has a volume 4c? de, the number of points 
in this element is obtained by multiplying the coefficient of the volume 
element in Eq. [32] by 4c? de rather than by du, du, du,;. In this 
way, and with the substitutions c? = u,? + u,? + u,%, one obtains 

aN/N _ 


3/2 
oe An (45) (e7@/2)me2/ kT) ¢2 [33] 


This Maxwell-Boltzmann distribution expression is plotted for 
No at two temperatures in Fig. 2-6. Now, in contrast to the one- 
dimensional distribution, only positive values of the coordinate c, the 
speed of the molecules, can occur. The average speed has a value 
that can immediately be seen to be like that previously calculated for 
the root-mean-square speed. One should also notice that at low 
temperatures the molecules tend to have speeds bunched in a rela- 
tively narrow range. At higher temperatures the distribution is 
broader and—what is for some purposes very important—the high- 
speed end of the curve tends to spread out to much higher speeds. 

Knowledge of the distribution curve allows the calculation of any 
desired kind of average. The Maxwell-Boltzmann distribution can, 
for example, be used to calculate a root-mean-square speed which, 
by other means, has already been shown, in Sec. 2-4, from 


and 
ke — 3kT 


to have the value 


= 3kT Si 
Ve — — pees 
ia vi ee 
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FIGURE 2-4 

The volume elements 
that are combined in 
the derivation of 
(dN/N)/du,; du, du;. 
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FIGURE 2-5 

The molecular velocities 
and the volume element 
used to obtain the dis- 
tribution of the magni- 
tude of the velocities in 
three dimensions. The 
volume of the spherical 


shell is equal to 41c? de. 


To obtain such averages from the distribution expression, one 
multiplies the number of molecules that have a particular value of 
the quantity to be averaged by that value of the quantity; then one 
sums, or integrates, over all possible values of the quantity and, 
finally, divides by the total number of molecules in the sample. Thus 
c?, or u2, is given by 


=— 1 (5 SCS) 
uw = — c2 dN 
N Ce=i() 


=4r (Ba) f, & e-(1/2)me2/kT de 
7 0 


Substitution of z2 = 4mc?/kT leads to one of the integrals of Appen- 
dix 1 and gives for u2 the result 


—— m sa( 2k 3 3kT 
“f = An (555) m a= m [34] 


Finally, \/u2 = \/3kT/m, as obtained from the kinetic-molecular 
treatment of Sec. 2-4. 
In a similar way one obtains the average speed as 


See ly Os 
c=a{ cdN [35] 


Substitution of the distribution relation and evaluation of the integral 
gives the result 


8kT 


C= a 


7mm 


= (25 [36] 


Finally, one sometimes deals with the most probable speed, 
i.e., the speed corresponding to the maxima of the curves like those 
of Fig. 2-6. To determine this speed it is only necessary to differen- 
tiate the distribution expression, set the result equal to zero, and de- 
termine the value of c that this relation implies. In this way, if 
a denotes the most probable speed, 


= fa [37] 


These three speeds—the rms, the average, and the most 
probable—are not very different, being in the ratio 


Vie :€:a = 1.00:0.92:0.82 [38] 


One or the other of these usually provides sufficient information on 
the molecular speeds in any given problem. Where a more detailed 
knowledge of the molecular-speed distribution is required, reference 
must be made to the distribution expression or to graphs such as 
Fig. 2-6. 

As a consequence of the Boltzmann distribution, we have 
learned a great deal more about the speeds with which molecules 
travel than we did by our earlier comparison of the result Pv = 49unu? 
and Pv = RT. While obtaining the detailed distribution of molecular 
speeds, we were able to verify, by recalculating Ve, that the approach 
of this section is consistent with the simple kinetic-molecular-theory 
result. 
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FIGURE 2-6 

The distributions of the 
speeds of Nz molecules 
at 298 and 1500°K. 
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It should perhaps also be pointed out that the treatment of this 
section is an example of a statistical calculation. The properties of 
any one molecule are not treated, but rather, one deals with the prob- 
ability of molecules having certain properties, i.e., certain speeds, or 
components of velocities along given directions, and so forth. It will 
be found that in chemical studies one cannot assign specific values 
to specific molecules, but rather must assign probabilities that these 
values will apply. 


2-7. THE MEAN FREE PATH, COLLISION DIAMETER, 
AND COLLISION NUMBER 


The kinetic-molecular derivation in the preceding sections did not 
take into account how frequently the molecules of a gas collide with 
one another. The derivation of the pressure exerted by a gas in Sec. 
2-2 was based on the idea that the molecules bounce back and forth 
between the walls of the container. We shall see that, for many gas 
pressures, a molecule of the gas will actually collide many times with 
other molecules in traversing the container. It can be shown, how- 
ever, that since these collisions do not change the net momentum of 
the coliiding molecules in the direction being considered, these 
collisions in no way affect the derivation of the pressure of agas. This 
implies that no information about these molecular collisions can be 
obtained from calculations, such as that of Sec. 2-2, of the pressure 
of a gas. 

The following section will show that the viscosity of a gas is de- 
pendent on the collisions of the gas molecules with each other. A 
kinetic-molecular derivation of the viscosity of a gas will therefore 
lead to added information on the experiences of the rapidly moving 
gas molecules. Three questions may come to mind about the 
collision properties of the molecules of a gas: How far, on the average, 
does a molecule travel between collisions? How many collisions per 
second does a molecule experience on the average? And how many 
collisions per second take place in 1 cc of a gas? Our lack of feeling 
for the molecular world is impressed on us when we try to guess the 
answers to these questions. 

Before proceeding to the calculation of gas viscosities, we shall 
show that the answers to all three questions can be related to one 
molecular property. This property is the diameter of the molecules of 
the gas. The use of only one quantity, the diameter, to define the 
size of the molecules means that the simplifying assumption of 
spherical molecules is being made. Furthermore, the use of a single 
quantity to describe the volume of the molecule implies that each is 
being treated as a hard, incompressible sphere. The diameter is 
denoted by o, and since here it will be related to the collision properties 
of molecules, values obtained for it will be known as collision 
diameters. 
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FIGURE 2-8 

Types of molecular col- 
lisions. The relative 
velocity in an average 
collision is \/2é. (a) Rel- 
ative velocity = 0. (b) 
Relative velocity = 2¢. 
(c) Relative velocity = 


\/2 G 


The answer to the first question, i.e., as to how far a molecule travels 
between collisions, has now been shown to be dependent on the num- 
ber of molecules per unit volume and on the as yet unknown 
quantity o. 

The second problem to be investigated is the number of colli- 
sions per second that a molecule makes. This is called the collision 
number and is denoted by Z;. In relation to the other molecules, the 
molecule A travels with an effective speed equal to \/2¢ cm/sec. 
The number of collisions per second of this molecule is therefore 
equal to the number of molecules in a cylinder of radius o and 
of length \/2c. We thus have 


Z, = (\/20)(7102)N * 
= \/2m0°CN * [41] 


The last of the three problems to be investigated is the number 
of collisions occurring in a unit volume per unit time. As can be imag- 
ined, this quantity is of considerable importance in understanding the 
rates of chemical reactions. The number of collisions per second 
per cubic centimeter is also called the collision number, but is denoted 
by Z41. 

The collision number Z,,; is closely related to the number Zy. 
Since there are N* molecules per cubic centimeter and each of these 
molecules has Z, collisions per second, the total number of collisions 
per second per cubic centimeter will be 4N*Z,. The factor $ ensures 
that each collision will not be counted twice. We therefore obtain 


Zin — 4\/270°C (N *\2 


= green *)2 [42] 


Both of the collision numbers and the mean free path have now 
been expressed in equations that involve the molecular diameter o. 
Since the molecular speeds and the number of molecules per cubic 
centimeter of a particular gas can be determined, only molecular 
diameters need be known to evaluate L, Z, and Z1;. Many methods, © 
as we Shall see, are available for determining the size of molecules. 
For the present, the kinetic-molecular derivation of gas viscosities 
will be relied upon to yield these values. 


2-8. THE KINETIC THEORY OF GAS VISCOSITY 


The molecular theory, in accordance with which molecules move freely 
about, with large spaces between them, might seem at first to imply 
a complete absence of viscous forces. The source of viscous drag 
in gases can be understood, however, by focusing attention on two 
layers of a gas moving parallel to each other but with different flow 
rates. Over and above their random thermal motion, the molecules 
in the faster-moving layer will have a greater velocity component in 
the direction of flow than will the molecules in the slower layer. But 
because of their random movement, some of the molecules of the 
faster layer will move into the slower layer, imparting to it their addi- 
tional momentum in the direction of flow, and thus tending to speed 
it up. Likewise, some of the molecules of the slower layer will reach 
the faster layer and tend to slow it down. The net effect of this ex- 
change of molecules is a tendency toward equalizing the flow rates 
of the different parts of the gas. The viscous effect is just the dif- 
ficulty of moving one part of a fluid with respect to another part. 

A simplified kinetic-molecular theory of viscosity can be given 
on this basis. Consider two layers of unit area, separated by a dis- 
tance equal to the mean free path, of a gas flowing as in Fig. 2-9. The 
gas flows in the x direction with a velocity v and a velocity gradient 
du/dy; that is, the flow rate increases by an amount du for each incre- 
ment of distance dy in the y direction. Since the layers under con- 
sideration are a mean free path apart, on the average a molecule 
leaving one layer will arrive in the other layer, collide, and contribute 
its greater or lesser momentum in the flow direction to that layer. 
According to a simple approach, which gives almost the correct result, 
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FIGURE 2-9 

Two layers of a gas 
moving in the x direc- 
tion with a velocity gra- 


dient of du/dy. 
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one-third of the molecules have an x component of velocity, one-third 
a y component, and one-third a z component. Only the third with a 
y component are effective in the momentum exchange between the 
gas layers. 

The momentum increment which each transferred molecule 
adds to or subtracts from the new layer is mL (du/dy), that is, m times 
the difference in flow velocity of the two layers. The force between 
the two layers can again be calculated from the rate of change of 
momentum. It is now necessary, therefore, to calculate the number 
of these molecular transfers per second. 

Each molecule that passes a cross section such as that shown 
shaded in Fig. 2-9 will have carried its surplus or deficit of momentum 
in the flow direction a distance L, the mean free path. Each such 
molecule makes a contribution mL (dv/dy) to the momentum ex- 
change between the layers. 

The numbers of molecules that cross a section, such as that 
shaded, in 1 sec are those which are in the lower volume shown and 
have a y component of velocity upward, and those which are in the 
upper volume shown and have a y component of velocity downward. 
These two volumes are both drawn with a length c cm, so that in 1 sec 
all the molecules with the appropriate direction of flight will have 
passed the shaded cross section. If there are N* molecules per 
cubic centimeter, there will be 4N*c molecules in the lower volume, 
all of which will move into the upper volume in 1 sec. A similar num- 
ber will move down into the lower volume in 1 sec. The total inter- 
changes between layers, therefore, are +N *¢ sec71. 

The rate of change of momentum is then (4N *¢)mL (du/dy), 
and according to Newton’s law this is the force exerted by the layers 
on each other. Thus 


f = iN ‘om [43] 


The coefficient of viscosity n has previously been defined by Eq. [30] 
of Chap. 1, which, in differential form and for the unit-layer areas of 
this derivation, Is 


poe [44] 


Comparison of these equations gives, for the kinetic-molecular 
derivation of viscosity, the result 


1 = $N*emL [45] 


A more detailed derivation takes into account the detailed dis- 
tribution of molecular velocities and leads to the slightly different, 
correct expression 


n = $NtemL [46] 


It is this expression that will be used in the deduction of the molecular 
properties o, L, Z,, and Z;,. 

It is now convenient to replace L by means of Eq. [40] so that 
an expression involving the collision diameter 


cm 
— 2. (2a? [47] 
is obtained. 

This important result allows the calculation of the collision di- 
ameter of a gas molecule from measurements of the viscosity of the 
gas. It is necessary also to have values for the mass of a molecule 
of the gas and the average speed of the gas molecules. Both these 
quantities are available, the latter as a result of the derivation of Sec. 
2-6, which gave the expression 


s. [SRE x [48] 


Before proceeding to a discussion of the values for the molec- 
ular properties which have been introduced in the preceding section, 
it is interesting to point out an implication of Eq. [47] on the nature of 
the viscosity of gases. For a given gas, m and o are constants, and 
é varies as the square root of T, according to Eq. [48]. The theoretical 
derivation makes the prediction, therefore, that the viscosity of a gas 
should be independent of the pressure and proportional to the square 
root of the absolute temperature. This rather remarkable result (it 
seems ‘‘reasonable’’ that the viscosity of a gas should increase as 
the gas is compressed and becomes more dense) was one of the few 
theoretical deductions to be made before the experimental measure- 
ments had been performed. Maxwell’s prediction of this behavior 
and its subsequent experimental verification provided one of the 
most dramatic triumphs of the kinetic-molecular theory. (It should 
be pointed out, however, that at higher pressures the nonideal be- 
havior of gases seriously interferes with these deduced relations.) 


2-9. NUMERICAL VALUES OF COLLISION PROPERTIES 


As an example we consider the calculation of the collision properties 
o, L, Z;, and Z;; for Nz at 1 atmand 25°C. 
Table 1-3 gives the viscosity as 


n = 1.78 x 10-4 poise 
The number of molecules in 1 cc at 25°C and 1 atmis 


6.023512: 


N" = (2,414)(298.15/273.15) 


=e AOZex<pLOw 
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TABLE 2-2 

Some kinetic-molecular- 
theory gas properties (at 
25°C and 1 atm) 


The average molecular speed is 


Bn Coen CO) See 
a 7(28.02) eS CI 


and the mass of one molecule is 


28,02 f 
228025) eso 
PG 02351022 “ e 


With these data the collision diameter of the N2 molecule can be 
calculated from a rearrangement of Eq. [47] as 


ferent Wh aes Us 
2\/2an 
= 3.74 x 10°§cm 


With this value of the molecular diameter, Eqs. [40] to [42] can 
be used to obtain the remaining collision properties of No at the 
specified conditions. Thus 


1 
—— 
\/2m02N * 


= 6.50 x 10°§cm 
Z, = \/2m02CN * 
= 7.31 x 109 collisions/sec 


1 2a( Ny * 
Lig == 10-CUN *)? 
411 V2 


= 8.99 x 1028 collisions/(cc)(sec) 


Table 2-2 shows similar results for a few other simple molecules. 

The data of Table 2-2 indicate the details which can be obtained 
about the molecular world from the kinetic-molecular theory. A 
valuable insight into molecular phenomena is provided by these data, 
and an effort should be made to become familiar with the order of 
magnitude of these quantities. ’ 

The molecular diameters can be considered first. The results 
serve immediately to substantiate the kinetic-molecular postulate 


o (A) L (cm) Z, (collisions/sec) Z11 (collisions/(cc)(sec)] 
No 3.74 6.50 x 10-6 7.3 x 109 9.0 « 1028 
02 3.57 7.14 6.1 1 
C0. 4.56 44] 8.6 10.6 
HI 3.50 7.46 3.0 3.7 
Ho 2.73 25 14.4 177 


He 2.18 19.0 6.6 8.1 


rr 


that the molecules are small in comparison with the container size. 
Molecular dimensions, as Table 2-2 shows, are typically of the order 
of 10°§ cm. In spite of the small scale of the molecular world, it is 
not difficult to become accustomed to thinking in terms of molecular 
dimensions. One aid is an appropriate unit of length. The angstrom 
(abbreviated A) is the unit in which molecular dimensions are almost 
always expressed. It is defined as 


1A = 10-8cm [49] 


The molecules listed in Table 2-2 are all quite simple, and the 
diameters show no large variations. It is to be noted, however, that 
molecules such as He and Hs have diameters of about 2 A, whereas 
molecules with more atoms, such as COs, or more electrons, such as 
Clz, have diameters of 3 or 4A. With a little experience we forget the 
small scale of the molecular world and quite casually say that a mole- 
cule is big or a molecular distance is long because it is a fraction of an 
angstrom longer than expected. 

We shall encounter several other methods for obtaining molec- 
ular dimensions. It is important, therefore, to realize that the diam- 
eters of Table 2-2 reflect the particular method by which the size of the 
molecules was measured. The determination of a collision diameter 
requires, to begin with, the assumption of a spherical molecule so that 
its size can be specified by the single variable, the diameter. Many 
molecules, as we shall see when more precise methods of molecular 
structure are dealt with, are very poorly represented by spheres. A 
second characteristic of the molecular dimensions, such as those re- 
ported in Table 2-2, is that they depend on the collision properties of 
‘the molecules. If molecules are soft, like sponge-rubber balls, instead 
of hard, like billiard balls, the collision diameter is not necessarily of 
the same length as the molecular diameter measured by some other 
means. In spite of these difficulties, collision diameters do provide 
a fairly satisfactory measure of molecular sizes. 

Much more powerful methods, as will be seen, are available for 
the determination of the size and shape of molecules, and this kinetic- 
molecular method is no longer important for such determinations. 
The related information on numbers of collisions and mean free path 
that comes out of these studies is, however, still of real significance 
in studies of the rates of chemical reactions and processes whereby 
energy is transferred from one molecule to another. 

The mean free path of gases at 1 atm pressure, as the sample 
calculation for No showed, though hundreds of times larger than the 
molecular diameter, is short compared with the size of ordinary con- 
tainers. The molecules of a gas in such a container will therefore 
collide many times with one another between the collisions they make 
with the walls of the container. It is instructive, in this regard, to 
calculate the mean free path for a gas at a relatively low pressure. 
A typical, easily obtained vacuum used by chemists has a pressure of 
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about 10-5 mm Hg. At this pressure, that is, at 10-5/760 = 1.32 
x 10-8 atm, and 0°C, 


+ ~ 6.02 <1023 6 1322 1053 
NS ia 5orA AeA 1 


= 3.55 x 1011 molecules/cc 
For No, with o = 3.74 «x 10-8 cm, we calculate from Eq. [40] 
LIL = 450 cm 


At a pressure of 10-> mm Hg the situation is very different from that 
at atmospheric pressure. The molecules will, on the average, bounce 
back and forth off the walls of the container many times before they 
happen to collide with other molecules. This feature of molecular 
behavior must be recognized in the design of high-vacuum equipment. 
Because of the bouncing of the molecules between the walls of the 
container, the molecules cannot be ‘‘sucked out” by a vacuum pump. 
To achieve fast pumping, large-diameter tubing must be used so that 
the molecules will have a good chance of bouncing down to the pump 
and being expelled. 

Finally, the collision numbers Z; and Z11can be considered. The 
very many collisions per second that a molecule experiences, together 
with the short distance traveled between collisions and the very high 
molecular velocities, should indicate the tremendous rapidity of 
events in the molecular world. At low pressures, as Eq. [41] indicates, 
the collision number Z, decreases according to N*. The number of 
collisions Z,, occurring in each cubic centimeter of the gas is even 
more sensitive to pressure since the factor N* occurs in Eq. [42] to 
the second power. 

Data such as those given in Table 2-2 represent the average be- 
havior of the molecules of a gas and constitute some of the most im- 
portant results of the kinetic-molecular theory. 


2-10. THEORY OF NONIDEAL BEHAVIOR— 
VAN DER WAALS’ EQUATION 


The simple model of the kinetic-molecular theory is satisfactory in 
that it leads to the derivation of the ideal-gas laws. We have seen, 
however, that real gases show PVT relations that deviate more or 
less widely from the ideal laws. A question naturally arises as to the 
possibility of understanding these deviations by the use of a more 
elaborate model for a gas than that used previously. This can be 
done, and in our quest for molecular information it is of interest to 
investigate what refinements of the previous treatment are necessary. 

In 1873, the Dutch chemist van der Waals showed that the 
addition of two items to the molecular model of Sec. 2-1 could account 
for much of the deviation of real gases from ideal behavior. He attrib- 


uted the failure of the derived PV = nRT relation to duplicate the 
behavior of real gases to the neglect of 


1 The volurne occupied by the gas molecules 
2 The attractive forces among the molecules 


The corrections introduced by the recognition of these two 
factors will be treated one at a time. 

When n moles of a gas are placed in a container of volume V, 
the volume in which the molecules are free to move is equal to V only 
if the volume occupied by the molecules themselves is negligible. 
The presence of molecules of nonvanishing size means that a certain 
volume, called the excluded volume, is not available for the molecules 
to move in. If the volurne excluded by 1 mole of a gas is represented 
by b, then instead of writing PV = nRT, a more appropriate equation 
would be 


P(V — nb) = nRT [50] 


The excluded volume b is usually treated as a constant which is 
characteristic of each gas and must be determined empirically so that 
a good correction to the simple gas-law expression is obtained. 

The relation of b to the size of the molecules can be seen by 
considering Fig. 2-10. The molecules are again assumed to be 
spherical and to have a diameter 0. The volume in which the centers 
of two molecules cannot move because of each other’s presence is 
indicated by the lightly shaded circle in Fig. 2-10. The radius of this 
sphere is equal to the molecular diameter. The volume excluded per 
pair of molecules is 470%. We then obtain 


) mae} 4 93) — A 3)" 
Excluded volurne per molecule = 5 (410 ) = 4| 4 (2 


Actual volume of a molecule = Sn ()’ 
It is seen, therefore, that the excluded volume is four times the actual 
yolurne of the molecules. Since bis the excluded volume per mole, we 
have 


b= 4n [47 (3)"| [51] 


where I is Avogadro's number. 

We rnight be tempted to make use of our previously determined 
values of o to calculate b. It is more satisfactory, however, to adjust 
b so that the derived equation corresponds as well as possible to the 
observed PVT data. This procedure, required principally by the 
difficulties caused by the second correction term, results in van der 
Waals’ equation being semiempirical. The form of the derived equa- 
tion follows from a theoretical treatment, but the numerical values of 
the constants appearing in the equation are obtained from the experi- 
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FIGURE 2-10 

The excluded volume 
(light shade) for a pair 
of molecules according 
to van der Waals’ treat- 


ment. 
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TABLE 2-3 


Molar volumes of COz at 
320°K. Comparison of 
van der Waals’ equation 
and the ideal-gas law 
near the critical 


temperature 


mental PVT data. Semiempirical equations are not uncommon in 
chemistry and frequently are considerably more satisfactory than 
completely empirical relations. 

The second van der Waals’ correction term concerns the attrac- 
tive forces among molecules. That such forces exist is clearly dem- 
onstrated by the tendency of all gases to condense at temperatures 
low enough so that these forces can overcome the kinetic energy of 
the molecules. That these attractions exist is clear; exact knowledge 
of their source and quantitative values are much harder to come by. 
The semiempirical approach, however, requires only that a suitable 
term representing these attractions be inserted. Its value can be 
obtained by adjusting it, as is done with b, to give an equation that 
best fits the PVT data. 

The attraction a molecule exerts on its neighbors tends to draw 
them in toward itself; i.e., the attraction acts with the confining pres- 
sure to hold the molecules together. The effect of one molecule in 
helping to hold the gas together through these forces of attraction Is 
proportional to the number of nearby molecules on which it can act. 
If there are n moles of gas in a volume V, this number is proportional 
to n/V, the number of moles per unit volume. Since each of the neigh- 
boring molecules is likewise attracting its neighbors, the total pulling 
together of the gas due to these interactions is proportional to (n/V)?. 
The gas is confined, therefore, not only by the external pressure P, 
but also by these intermolecular attractions, which contribute a term 
proportional to (n/V)?. If the proportionality factor is denoted by a, 
van der Waals’ complete equation becomes 


(P i wn) (Vb Re (52) 


The success of this equation in fitting the PVT behavior of real 
gases is judged by choosing values of a and 8, different for each gas 
and for each temperature, to give as good a fit to the observed data 
as possible. Although perfect agreement of calculated and observed 
volumes over a wide range of pressure is not obtained, the improve- 
ment over the ideal-gas-law expression PV = nRT is very consider- 
able. Figure 2-11 and Table 2-3 indicate the amount of improvement 
in regions of very nonideal behavior. The success of van der Waals’ 


i 


P (atm) V (liters) 
Observed van der Waals Ideal 
aa 
l 26.2 26.2 26.3 
10 2.52 2.53 2.63 
40 0.54 0.55 0.66 
100 0.098 0.10 0.26 


equation in representing PVT behavior is very much better than 
would be expected for any purely empirical expression with only two 
adjustable constants. The behavior in the two-phase region, such 
as shown in Fig. 2-11, however, cannot be followed by van der Waals’ 
equation, and the maxima and minima must be disregarded. 


2-11. VAN DER WAALS’ EQUATION AND 
THE CRITICAL POINT 


As Fig. 2-9 shows, van der Waals’ equation follows reasonably well 
the behavior of a gas near the region of liquid-vapor equilibrium. 
There will, moreover, be one temperature for which van der Waals’ 
equation, with given values of a and 5, will show a horizontal point of 
inflection. The P versus V curve calculated from van der Waals’ 
equation at this temperature can be identified with the critical iso- 
therm. When this is done, a convenient, but not always the most 
satisfactory, way of obtaining values for a and bis available. 

Equation [52] can be rearranged and written for 1 mole to give 


=o [53] 


To investigate the horizontal point of inflection on a plot of P versus 
v, we obtain 


dP __—hkT 2a [54] 
dv (v—by~ v3 


and 


@P _ 2RT _ 6a 


dv? (v—by v4 ed 
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TABLE 2-4 
Values for the constants 
in van der Waals’ 


equation 


At the critical point the first and second derivatives are zero and the 
pressure, volume per mole, and temperature can be written as P,, 
v,,and T,. At this point Eqs. [53], [54], and [55] become 


ey lilly Ps a 56 
com VO ee Vie [Se] 
Ome [57] 


and 


IES [58] 


OG abe ave 


These three equations can be solved for a, b, and R in terms of P,, 
v., and T.. (The gas constant R, of course, is better known by other 
means, but it appears in van der Waals’ equation as if it were another 
adjustable constant.) After some manipulation, the following rela- 
tions are obtained: 


b= WW, [59] 

C=SP Ne [60] 
SHENG: 

R = Soe [61] 


With these results, the critical data of Table 1-2 can be used to obtain 
values for the van der Waals constants a and 6. Constants evaluated 
in this way should result in a good fit of curves, calculated from van 
der Waals’ equation, to the experimental results in the neighborhood 
of the critical point. If the PVT behavior in some other region is of 
particular interest, it might be advantageous to adjust the values of 
a and 6 to something other than those calculated from Eqs. [59] and 
[60]. 

Values of a and 6 for some simple compounds are given in Table 


a (atm liters? /mole2) b (liters /mole) Molecular diam (A) 


No 1.39 0.0391 3.14 
0. 1.36 0.0318 293 
CO 1.49 0.0399 3.16 
CO» 3.59 0.0427 29 
CCl4 20.39 0.1383 4.78 
HCl 3.67 0.0408 3.18 
Ar 135 0.0322 2.94 
H» 0.244 0.0266 2.16 
He 0.034 0.0237 2.66 
H»0 9.464 0.0305 2.90 
CH4 Loe 0.0428 3.23 


2-4. Also shown are the values of the molecular diameter o calculated 
from the excluded volume 0. 

The molecular diameters calculated from van der Waals’ equa- 
tion are seen to be in fair agreement with those obtained from viscosity 
measurements. This encourages considerable confidence in these 
numbers as giving the effective diameters of molecules. 

Some discussion of the values of the van der Waals constant 
a might seem called for. It seems advisable, however, to leave the 
subject of intermolecular forces until it is treated fully in Chap. 16. 

In spite of the success of van der Waals’ equation in handling 
the PVT behavior of real gases, in much of our subsequent work we 
shall revert to the simple ideal-gas expression PV =nRT. At low 
pressures and not too low temperatures, deviations from this relation 
are for many purposes not serious. For theoretical derivations the 
simplicity of the ideal-gas expression and the fact that it applies to all 
gases without adjustment of any constants make its use very 
advantageous. 


2-12. VAN DER WAALS’ EQUATION AND 
THE LAW OF CORRESPONDING STATES 


The empirical data plotted in Fig. 1-8 show that, as the law of corre- 
sponding states claims, many gases behave in a similar manner when 
they are treated in terms of the reduced variables Pr, Vr, and Tr. It 
is interesting to show that van der Waals’ equation is consistent with 
the law of corresponding states in that, when it is written in terms of 
the reduced variables, no quantities remain to be empirically adjusted 
for the particular gas to which it is applied. 

The constants a, b, and R are related to the critical-point con- 
stants by Eqs. [59] to [61]. These relations can be substituted for a, 
b, and R and used to write van der Waals’ equation in a form that 
shows the critical constants explicitly. Rearrangement of this equa- 
tion leads to only the terms P/P., V/V., and T/T. Introducing the 
reduced variables Pr, Ve, and Tp to represent these ratios, we have, 
for 1 mole of gas, 


Pee \v_ 2 ery [62] 
R 


In this form it can be seen that van der Waals’ equation is consistent 
with the empirical law of corresponding states. This form of van der 
Waals’ equation applies without the evaluation of any additional con- 
stants and illustrates the fact that, in terms of the reduced variables, 
gases behave approximately in a like manner. 


PROBLEMS 


1 Calculate the pressure exerted by 102° gas particles, each of mass 10-2? g, 


in a container of volume 1 liter. The rms velocity is 10° cm/sec. What is 
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the total kinetic energy of these particles? What must be the tempera- 
ture? Ans. P = 33 atm; energy = 1200 cal; T = 2420°K. 


A 1-liter gas bulb contains 1.03 x 1023 Hz molecules. If the pressure 
exerted by these molecules is 6.34 mm Hg, what must the average 
squared molecular velocity be? What must the temperature be? 


Estimate the number of molecules left in a volume the size of a pinhead, 
about 1 cu mm, when air is pumped out to give a vacuum of 10° mm Hg 
at 252C. Ans. 3.24 x 107. 


For a gas sample of N molecules that consists of N; molecules of mass 
m, and Np» molecules of mass mz, follow through a derivation like that 
of Secs. 2-2 and 2-3 which led to the result PV = 4{Nmu? and PV = nRT. 
What assumptions are necessary for the derivation to give the empirical 


result PV = nRT regardless of the masses of the molecules of the sample? 


For 25°C calculate and compare the average kinetic energies, speeds, 
and momenta of the molecules of He and Hg. 


Calculate the molecular rms velocities of He atoms at 10, 100, and 1000°K 
in units of centimeters per second and miles per hour. What values would 
be obtained if the pressure were specified to be 10-° mm Hg? 


The kinetic-molecular theory attributes an average kinetic energy of $kT 
to each particle. What speed would a mist particle of mass 10-12 g 
have at room temperature according to the kinetic-molecular theory? 
Compare this value with the molecular speeds of Table 2-1. 


Ans. v (rms) = 0.35 cm/sec. 


How much heat must be added to 3.45 g of neon in a 10-liter bulb to raise 
the temperature from 0 to 100°C? By what ratio is the average squared 
velocity changed by this temperature change? 


How many degrees would the temperature of 1 mole of liquid water be 
raised by the addition of an amount of energy equal to the translational 
kinetic energy at 25°C of 1 mole of water vapor? Ans. 49°C. 


The following values are given for the speed of sound in air: 


Temp (°C) 20 100 500 1000 


Speed (m/sec) 344 386 553 700 


Compare these values with the rms velocities of N2 molecules at these 
temperatures. 


Using the value of o from Table 2-2 for argon, calculate the mean free 
path, the average number of collisions a molecule experiences per second, 
and the average number of collisions per cubic centimeter per second for 
the molecules of argon at 0°C and 1 atm pressure. What values would be 
obtained at 1000°C and 1 atm? What values at 0°C and 100 atm? 


Derive an expression for the mean free path for any gas in terms of the 


collision diameter, the temperature, and the pressure. Prepare a con- 
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venient graph showing the variation of the mean free path with pressure 


for 0°C and the pressure range 10-6 mm Hg to | atm if the gas is nitrogen. 


Using Eq. [36] for the average speed of a gas, obtain expressions for the 
collision numbers Z; and Z,; as functions of o, M, P, and T. For the 
pressure range 10° mm Hg to 1 atm show graphically the variation of 
Z, and Z,; with pressure for N» at 0°C. 


Consider a volume V enclosed by a rectangular box of cross section 1 sq 
cm and length V and containing 7m’ molecules. Give an expression for the 
number of molecules striking one end of the container per second. If this 
end were removed and replaced by a perfect evacuating pump, what 
would be the expression for the rate of evacuation in molecules per 


second? 


The ratio of the number of molecules that have a speed three times the 
average speed ¢ to the number that have the average speed is a guide to 
the number of fast molecules that are present. 
a Calculate this ratio for a gas at 25°C. Ans. 3.46 x 1074. 
b Calculate the ratio of the number of molecules with speeds 3@25°¢ to 
the number with @25°o for a gas at 40°C. 
Note from this calculation how a small temperature increase has a 


large effect on the number of fast molecules. Ans. 5.46 x 10-4. 


Plot the one-dimensional and three-dimensional population versus veloc- 
ity and speed curves for Hy molecules at 0°C. Replot these curves to 
show population as a function of energy. 


By graphical means show that the population-energy curves of Prob. 16 
are consistent with an average translational energy of kT per degree 
of freedom. Graphically obtain the average and the most probable 


speeds, and compare with the values calculated from the given formulas. 


From the one-dimensional distribution expression of Eq. [30] determine 
by integration the average kinetic energy for the motion of a molecule in 


one dimension. 


Verify from the distribution expressions that the most probable speed 
of a molecule is zero in one dimension and is given by Eq. [37] in three 


dimensions. 


Verify that integration of Eq. [35] leads to the average speed given by 
Eq. [36]. (Consult the list of definite integrals in Appendix 1.) 


In view of the kinetic-molecular-theory expression for the relation of 
molecular velocities to molecular weights, would you expect Graham’s 
law of diffusion to be based on diffusion rates that are expressed as rela- 
tive volumes diffusing per unit time or relative masses of gases diffusing 
per unit time? 

Compare the volume of 20 g of HCl at 100°C and 50 atm pressure given 


by the ideal-gas law with that given by van der Waals’ equation. 
Ans. V (ideal) = 0.335 liter; V (van der Waals) = 0.281 liter. 
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Show that at fairly low pressures, where PV = nRT can be inserted in 
the van der Waals correction term, the van der Waals equation for 1 mole 


can be reduced to 
Pv = RT(1+ BP) 
where 


ys ee 
~ Rae (Re 


Use this approximation to calculate a virial coefficient at 20°C from the 
van der Waals constants for CH4y. Compare with the value given in- 
Prob. 18 of Chap. 1. Ans. B = —0.00211 atm. 


Plot the isotherms for CO». at 320°K, using the data of Table 2-3, on the 
basis of the observed, van der Waals, and ideal behavior. Calculate 


additional values where needed to draw in the full curves. 


The compressibility factor Z = Pv/RT for CO is 0.9920 at 25°C and 
75 atm and 1.7412 at 25°C and 800 atm. Calculate the percentage errors 
introduced at these two conditions if (a) the ideal-gas law and (b) van 


der Waals’ equation are used to calculate the volume of 1 mole of CO. 


The pressure exerted by 5 moles of nitrogen in a 1-liter gas bulb is found 
to be 98.4 atm at 250°K. What pressure would have been expected: 
a From ideal gas behavior? 


b From van der Waals’ equation? 


Calculate, according to van der Waals’ equation, the pressure that would 
have to be applied to Nz to reduce the total volume to a value equal to 
four times the excluded volume: 

a Ata temperature of 25°C. Ans. 151 atm. 
b Ata temperature of 1000°C. Ans. 835 atm. 


Plot P versus V for 1 mole of H2O at 100°C on the basis of van der Waals’ 
equation. Compare, on the same graph, the actual PV curve estimated 
from the facts that (a) at 100°C the density of liquid water is 0.958 g/cc 
and that of the equilibrium water vapor is 0.000597 g/cc, (b) at lower 
pressures the vapor behaves almost ideally, and (c) liquid water is com- 


pressed by about 0.04 per cent of its volume by a pressure increase of 
100 atm. 


Deduce, making use of van der Waals’ approach and the critical data of 
Table 1-2, the diameter of a normal pentane C;H;2 molecule. Compare 
with the value obtained from gas viscosities. Ans. d = 4.34 A. 


Obtain Kgs. [59] to [61] from the critical-point relations (Eqs. [56] to 
[58)). 


What fraction of the total volume is excluded, according to the van der 


Waals procedure, to Nz molecules (a) at 1 atm and 25°C, (b) at the critical 
point? 
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CHAPTER 
THREE 


INTRODUCTION TO ATOMIC 
AND MOLECULAR STRUCTURE 


The kinetic-molecular theory of the properties of gases provides a 
great deal of information on the nature and behavior of molecules. 
This information results, so to speak, from an external view of the 
molecules. Much of the physical chemistry with which we shall deal 
in later chapters will be more understandable if we here continue our. 
investigation of the molecular world and now consider the internal 
structure of molecules. 

Although we have seen that relatively simple derivations based 
on the kinetic-molecular model for gases lead to quite detailed infor- 
mation about individual molecules, any attempt to learn about the 
internal structure and properties of individual molecules may seem 
to be an overly bold undertaking. Not only is the small size of the 
molecule forbidding, but also the fact—as became evident as the 
actual investigations were pursued—that the electrons and atoms 
which make up molecules exhibit behavior that is quite outside our 
ordinary experience. In spite of this, in a period of less than forty 
years, from about 1890 to 1930, investigators of the role of electrons 
and atoms in molecular bonding went from a state of almost complete 


ignorance to our complete understanding ‘‘in principle’ of this aspect 
of molecular structure. In the course of this development a new 
approach to scientific theory and a new type of mechanics had to be 
learned. The exciting and still-continuing story of our gropings into 
the world within molecules is now introduced. 

The introduction to atomic and molecular structure that is 
needed for later physical-chemical studies can be divided into three 
parts. First, the components of the atom are sorted out so that the 
atom can be recognized as being made up of a central, heavy nucleus 
with some external arrangement of electrons. Second, some aspects 
of the nature of light and electromagnetic radiation are studied so 
that the very important experiments on atomic spectra can be pre- 
sented. These experiments provide the principal data that a detailed 
theory of an atom must account for. Finally, the partially successful 
atomic-structure theory of Bohr is presented, and then the present- 
day quantum-mechanical approach to atomic and molecular energies, 
as provided by the Schrédinger equation, is introduced. 


THE COMPONENTS OF ATOMS 


By the end of the nineteenth century a very large number of organic 
and inorganic compounds had been studied and their elemental con- 
stituents had been determined. Avogadro’s hypothesis had finally 
provided the means for determining the number of each kind of atom 
in the molecule so that, for example, water could be written as H2O 
rather than, as previously, HO. It had even been possible to deduce 
such detailed information as the fact that the single-bonded carbon 
atom binds its four groups essentially tetrahedrally. Avogadro’s 
number and the kinetic-molecular theory had given quantitative data 
for the size of molecules and for other molecular properties. In spite 
of these advances in chemistry, the details of the atom, and there- 
fore of many aspects of the molecule, remained a complete mystery. 
It was not until the electron, the component of the atom that is of 
principal chemical interest, had been discovered and its charge and 
mass measured that any further progress into the nature of atoms 
and molecules could be made. 


3-1. THE ELECTRON 


The electrical nature of chemical compounds was rapidly appreciated 
after the chance discovery by Galvani in 1791 of the effect of an 
electric charge on the nerve and muscle of a frog’s legs. Soon after- 
ward Volta constructed the early equivalent of a dry cell, and it be- 
came apparent that chemical reactions could produce electricity and, 
furthermore, that electricity could produce chemical reactions. The 
quantitative electrolysis experiments of Faraday around 1830 greatly 
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FIGURE 3-1 
Thomson’s apparatus for 
determining e/m for the 


electron. 


extended the appreciation of the electrical nature of chemical com- 
pounds. In all these experiments, however, the electrons which were 
responsible for the observed phenomena were in a bound state; i.e., 
they were in a metallic conductor or were associated with a chemical 
species. It was not until near the end of the nineteenth century that 
it became possible to study electrons free from any complicating 
medium. 

The development of a good mercury-vacuum pump by Geissler 
in 1855 soon led to experiments in which a voltage was placed across 
two electrodes sealed in an evacuated glass tube. Qualitative experi- 
ments led Crookes, whose name tubes of this type now bear, to 
deduce that the applied voltage draws electrons from the negatively 
charged electrode, the cathode, and directs them through space to 
the positively charged electrode, the anode. It was experiments with 
such a beam of free electrons by J. J. Thomson, working at Cambridge 
around 1900, that provided the initial important data on the nature 
of electrons. The apparatus used by Thomson is sketched in Fig. 3-1. 
Some of the electron beam, accelerated from the cathode toward the 
anode, passed through the slits in the anode and formed a well- 
defined narrow beam which passed on down the tube. Thomson 
then applied an electric or magnetic field perpendicular to the beam 
and observed the deflection of the beam, as indicated by the fluores- 
cent spot where the beam struck the scale at the end of the tube. 
Applied fields tend to bend the beam from its normally straight 
course. This bending, for a given arrangement, can be shown by 
a detailed analysis (which will not be given here, but can be found 
in any introductory physics text) to be proportional to the charge e of 
the electron and inversely proportional to its mass m,. This second 
factor enters because the momentum m,v of the electron opposes 
the tendency of the beam to bend. From such deflection measure- 
ments Thomson deduced the ratio e/m, for the electron. The best 
value for this ratio is now 


€ — 5.2727 x 1017 esu/g [1] 


e 


The charge is given in electrostatic units (esu), which are appropriate 
to the cgs system of units. (This unit of charge is defined to be such 
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that two unit charges separated in vacuum from each other by one 
centimeter exert a force of one dyne on each other.) 

These e/m, experiments of Thomson provided essential infor- 
mation on the properties of the electron. It became immediately 
evident that a determination of e or m,. separately was needed. It 
was Thomson again who set up the first successful experiment to do 
this. 

His experiment depended on the freeing of electrons from the 
molecules of a gas by means of the passage of X rays through the gas. 
This process was allowed to occur in the presence of supersaturated 
water vapor. The electrons condensed droplets of water and attached 
themselves to these droplets. The number of droplets formed in a 
given experiment was estimated from their size, as determined by 
their rate of fall, and the total amount of condensed water. Measure- 
ment of the total charge of the condensed water, together with the 
assumption that each droplet carried only one electron, allowed the 
charge of the electron to be estimated. Thomson obtained a value 
of 6.5 x 10-19 esu for e. A more elegant experiment (which also is 
dealt with in considerable detail in introductory physics textbooks) 
by R. A. Millikan in 1909, using droplets of oil, provided a more 
accurate value. The best present value for the charge of the 
electron is 


eo — 46030 103? esu [2] 


This value, with the result for e/m., gives the mass of the 
electron as 


me = 0.9109 x 10-27 g [3] 


It is perhaps more informative to calculate the ratio of the mass of an 
electron to that of an average hydrogen atom. Since 


1.008 _ 
pe eeOUR FE 11678 10 4 
Mx = O53 x 10% = 1673 Xx 8 [4] 
we obtain 

Me. [5] 


This result, that the mass of the electron is very small compared 
with the mass of the hydrogen atom as a whole, became available to 
Thomson and stimulated the first modern theory of the atom. 


3-2. THE ATOMIC THEORIES OF THOMSON AND RUTHERFORD 


For want of more information Thomson assumed that an atom con- 
sisted of a spread-out, heavy, positively charged sphere of matter in 
which were embedded the small, light electrons. This model was 
satisfactory to the extent that the electrostatic forces of repulsion 
among the electrons could be balanced by the attractive forces be- 
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tween the positively charged mass and the electrons to give an 
electrostatically stable system. 

New experimental studies by Ernest Rutherford, also at the 
Cavendish Laboratory at Cambridge, were soon to show that this 
model was entirely untenable. In 1910 Rutherford, directing the 
work of Geiger and Marsden, studied the scattering produced in a 
beam of a-particles as the beam passed through a thin metal film. 
The beam of a-particles, which are the nuclei of helium atoms, was 
obtained from radioactive materials that had recently been studied 
by the Curies. These particles were known to be fast, penetrating 
units. Most of the a-particle beam passed, as expected, through the 
metal film with little or no deviation. Much to Rutherford’s amaze-- 
ment, however, some of the a-particles were scattered through large 
angles and even bounced back from the metal film. Rutherford then 
showed that this result was not consistent with Thomson’s theory that 
the mass of an atom was spread out rather diffusely over the volume 
occupied by the atom. 

Rutherford recognized that what was required to explain his 
scattering results was the concentration of the mass of the atom into 
a small dense core, or nucleus, so that the few collisions that occurred 
between the a-particles and this small core would result in large- 
angle scattering. To fit the data, Rutherford deduced that the posi- 
tive, massive part of the atom, now known to be made up of protons 
and neutrons, had a diameter of about 10-13 cm. This number was 
to be contrasted with the values of about 10-8 cm for the dimensions 
of atoms and molecules. Rutherford recognized from this that an 
atom had a nucleus, a dense, positively charged central core with 
a diameter about one hundred-thousandth of the atom itself. Ruther- 
ford further theorized that the electrons of an atom revolve about the 
nucleus in the manner of the planets about the sun, but it was his 
recognition that the atom has a nucleus that was to be his most 
important contribution. 

The nuclear atom of Rutherford was a great step in the dis- 
covery of the nature of the atom. At this stage two distinct problems 
remained. One was the detailed nature of the newly discovered. 
nucleus, and this problem remains one of great interest but now 
generally attracts the attention of physicists rather than chemists. 
The second problem concerned the behavior of the electrons of the 
atom. 

Rutherford’s planetlike picture for the electrons was unsatis- 
factory in that electrons moving in circular or elliptical orbits would be 
accelerated toward the center of the atom. Although the forces of 
attraction to the nucleus might be balanced by the centrifugal force 
of the orbiting electron, the laws of electrodynamics made it perfectly 
clear that an accelerated charge would radiate energy and that an 
atom, such as Rutherford proposed, would ‘‘run down.’’ This atomic 
theory also had the defect of not leading to any explanation for the great 


number of empirical data which had been accumulated from studies 
of atomic spectra. Since the explanation of these spectral results 
was recognized as constituting the principal test of any atomic theory, 
we now digress at some length to consider these results. In so doing 
we shall encounter some new attitudes regarding the nature of light 
and electromagnetic radiation that were to influence the ideas of 
atomic structure. 


ELECTROMAGNETIC RADIATION 
AND ATOMIC SPECTRA 


3-3. THE WAVE NATURE OF LIGHT 


Much of our present knowledge of the detailed nature of atoms and 
molecules comes from experiments in which light, or more generally 
radiation, and matter interact. Atomic spectroscopy was the first 
of such experiments to provide the data necessary for advancing the 
theory of the atom. Before treating these experiments, however, it is 
necessary to discuss briefly some features of the behavior of light. 
Some of the phenomena displayed by light can be understood by treat- 
ing light as a wave motion, and it is this theory which is first 
considered. 

Visible light is one example of radiation which is called electro- 
magnetic radiation. Other examples are X rays, ultraviolet light, 
infrared light, radar and television waves, and radio waves. All these 
types of radiation are similar in that many of their effects can be under- 
stood in terms of electric and magnetic disturbances traveling with 
the speed of light. The radiation is said to consist of electric and 
magnetic fields oscillating perpendicularly to each other, and both per- 
pendicularly to the direction of propagation of the radiation. The 
different kinds of electromagnetic radiation listed above are distin- 
guished by the different frequencies of this oscillation. It is only the 
wave nature of the oscillation which need be discussed here. A more 
detailed understanding of the electric and magnetic fields will not be 
required until a later chapter. 

The oscillations associated with electromagnetic radiation, 
which has a velocity of propagation c, are characterized by the wave- 
length A and the frequency v. These three quantities can be related 
by reference to Fig. 3-2. Each sine curve gives the value of the electric 
or the magnetic field of the radiation as a function of the distance from 
the source at a given time. The movement of the wave to the right 
with a velocity c cm/sec is indicated by the displacement of the wave 
picture after several short time intervals. 

A hypothetical observer, a Maxwell-demon type, is considered 
to be stationed at a distance c cm from the origin. He watches the 
radiation pass by his position for 1 sec. Since the velocity of the radi- 
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Figure 3-2 

The electric or magnetic 
field of electromagnetic 
radiation moving out- 
ward from the source in 
a sinusoidal manner. 
(Broken portions of 
waves represent inter- 


vening cycles.) 


ation is ccm/sec, in this 1 sec he sees all the wave pass by which was 
initially between his position and the origin. Since the length of 1 
cycle, or wave, is A cm, there are c/A waves in this distance. The 
observer would count c/A cycles each second and would obtain for 
the frequency of oscillation of the wave motion the result 


[6] 


>| 


This relation can be illustrated by some numerical values. The 
velocity of electromagnetic radiation in vacuum is independent of 
wavelength or frequency and has the value 


c = 2.9979 x 101° cm/sec [7] 


The categories into which electromagnetic radiation is divided cor- 
respond to different ranges of wavelengths or frequencies. Light, 
or visible radiation, has wavelengths between about 4000 and 7500 
A. Yellow light, for example, has a wavelength of about 5800 A, or 
5.8 x 10-5 cm, and its frequency is therefore 


y= + = aie = 5.2 x 1014 cycles/sec [8] 
The observer of Fig. 3-2 would see, for this radiation, 5.2 « 1014 oscil- 
lations of the electric or magnetic field for each second he observed 
the radiation. 

It is customary to describe a particular electromagnetic radi- 
ation in terms of either its wavelength or its frequency. The cgs units 
of centimeters for wavelength and cycles per second for frequency 
are not, however, always convenient. For visible and ultraviolet radi- 
ation, for example, the wavelength is more conveniently expressed in 
units of angstroms. 

The inconveniently large numbers that occur when cycles per 


—— TIME 
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< c,CM 
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second are used for the frequency are apparent from the example of 
yellow light. More convenient numbers are obtained by using a unit 
which differs from cycles per second by a factor equal to the velocity of 
light. Sometimes, therefore, instead of dealing with frequencies v 
in cycles per second, one uses a related quantity represented by p 
and defined as 


1 
zy [9] 


For A in centimeters, v has the units reciprocal centimeters, or cm~!. 
In the example of yellow light, 7 would be expressed as 


a eet Se 
A 58x 105 


y= = 17,000 cm-1 [10] 
It should be recognized that 7 is a measure of frequency. It is par- 
ticularly convenient and dimensionally easy to use since its reciprocal 
is the wavelength of the radiation. Table 3-1 shows the wavelengths 
and frequencies.corresponding to the various classifications of elec- 
tromagnetic radiation. 


3-4. THE CORPUSCULAR NATURE OF LIGHT 


The description of light as a wave motion successfully explained many 
of the phenomena which were observed. Diffraction and interference 
effects, such as the colors produced by an oil film on water, were 
readily accounted for. This theory of the nature of light, however, 
never succeeded in completely displacing the ‘‘corpuscular theory,” 
originally due to Newton. This second theory views light, or radiation, 
as consisting of a flow of particles or corpuscles. 

Each of the theories for the nature of light had its advocates in 
the years of controversy which extended into the beginning of the 
twentieth century. It gradually became clear that some phenomena, 
such as diffraction and interference effects, could be most easily ex- 
plained on the basis of the wave theory, and other phenomena, such 


Typical wavelength Typical frequency 
Description cycles /sec cae 
cm A (v) (7) 
X rays 1 x 10-8 l 3 x 1018 
Ultraviolet light 2x 10-5 2000 1.5 > 1015 50,000 
Visible light 5 x 10-5 5000 0.6 « 1015 20,000 
Infrared radiation 1 x 10-3 3 x 1018 1,000 
Radar or microwaves l 3 x 101° 1 


Radio waves 3 x 105 1 x 105 
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as the photoelectric emission of electrons from metals, seemed to re- 
quire the corpuscular theory. 

The dilemma of these two somewhat satisfactory, but very dif- 
ferent, theories of the nature of light persisted for more than two cen- 
turies. The dilemma was finally resolved, but not by a simple proof 
that one theory was correct and the other incorrect. A deeper under- 
standing of the nature of physical theories was required. The behavior 
of light could sometimes be described by one theory and sometimes by 
the other theory. No conflict arises unless one tries to say that light 
is a wave motion or is a flow of particles. The two descriptions of the 
nature of light were finally united by the work of Max Planck and Albert 
Einstein in the early 1900s. . 


3-5. PLANCK’S QUANTUM THEORY OF RADIATION 


A bold step which was to have great consequences in the development 
of physics and chemistry was taken by Max Planck in 1900. At that 
time he was attempting to explain the experimental results for the 
energy emitted by a hot, black body as a function of the frequency or 
wavelength of the radiation. All previous attempts to explain the 
energy distribution that would be emitted by the vibrating particles of 
the hot body had been unsuccessful. Planck was led to the un- 
precedented view that the energy of the oscillating particles was 
‘“‘quantized,”’ i.e., that only certain discrete energies were allowed. 
He further assumed that transitions between these allowed energies 
could occur and that the energy change, when the oscillator moved 
to a lower allowed energy state, was related to the frequency of the 
emitted radiation by the relation 


Ac = hv [11] 


where Ae is the energy change of the oscillator of the black body, v is 
the frequency of the radiation, and h is a constant which is known as 
Planck's constant and has the value 6.6256 « 10°-27erg-sec. Onthe 
basis of this relation Planck obtained an expression which correctly 
gave the energy distribution of the radiation of a hot body. 

Einstein recognized in Planck’s equation a tying together of the 
two theories of light. The energy loss Ae of the oscillator can be 
identified with the energy of a quantum of radiation, a corpuscular- 
theory concept. This energy, moreover, can be calculated from the 
frequency of the radiation, a wave-motion concept. Yellow light, for 
example, could be described as having a frequency of oscillation of 
5.2 x 1014 cycles/sec or as consisting of a flow of quanta, or photons, 
each with an energy of 


Ae (6.629650 10775725 10%) 


= 34x 10° erg [12] 


The importance of this equation will be made clear in the study of 
atomic spectra. 

Planck's original suggestion, coupled with Einstein's later de- 
velopment, constituted more than a convenient expression which 
relates frequency and quantum energy. The assumption that an 
oscillator can have only certain discrete energies was a break with the 
accepted ideas and was to start a completely new phase in the develop- 
ment of chemistry and physics. Since Newton’s time it had been held 
that energy changes in nature occur in a continuous manner. It will 
become apparent that the development of our present knowledge of 
atoms and molecules awaited Planck’s bold, if reluctant, suggestion 
that at atomic dimensions energies are quantized. 


3-6. THE SPECTROSCOPIC METHOD 


The experimental results which are pertinent to our study of atomic 
structure are those obtained in investigations of the interaction of 
radiation and atoms. There are two arrangements for such experi- 
ments. The radiation emitted by a heated sample in which there are 
atoms of the material under investigation can be studied. Alterna- 
tively, the absorption of radiation by the sample when radiation is 
passed through it can be measured. Valuable information is obtained 
from such experiments when the effects for various frequencies are 
determined. 

An instrument for spreading out the different frequencies of 
radiation, if a photographic plate is used to detect the radiation, is 
known as a spectrograph, or if some electronic device is used, as a 
spectrometer. In the ultraviolet, visible, and infrared regions such 
instruments ordinarily make use of a prism, often of glass or quartz, 
or of a grating, to separate the different frequencies. A schematic 
diagram of a prism instrument is shown in Fig. 3-3. Since the refrac- 
tive index of the prism material is different for different frequencies 
(in general it is greater for higher frequencies), the different fre- 
quencies of the radiation will experience different amounts of bending. 
As a result, the radiation will be spread out along the photographic 
plate, or other detector, according to its frequency. 

In regions of the electromagnetic spectrum other than the 
ultraviolet, visible, and infrared, quite different instruments are used 
to accomplish the sorting out of different frequencies. The experi- 
mental results for the spectra of atoms were, however, generally 
obtained with prism instruments. 


3-7. ATOMIC SPECTRA 


Throughout the latter half of the nineteenth century many measure- 
ments of the emission spectra of atoms were made. These spectra 
all showed that certain well-defined frequencies of radiation were 
emitted. For most atoms with many electrons an extremely com- 
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FIGURE 3-3 
Optical arrangement of 


a prism spectrograph. 


plicated pattern appeared on the photographic plate, as illustrated in 
Fig. 3-4a. Some atoms, such as sodium and especially hydrogen, 
fortunately gave much simpler patterns. Although the understanding 
of the basis for these atomic spectra came about from considerations 
of the spectra of a number of elements, the theoretical studies of 
atomic structure were, at this stage, centered on the hydrogen atom; 
and it is sufficient to consider here the experimental studies of the 
hydrogen-atom spectrum. The spectrum obtained from the radiation 
emitted by hydrogen atoms at high temperature is shown in Fig. 3-40. 

Considerably before the nature of atoms was understood, it was 
recognized that the radiation emitted by a hot, or excited, atom pre- 
sented a body of valuable data on the internal nature of the atom. 
The actual spectra were of little use, however, until some pattern or 
relation could be found for the frequencies of the emitted radiation. 
The initial step in bringing these data to bear on the problem of atomic 
structure was the completely empirical one of discovering some basic 
design in the emitted frequencies. 

Many unsuccessful attempts were made to explain the observed 
spectral lines as harmonics or overtones of some set of fundamental 
frequencies. Gradually, however, a completely empirical approach 
yielded some understanding of the spectra of the simpler atoms. 
Finally, in 1885 Balmer showed that the frequencies of some of the 
observed spectral lines of the hydrogen atom, now known as the 
Balmer series, could be expressed by an empirical equation which we 
write as 


aes faa! : 
7 = 109,677 (35 a 4) cm=1 [13] 


where n, = 3, 4, 5,.... 
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This entirely empirical correlation proved a valuable clue, and 
very shortly it was shown by Rydberg that a more general expression 
of this type could be written to correlate the frequencies of all the 
observed spectral lines of the hydrogen atom. The expression, known 
as a Rydberg formula, is 


cmt 


M oe ua 
a 109,677 ( e aa 


2 


ny > N2 [14] 


By assigning suitable integers to ny and ne, as indicated in Table 3-2, 
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Atomic spectra 


FIGURE 3-4 

The spectral lines in the 
visible region for some 
atoms of different atomic 
number and the complete 
spectrum of hydrogen 
atoms throughout the in- 
frared, the visible, and 
the ultraviolet regions. 
(From G. Herzberg, 
“Atomic Spectra and 
Atomic Structure,” 
Dover Publications, New 


York, 1944.) 
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TABLE 3-2 
Hydrogen-atom spectral 


series and Rydberg 


integers for the equation 


vy = 109,677 
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one calculates values of » which correspond to the values observed for 
the spectral lines. The lines can be grouped in series, each series 
being calculated from a given value of nz and named after the dis- 
coverer of the series. The Rydberg formula, since it can be used to 
generate all the spectral lines of the hydrogen atom, provides a con- 
cise analytical summary of the spectral data. 

It is important to recognize, as was apparent after the accept- 
ance of the quantum-wave relation Ae = hy, that the emission of only 
specific frequencies of radiation by an atom corresponds to the emis- 
sion of quanta of discrete energies. This can be emphasized by 
making use of Planck’s relation to write the Rydberg formula more 
explicitly in terms of energy. The result is 

Ae = 2.18 x 10-11 (4 a s) erg [15] 

ne ny 

The spectroscopic results show, therefore, that the electron of 
the hydrogen atom can change its energy only by the definite amounts 
that are calculated from the Rydberg formula. These amounts can 
be obtained from the spectrum of hydrogen atoms or can be calculated 
from the Rydberg expression, which, of course, is based on the 
spectral results. 

The next step, following the experiments and conclusions of 
Thomson and Rutherford and the empirical summary of the hydrogen- 
atom spectrum by Rydberg, was clearly that of finding some descrip- 
tion of, or model for, the hydrogen atom which would ascribe to the 
electron of the atom some behavior that would account for these 
results. One had to proceed from the Rutherford model to one in 
which the electron could change its energy by the amounts that 
correspond to the observed spectral frequencies and, moreover, could 
not change by other than these amounts. The first successful ap- 
proach to this problem given by Bohr and the later more general 
method of Schrédinger, which allows other problems of the behavior 
of electrons in atoms and molecules to be solved, occupy the 
remainder of the chapter. 


QUANTUM DESCRIPTIONS 
OF THE ATOM 


3-8. THE BOHR ATOM 


In 1913 Niels Bohr proposed a model for the hydrogen atom which 
retained the earlier nuclear model of Rutherford but made further 
stipulations as to the behavior of the electron. A dramatic explana- 
tion of the Rydberg spectral expression resulted. Many modern ideas 
about atomic and molecular structure stem from Bohr’s theory. This 
theory makes use of a more concrete and more easily visualized, al- 


though limited and not entirely correct, approach, and it is therefore 
very worthy of study. 

Many attempts had been made following Rutherford’s scatter- 
ing experiments to explain the behavior of the electron of the hydro- 
gen atom. It was necessary to propose a structure that was stable 
and that accounted for the observed spectrum. All theories based 
on the accepted rules of mechanics and electricity suffered, as did 
Rutherford’s suggestion, from an inherent instability. Bohr ap- 
proached the problem aware of Planck’s successful, but unprece- 
dented, introduction of quantum restrictions and the further success 
of Einstein with Planck’s Ae = hy relation. The arbitrary nature of 
Bohr’s theory of the atom will be apparent. Its success in explaining 
the observed phenomena was to be its only justification. 

The model chosen by Bohr to represent the hydrogen atom is 
made up of the following postulates: 


1 The electron revolves about the nucleus in a circular orbit. 


2 Only orbits in which the electron has an angular momentum that 
is an integral multiple of h/27 are allowed. 


3. Theelectron does not radiate energy when it is in an allowed orbit. 
It can gain or lose energy only by jumping from one allowed orbit to 
another. 


On the basis of this model, Bohr calculated the radii and 
energies of the allowed orbits and showed that the observed spectrum 
could be predicted theoretically. 

First let us recall some relations pertaining to the angular 
momentum of a particle revolving about a fixed point. The moment 
of inertia J is defined as mr2, where m is the mass of the rotating par- 
ticle and r is the distance of the particle from the center of rotation. 
The angular velocity w is the number of radians swept out per second. 
This angular velocity can be related to the linear velocity uv of the 
particle by noting that v is the distance traveled per second, and 
therefore v/2ar is the number of revolutions that the particle makes 
per second. Finally, there are 27 radians/revolution, and we have 
the result that w is 27 (v/27r) = v/r. 

The angular momentum of the rotating particle is defined as 
Iw, and we can express this as 


Iw = mr? (2) = mur [16] 
Bohr’s second postulate can now be recognized as requiring 


Pe Wevihece ial 28 eee [17] 
2a 

The integer n, known as a quantum number, is arbitrarily introduced, 

as is the factor h/27. Only certain values of the angular momentum 

are allowed, and this quantity is said to be quantized in units of h/2z. 
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FIGURE 3-5 
Relation of the radial 
acceleration to the or- 


bital velocity and the 


radius. From equiva- 


lent triangles: 


Av _ 76 _ ag 
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Therefore 


The size of the orbits that the electron is allowed to be in, accord- 
ing to Bohr, can be calculated by requiring that the centrifugal force 
of the rotation be balanced by the electrical attraction to the nucleus. 
The centrifugal force is given by f = ma, where a, the acceleration 
toward the nucleus, is shown in Fig. 3-5 to be v2/r._ The coulombic 
attraction between the nucleus of charge +e and the electron of 
charge —e is e2/r?._ For a state of balance 

uO [18] 


rr 
Rearranging this expression and introducing the quantum condition 
of Eq. [17], one gets : 


i joe 


= 7s where n = 1, 2,3,... [19] 
T 


The radii of the allowed orbits are found to depend, therefore, on the 
quantum number n and on known constants. Substitution of numer- 
ical values for these constants gives 


r = n(0.529) A [20] 


Although no experimental values are available for direct comparison 
with this result, it is apparent that, at least for small values of n, the 
size of the allowed orbits is quite reasonable compared with the 
molecular dimensions deduced from the kinetic-molecular theory, as 
shown, for example, in Table 2-2. 

A much more critical test of Bohr’s theory is provided by the 
calculation of the energies of these allowed orbits. It is the energy 
differences of an electron in these orbits which must explain the 
energies of the quanta, or the frequencies, of the emitted radiation. 

The kinetic energy of the electron in an orbit is given by 4mv?. 
The potential energy of the electron as a function of its distance from 
the nucleus is given by Coulomb’s law as 


Potential energy = — « [21] 


This function is shown in Fig. 3-6, and one notes that the choice of 
a zero potential energy at infinite separation of the electron and the 


nucleus makes the potential energy negative for all finite distances. 
The total energy of the electron is 


« = kinetic energy + potential energy 
= bm — © [22] 


The previous expression for balanced forces gives the relation 
$mv2 = e?/2r. This equation allows Eq. [22] to be reduced so that 
the total energy can be written as 


c=—-—=-5, [23] 


Substitution for 7 from Eq. [19] now gives 


272met 
Sees ahs [24] 
If cgs units are used for all the constants, the energies of the 
various allowed orbits are obtained in ergs. For comparison with 
spectral results, it is more convenient to convert to the units of 
reciprocal centimeters, which are related by the factor c to frequency 
units. Planck's relation Ae = hy shows that frequency units are 
proportional to energy units. Division of energy in ergs by / gives the 
units of cycles per second, and further division by c gives reciprocal 


centimeters. In this way Eq. [24] can be written as 
2a2met* 


Sa ery cr cm-1 [25] 


Substitution of numerical values for all the constants gives, finally, 


— _ 109,735 cm-1 where n=) 1,.2,3,...- [26] 
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FIGURE 3-6 

The potential energy of 
a pair of charges +e and 
—e as a function of the 
distance between them, 
according to Coulomb’s 


law. 
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FIGURE 3-7 
Radu and energies of 


some of the allowed elec- 


tron orbits for the hy- 
drogen atom according 


to Bohr. 


Each allowed orbit, according to the Bohr model of the hydrogen 
atom, is characterized by a value of the quantum number n and has 
a definite energy and radius. The orbit with the lowest energy is that 
with n = 1, and it is this orbit which the electron normally occupies 
at room temperature. Other orbits have large quantum numbers and, 
according to Eq. [26], higher, i.e., less negative, energies. The 
energies and radii of the allowed orbits are illustrated in Fig. 3-7. 

An excited atom, i.e., an atom with the electron in an orbit other 
than that of lowest energy, can give up some of its extra energy by 
emitting a quantum of radiation. The energy which the quantum con- 
tains is equal to the difference in energy of the two orbits involved in 
the electron jump. : 

If the initial higher-energy orbit has the quantum number 7; 
and the lower-energy orbit to which the electron jumps has the 
quantum number ne, the energy of the quantum, expressed in 
reciprocal centimeters, that is emitted is given by 


ape (- te BE) - e NEVES) ae 27] 
ny? Ny? 


This quantity is equal to the wave number of the radiation that has 
quanta of the energy of this transition. Thus, on rearrangement, 


Ac = v = 109,735 (4. = 4) cm=2 [28] 


In this principal result of the Bohr theory the quantum numbers n4 
and nz can take on various integral values which are restricted only in 
that n, is greater than nz. This derived expression is seen to be al- 
most identical with the empirical formula of the Rydberg equation 
[14], and with some elaborations of the Bohr postulates, the agree- 
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ment can be even further improved. The explanation of the spectral 
series of Table 3-2 is further clarified by the transitions indicated be- 
tween Bohr-atom energy levels in Fig. 3-8. 

The Bohr theory can claim, therefore, the considerable achieve- 
ment of having provided a model for the hydrogen atom which is con- 
sistent with the experiments of Rutherford and which, moreover, leads 
to an explanation of the hydrogen-atom spectral data. The triumph 
of the Bohr theory was short-lived, however. Attempts to extend the 
approach to atoms with more than one electron were unsuccessful. 
Furthermore, no explanation was provided for the fact that atoms 
combine to form molecules. A more general criticism was that the 
Bohr treatment involved the uncomfortable combination of arbitrary 
quantum assumptions and the ordinary rules of mechanics and 
electrostatics. 


3-9. THE WAVE NATURE OF MATTER 


Ten years after Bohr’s great, if limited, success, an interesting recogni- 
tion that wave properties could be associated with particles, such as 
the electron, was made by Louis de Broglie. This suggestion pointed 
the way to the general method for handling atomic and molecular 
problems that was to be given by Heisenberg and by Schrodinger. 

De Broglie was impressed by the fact that integers had to be 
introduced by Bohr to explain the behavior of the electron in the 
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FIGURE 3-8 

The hydrogen-atom 
spectral series on a Bohr- 
atom energy-level dia- 


gram. 
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FIGURE 3-9 
The de Broglie wave 


associated with an elec- 


tron in a Bohr orbit. 
In (a) an integral num- 


ber of waves fit in the 


orbit; constructive inter- 


ference then leads to a 
standing wave. In (b) 
destructive interference 


occurs. 


hydrogen atom. De Broglie recognized also that integers enter 
naturally in problems dealing with waves; for example, if one sets up 
standing waves in a piece of string, one obtains an integral number of 
half cycles. These ideas suggested to de Broglie that the behavior of 
particles, as well as that of photons or quanta of radiation, might for 
some purposes be described in terms of waves. The nature of this 
wave was suggested by the equation that neld for electromagnetic 
radiation, namely, Planck’s Ae = Av and Einstein’s Ae = mc? equa- 
tion. These he combined to give 


hy = mc? [29] 
and rearranged, with A = c/y, to give 

Net See [30] 

vy me 
This expression, which applied, in view of the derivation, only to elec- 
tromagnetic radiation, was, according to de Broglie, applicable to any 
particle if one used its velocity v and wrote 

Nee. [31] 

mvU 
Thus a wave, with wavelength A = h/mv, could be associated with a 
stream of any particles, each of mass m, moving with velocity v, or 
more briefly, with momentum mv. 

The relation of the wave-nature property of particles to the 
problem faced by Bohr in assigning certain restrictions to the orbits 
an electron of a hydrogen atom can occupy is seen in Fig. 3-9. The 
electron revolving in an orbit will have, according to de Broglie, a wave 
associated with it, and the wavelength will be related to the mass and 
velocity of the electron by the relation A = A/mv. For a general orbit 
and electron velocity, the wave, if drawn around the orbit path, will 
not fit, and successive cycles will tend to interfere destructively. 

On the other hand, for certain relationships between the wave- 
length and the size of the orbit, constructive interference will occur, 


as shown in Fig. 3-9a. The relation for constructive interference is 
that 


2ar = nd [32] 


(a) (b) 


where 7 is an integer showing the number of waves that fit in the orbit 
path. Substitution of the de Broglie relation for A now gives, after 
rearrangement, 


h 
mur = na jee MAE SH aac (ssi} 


This is the same stipulation, made more arbitrarily by Bohr, and 
it is interesting to see how it comes neatly out of the idea that the 
allowed orbits are such that the de Broglie wave associated with the 
electron must form a standing wave. 

The validity of the de Broglie relation was later to be verified 
more directly when experiments were performed in which a beam of 
electrons, and later of neutrons, behaved in a wavelike manner and 
showed diffraction, or interference, effects. Some of these effects 
will be studied in a later chapter. For the present, the suggestion of 
de Broglie is important in that it exhibits a feature of electrons that 
played no part in the Bohr model. Recognition of the wave nature of 
particles by de Broglie in 1923 led quickly to the wave mechanics that 
used this approach to provide a more satisfactory and more generally 
applicable method than that devised by Bohr for calculating the 
behavior of atomic-sized systems. 


3-10. WAVE MECHANICS AND THE SCHRODINGER EQUATION 


Although Bohr was the first to recognize and apply the fact that the 
nature of the atom was not to be understood by strictly classical 
methods, even he did not immediately realize the extent to which the 
classical methods needed to be revised. Bohr’s theory tried to apply 
classical methods with quantum restrictions somewhat arbitrarily 
added. In 1926 anew approach, called wave, or quantum, mechan- 
ics, was developed independently by W. Heisenberg and Erwin Schro- 
dinger. In this method new interpretations influenced by the work 
of Bohr and de Broglie were given to the classical laws, such as those 
of Newton, which had seemed so certain and so generally applicable 
in the two and a half centuries of their development. 

The most generally used formulation of wave mechanics is that 
of Schrodinger. His method gives an equation and set of rules that 
allow the calculation of the behavior of matter, particularly in systems 
with the dimensions of atoms and molecules. His wave equation |s, 
in a sense, the exact counterpart of Newton’s laws of motion. New- 
ton’s laws, which are always presented without any derivation or 
proof, let one calculate the mechanical behavior of objects of ordinary 
and even planetary size. Schrédinger’s equation is likewise presented 
without derivation or proof and is of particular interest in chemistry 
since it is applicable to the behavior of objects down to molecular and 
atomic, but probably not subnuclear, dimensions. Just as one uses 
and becomes trusting in f = ma, so must one use and, to the extent 
that seems justifiable, become trusting in the Schrodinger equation. 
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In a study of an atom, the quantities that might be of prime in- 
terest are the energies of the electrons in the atom and the positions 
of the electrons relative to the nucleus and, possibly, relative to one 
another. The Schrédinger method yields directly the energies of 
systems such as the electron and nucleus combination that constitutes 
an atom. It leads, however, to less specific information on the posi- 
tions of the particles of the system. Only the probability that the 
particle, or electron, is at a given position is obtained from wave 
mechanics. The lack of information on the exact position of a particle 
at some specific time seems to be a characteristic of atomic dimen- 
sions, and not to be a defect in the Schrédinger method. . 

In studying the hydrogen atom by application of the Schro- 
dinger method we shall see, in a later chapter, that the allowed 
energies of the electron are obtained and are the same as those 
deduced by Bohr. The probability of the electron being at a given 
distance from the nucleus is also given, and the probability function 
obtained is related to the orbits of the Bohr theory. To obtain these 
results, the Schrodinger equation makes use only of the data for the 
mass of the electron and the potential energy which it experiences as 
a result of the coulombic attraction to the nucleus. 

Just as one practices applying the ordinary laws of motion to 
simple problems, such as inclined planes and pulley systems, so also 
is it helpful to practice using the Schrodinger equation on some simple 
systems of atomic dimensions. Study of the Schrdédinger equation is 
conveniently begun with problems in which the particle under con- 
sideration is required to move along one dimension only. For such 
a particle, the potential energy will be some function of this one 
dimension, which can be taken along the x axis and can be represented 
by U(x). The information which will go into the Schrédinger equation 
in a particular problem will be the nature of U(x) and the mass m of 
the particle. The information which we attempt to obtain is the 
allowed values of the energy of the particle and the relative probabil- 
ities of the particle being at various positions along the x axis. Solu- 
tion of the Schrodinger equation will yield a function of x, denoted 
by W(x), or simply y, which is called the wave function for the particle. 
It is the square of this function which gives the relative probability of 
the particle being at various distances along the x axis. 

The Schrédinger equation in one dimension is 


a se oY + UGH a [34] 
The behavior of a particle is deduced, according to Schrédinger, by 
finding some function which will solve this differential equation when 
the appropriate values of U(x) and m have been substituted. Satis- 
factory solution functions y will generally exist only for certain values 
of «, and these are the allowed energies of the particle. Finally, the 


probability function 2 is readily obtained from the solution func- 
tion wy. 

The equation and method are more understandable when 
applied to an example. The one-dimensional potential function of 
Fig. 3-10 leads to simple Schrédinger-equation solutions and yet can 
be looked upon as a model for a number of molecular problems. 
Between x = O and x = a the potential energy has a constant value 
which can be taken as zero, and elsewhere the potential is infinitely 
high. An electron in a piece of wire, for example, experiences a 
potential-energy function which for some purposes can be so repre- 
sented. Of more chemical interest is the fact that the double bonding, 
or a, electrons of a conjugated system of double bonds in a molecule 
behave approximately as though the potential energy which they ex- 
perience is such a simple square-well function. The present purpose, 
however, is only to show how the Schrédinger equation is applied to 
a specific problem and to illustrate the nature of the solutions that are 
obtained. 

Outside of the region between x = O and x = a the potential 
energy is infinitely high and there will be zero probability of finding 
the particle in these regions. (Again the electron in a wire is a helpful 
analogy. There the difference in energy of an electron in the wire and 
outside the wire is large, although not infinite.) It follows that, since 
v2 must be zero for x < O and x > a, so also must wy be zero in these 
regions. In the region 0 < x < a the potential-energy function is 
U(x) = 0, and the Schrédinger equation in this region is 


h2 d2 
~ 822m Pr as [35] 
It is now necessary to find well-behaved solutions for this equation. 
Since the function J must be zero outside the region between O and a 
to be well behaved and prevent a discontinuity in yw, the function wy in 
the region between O and a must be such that it equals zero at x = O 
and x = a. Functions which solve the differential equation and also 
satisfy these boundary conditions can be seen by inspection to be 


y= Asin 7 where n = 1, 2,3,... [36] 


and A is some constant factor. The expression nax/a has been 
arranged, as can be checked, so that the function goes to zero at 
x = 0 and at x = a for any integral value of n. That the function 
satisfies the Schrédinger equation can be tested by substitution to give 


ap hee ner _, AMX 
Left side = eau ( ae )A sin a 
_ whe (4 sin nas) [37] 
8maz2 a 


Right side = (A sin na) [38] 
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equation example. 
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FIGURE 3-11 

The energy levels, the 
wave functions Y, and 
the probability-distribu- 
tion functions 2 for the 
first few Schrodinger- 
equation solutions for 


the potential of Fig. 3-10. 


The left and right sides of Eq. [33] are equal, and the expression 
= in 2X 
v= Asin 5 


is therefore a solution if 


=e el cn ee [39] 
No really different solution can be found, and no energies other than 
these will result. (The value n = Oin Eq. [36], it should be mentioned, 
provides a solution to Eq. [35] but gives a wave function that is every- 
where zero. This leads to a zero probability of a particle being any- 
where in the box and is therefore unacceptable.) The allowed energies 


———— «=0 


€, which are represented in Fig. 3-11, are seen to be quantized as a 
result of the quite natural introduction of the integers in the solutions 
of the Schrédinger equation. A similar situation occurs generally 
in atomic and molecular problems. The quantum phenomena, which 
were so arbitrarily introduced in the Bohr theory, are seen to result 
much more naturally in Schrodinger’s approach. 

The functions y and ¥? are shown in Fig. 3-11, alongside the 
corresponding energy level, for the first few states. The 2 functions 
show the relative probability of the particle being at various positions 
when the quantum number has some particular value. If one assigns 
a value to A such that the total probability of the particle being be- 
tween x = O and x = a is unity, the wave functions are said to be 
normalized. 

The probability curves of Fig. 3-11, which are typical of those 
obtained in other such problems, are by no means understandable in 
terms of the behavior of ordinary-sized objects. The presence of 
positions at which the probability of finding the particle is zero is most 
striking. Similarly, a particle in a ‘‘box’’ of atomic or molecular dimen- 
sions can have only certain allowed energies, and is not even permitted 
to have zero energy. Only the success of the Schrddinger method in 
treating a number of problems where the solutions can be tested 
against experiment makes us put up with such strange results. 

This ‘‘particle-in-a-box’’ problem should be appreciated as being 
typical of those encountered in applying the Schrddinger equation to 
problems of chemical interest. In general, three dimensions will be 
involved and the potential-energy function will be somewhat more 
complicated. The procedure, however, will consist in writing the 
Schrodinger equation with the particular potential function and par- 
ticle mass and then looking for suitable solution functions. This 
process will generally lead to only certain allowed energies. Rather 
than proceed immediately to more complicated systems, it will be 
more worthwhile to take up two applications of the particle-in-a-box 
problem. These should be of help in obtaining some feeling for the 
quantum-mechanical approach to the atomic and molecular world. 


3-11. EXAMPLES OF THE ‘‘PARTICLE-IN-A-BOX”’ 
CALCULATION 


Example 1 Although the behavior of electrons in atoms and mole- 
cules is complex and very difficult to describe, we can see something 
of the quantum restrictions that are imposed on such electrons by 
investigating the behavior of an electron in a one-dimensional square- 
well potential of, say, 3-A width. This calculation makes use of the 
general results obtained for the particle-in-a-box of the previous sec- 
tion. The necessary numerical values for an electron in a 3-A box are 


h = 6.625 x 10-27 erg-sec 
m = 9.109 x 10° *8 g 
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and 
a=3x108cm 


These values give the result 


« = 2Uh® _ 726.6 x 10-12) _erg/electron [40] 
8ma? 
The energy-level pattern will be of the same form as that of Fig. 3-11, 
and as the next chapter will show, the electron will normally occupy 
the lowest allowed energy level. 

The emission of a quantum of radiation as the electron of an 
excited atom or molecule goes from the first excited n = 2 level to the 
n = 1 level, or the absorption of a quantum for the n = 1 ton = 2 
transition corresponds to processes that might be observed spectro- 
scopically. The energy involved in such a transition is calculated as 


Ae = 6.6 & 10°-12(22 — 12) = 2.0 x 10-lerg/molecule [41] 


The wavelength of radiation emitted or absorbed in such a transition 
is obtained with the help of Planck’s equation Ae = Ay and the relation 
\ = c/v. The energy change would lead, therefore, to radiation with 
a wavelength of about 1000 A. This corresponds to ultraviolet radi- 
ation, and it is a fact that atoms and simple molecules do generally 
absorb radiation in this region. In this regard, the simple square- 
well model is satisfactory. The finer details of the energy-level pattern 
for an atom or molecule, and even the qualitative behavior at higher 
energies, require, of course, a three-dimensional treatment and a 
better approximation to the potential energy. 

Finally, it is informative to obtain the energies of the allowed 
levels for this electron confined to a region like that of an atom 
or molecule in the energy units used in the kinetic-molecular theory. 
The energy in calories per Avogadro’s number of electrons, if the 
simple square-well model of this section is assumed, is given by 


pe NAG. OPGlOr 26,023, x4 02>) 
a 4.184 x 107 


—7t-(95, 000) cal/mole ; [42] 


where n is the quantum number of the excitable electron. From this 
result it is apparent that the n = 2 level is of very high energy com- 
pared with the n = 1 level in terms of the available room-temperature 
thermal energy of RT per degree of freedom. A general and very 
useful conclusion that is indicated by the present calculation is that 
the allowed energy levels for electrons in atoms and molecules are 
usually very widely spaced compared with ordinary thermal energies. 


Example 2 Let us see what the Schrédinger equation says about a 
problem which we have previously studied by classical methods. This 
is the problem of the energies of the molecules of a gas that is in a 


container of given volume at some fixed temperature. To be more 
specific, the molecules can be taken as Ns molecules, with 
m= 28/6.023 x 1023 g, and the container can be considered to be 
cubic and to have a length of 10 cm. The allowed energy levels for 
motion of the molecules in one dimension are calculated, as in the 
previous example, to give the result 


e = n2(1.2 x 10733) erg/molecule 
or 
E=n(1.7 <x 107% cal/mole [43] 


In contrast to the previous example, the energy spacing between 
the allowed levels is now found to be very small. These allowed 
energies are nothing more than the allowed translational energies 
with which the molecules move about as a result of their thermal 
kinetic energy of translation. 

In Chap. 2 it was shown that the average kinetic energy of trans- 
lation per degree of freedom is 4RT, or about 300 cal/mole at room 
temperature. This result was derived from the classical supposition 
that any kinetic energy was allowed. The quantum-mechanical treat- 
ment shows that the translational energies are, in fact, quantized, 
but that the spacings between the allowed energies are so small that 
it is a very good approximation to make the classical assumption. 
Such systems, therefore, can be treated as if all energies are allowed, 
and the classical results so deduced will be valid. 

These two examples, one involving a particle confined to a region 
the size of an atom or molecule and the other a particle confined to an 
ordinary-sized container, illustrate an important general result. The 
quantum restrictions on all objects confined to regions of ordinary size 
can be neglected since the allowed energies are then very closely 
spaced. Quantum jumps are not observed, for example, for a tennis 
ball confined to a tennis court. A molecule in an ordinary container 
is not different in this regard, nor are the planets in the solar system. 
When particles are confined to regions in space which are of angstrom 
dimensions, however, the quantum restrictions become important. 
It is this effect which prevented the classical theories of mechanics 
from being extrapolated to atomic and molecular systems. Electrons 
confined to atoms or molecules are allowed only certain energies. In 
a like manner, the atoms of a molecule are held in a fairly fixed position 
relative to one another, and as we shall see, the energy which such 
atoms can have is also quantized. 

The important qualitative conclusion which should be drawn 
from the two particle-in-a-box calculations is that the more closely con- 
fined a particle is, the greater will be the spacing between the allowed 
energy levels. 
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FIGURE 3-12 

The three-dimensional 
square-well potential- 
energy function (the po- 
tential U is infinitely 
high except within the 


box, where it can be 


assigned the value zero). 


THREE-DIMENSIONAL BOX 


The Schrédinger equation can be applied, with little added complexity, 
to the three-dimensional problem of a particle in a cubic container, 
and this application will provide some results that will be useful when 
we again consider the energies of gases. For a three-dimensional 
problem the potential energy will in general be a function of three 
coordinates, and for a cubic potential box the cartesian coordinates of 
Fig. 3-12 are convenient. If we are concerned with a gas in a cubic 
container, this potential ‘‘box’’ will have the same dimensions as the 
actual box that contains the gas. Moreover, the potential energy can 
be taken as zero everywhere inside the box, but becomes infinite at 
the walls. The differential equation that must be solved is now the 
Schrédinger equation in three dimensions, which is 


2 2 2) 
me (= + _ + ¥) + U(x,y2z)) = ef [44] 
where it must be expected that the solution function wy will depend on 
the three coordinates x, y, and z. For such differential equations it 
is often profitable to see whether or not they can be separated into 
parts, each part involving only one of the three coordinates. For the 
cubic container of Fig. 3-12, the potential energy can, for example, be 
written as U(x) + U(y) + U(2), where each function is like the one- 
dimensional potential-energy well of Fig. 3-10. Now one can try the 
substitution 


UXY,2Z) = P(x)p(y)G(z) [45] 


and see whether or not such a separated function simplifies Eq. [44]. 


Substitution of Eq. [45] into Eq. [44] gives 


d* ent 


= ge row HO + garg HHO + orn() HO | 


+ [U(x) + Uy) + UB] o@e(Noel2) = foo(y)p2)] [46] 
Division by g(x) y)p(z) gives 


h2 | 1 d2g(x) 
872ml g(x) ax? 


1 d*q(y) 1 d’g(z) 
wy) dye + 


g(z) dz? 
+ U(x) + U(y) + U@=€ [47] 


For the equation to be satisfied for all values of x, y, and z, each term 
on the left must equal a component of «, and we can write 


e€=€+&y + & [48] 


and the Schrdédinger equation of Eq. [47] can be broken down to three 
identical equations of the type 


h2 1° d29(x) 


= Sa2m G(x) dx2 5 UE) = = (ss 
or 
_— ee) + U(x)p(x) = exp) [49] 


These equations are identical with that written for the one-dimensional 
problem. The solution to the three-dimensional square-box problem 
is therefore 


Y= Ax)O( YP) 


with 
g(x) = A sin =— a eS ee 
gy) = Asin Hues Cem NPS [50] 
gz) = Asin 2% i Fae eee Meee 


One might try to visualize the probability distribution Y? which 
is obtained from this wave function, but a graphical representation 
will be seen to be rather difficult. The allowed energy levels for a 
particle in this three-dimensional cubic potential-energy box are 


€ Gre Cyt ez 


_ ngh? , mph? , n2h? 
~ 8ma2  8ma2_——- 8ma? 


2 2 1 
= (n,? + ny +n) [51] 


87 


Section 3-12 

The energy levels for a 
particle in a three- 
dimensional box 


88 


Chapter 3 
Introduction to atomic 
and molecular structure 


These solutions show that the Schrdédinger equation for this 
three-dimensional example can be separated into one-dimensional 
contributions. The quantum-mechanical treatment is therefore 
parallel to the classical discussion of Sec. 2-5 in that the 3 degrees of 
freedom in terms of which the particle behavior can be described again 
appear. One should note that our success in dealing with this prob- 
lem that involves 3 degrees of freedom with no more difficulty than in 
the problem involving 1 degree of freedom in Sec. 3-10 stems from 
the fact that the potential- and kinetic-energy functions could be 
separated into contributions from each degree of freedom. If the 
potential energy had contained terms involving, for example, products 
such as xy, this separation would have been impossible, and we 
should have had to deal with a much more difficult equation describ- 
ing the allowed behavior, in the example cited, in the xy plane. In 
studying the behavior of molecules in later chapters we shall find 
again that motions in different degrees of freedom, such as rotations 
and vibrations, can be treated one at a time and that, as here, the 
problems are thereby greatly simplified. 

It is characteristic of a three-dimensional quantum-mechanical 
problem, as we shall see, that three quantum numbers appear. The 
energy and the wave function in a three-dimensional box can be 
specified, for example, by assigning integral values to n;z, ny, and n;. 
These numbers need not, of course, be the same. Ina later section 
the possible assignments of values to these quantum numbers will 
be considered. 

This is as far as we need go here in our introduction to the way 
in which electrons, atoms, and molecules are described. In a later 
chapter we shall see what attempts have been made to use the 
Schrodinger equation to deduce the nature of chemical bonding. In- 
stead of proceeding directly to that topic, however, we shall now turn 
to investigate the energies of chemical systems. These considerations 
will give us powerful tools for systematizing and understanding many 
chemical substances and processes. 

An introduction to this major topic is provided in the next chap- 
ter, where the effects of the quantum restrictions on the energies of 
collections of particles are investigated. 


PROBLEMS 


1 Review the argument that water has the formula H2O, and not HO, based 
on the experimental result that 2 volumes of water vapor would on 
decomposition yield 2 volumes of H2 and 1 volume of Oo. 


2 What are the wavelength and the frequency (in cycles per second and 
reciprocal centimeters) of radiation whose quanta have energies of 

3 X 10-13 erg? 
Ans. \ = 66,200 A; v = 4.53 x 1013 sec-1; 7 = 1510 em=!. 


10 


om 


What is the energy in ergs per quantum and calories per Avogadro’s 
number of quanta for the quanta of radiation in the ranges of electro- 
magnetic radiation shown in Table 3-1? Compare the values with the 
room-temperature value of the average translational kinetic energy of 
a molecule. 


The Lyman series of spectral lines from atomic hydrogen have frequencies 
(in reciprocal centimeters) given by the expression 


p= 109 667 (4 a 
12 n,2 


) cm-1 where 7; = 2,3,.4, 4. . 


For the line with n; = 2: 
a Calculate the frequency in cycles per second and the wavelength in 
angstroms of the radiation. Ans. vy = 2.47 x 1015 sec-1; \ = 1210 A. 
b Calculate the energy of the quanta of this radiation in ergs per quan- 
tum and in calories per Avogadro’s number of quanta. 
Ans. 1.634 x 107! erg/quantum; 235,000 cal/mole. 
c In what region of electromagnetic radiation does this spectral line fall? 


Compare the energy necessary to excite the electron of the hydrogen 
atom from the n = 1 to the n = 2 orbit with the average translational 
energy of a molecule at 25°C. At what temperature is the average 
molecular translational energy equal to this hydrogen-atom excitation 
energy? 


Calculate the energy in ergs and the wavelength and wave number of 
the radiation emitted when the electron of a hydrogen atom drops from 
the n = 6 orbit to the n = 5 orbit. 

Ans. Ae = 2.66 x 107-13 erg; A = 7460 A. 


What are the radii given by the Bohr theory for the n = 1, 5, 10, and 
20 orbits? 


Plot on a scale that is linear in frequency, such as the spectrogram of 
Fig. 3-40, the first four transitions of the Brackett series. Add an energy 
and a wavelength scale to the plot. 


The spectrum of the ion He* has been obtained and exhibits, in addition 
to many other lines, spectral lines at 329,170, 390,120, 411,460, and 
421,330 cm-1. Show that a Rydberg-type expression will represent the 
frequencies of these lines. What is the ratio of the constant for He to that 
for the H atom? 


Derive an expression, according to the Bohr theory, for the energy levels 
of the He+ ion. What Rydberg-type formula does this lead to for the 


spectral transitions? 


What are the kinetic and the potential energies, according to the Bohr 
theory, of an electron in: 
a Then = 1 orbit of the hydrogen atom? 
Ans. Potential = —4.35 x 10-11 erg; kinetic = 2.17 x 10°" erg; 
total = —2.17 x 10-1 erg. 


b Then = 4 orbit of the hydrogen atom? 
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13 


14 


15 


16 


17 


18 


19 


What are the velocities in centimeters per second and angstroms per 
second of an electron in the n = 1 and n = 4 orbits of the hydrogen atom? 
How many times per second does the electron complete a cycle around 
the nucleus for the n = 1 and for the n = 4 orbits? How many seconds 
does it take for each cycle in each of these orbits? Compare the velocity 


of an electron in an atom with a typical molecular velocity. 


Calculate the wavelength of the de Broglie waves associated with: 

a An electron accelerated by a voltage of 10,000 volts. The velocity 
acquired by the electron is then about 6 x 10° cm/sec. 

b A molecule of nitrogen moving with an average speed for a temperature 
of 25°C. 

c A car weighing 1 ton traveling with a speed of 60 miles/hr. 


Use the de Broglie wavelength associated with a particle, and the idea 
that standing waves must form when a particle is confined to a region 
of space, to deduce the energies allowed for a particle confined to a square 
potential well like that of Fig. 3-10. Compare the results with those 
obtained by application of the Schrodinger equation. 


Calculate the energies of the three lowest quantum states for an electron 
confined to an infinitely walled square potential well 10 A wide. Show 
graphically the shape of ~ and y2 for these three states. 

Ans. 0.602 x 10712, 2.41 x 10-12, 5.42 x 10712 erg. 


Calculate an expression for the allowed energy levels of a baseball, of 
mass 5 0z, confined to a baseball park of length 350 ft. To what velocity 


jumps do these correspond? 


The probability of finding a particle at a given position is given by v2. 
If the wave function for a particle in a square well is / = A sin (nzx/a), 
find, by a suitable integration, what the total probability is that the 
particle will be found between x = 0 andx = a. Replace A by a suitable 


x=a 
term so that wv? dx is always unity, 1.e., so that one particle will be 
x=0 


found somewhere in the well. 


The average one-dimensional translational energy of an N2 molecule was 
shown by the kinetic-molecular theory to have the value $kT. What 
would be the quantum number of an average No molecule at 25°C in a 
container 10 cm long? What would be the energy separation between 
successive allowed quantum states at this energy? 


Ans. n = 4.17 X 109; Ae = 9.83 x 10-24 erg. 


Attempt to represent graphically and qualitatively the probability of 
a particle being at various positions in a cubic potential box for the quan- 
tum states n, =n, =n, = 1 and n, = 2, ny, =n,=1. What are the 
energies of these states if the box is cubic with dimension 5 A and the 
particle is an electron? 
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CHAPTER 
FOUR 


THE ENERGIES 

OF COLLECTIONS 

OF MOLECULES: 

THE MOLECULAR APPROACH 


The introductory material of the previous chapter has shown that 
molecules exist in a world of quantum restrictions. This implies that 
a molecule, or an atom or an electron, must exist in one of the allowed 
states and must have the energy corresponding to that state. Collec- 
tions of large numbers of molecules, such as one deals with in 
ordinary-sized, or macroscopic, systems, must therefore consist of 
these molecules distributed throughout the allowed states. Many of 
the properties of chemical materials can be deduced if the energies of 
the quantum states and the distribution throughout these states are 
known. Although in practice the deduction of properties of macro- 
scopic samples from such detailed calculations is often impossibly 
difficult, the way in which this is done for such samples as ideal gases 
is revealing and allows one to understand the molecular basis of many 
properties. Here, therefore, we shall investigate the way in which one 
deduces some properties related to the energy of a gas sample. 


4-1. THE BOLTZMANN DISTRIBUTION 


The Schrodinger equation provides a method for calculating the 
allowed energies of atomic and molecular systems. It thereby enables 
us to take one of the two necessary steps toward an understanding of 
the energy of molecular systems. The second, and in this connection 
equally important, step was taken by Boltzmann. His distribution law 
shows how a large number of particles distribute themselves through- 
out a set of allowed energy levels. For a hydrogen atom, for example, 
the Schrodinger equation leads to the allowed energy levels charac- 
terized, in part, by the quantum numbers n = 1, n = 2, and so forth. 
The Boltzmann distribution law, then, states that for an Avogadro's 
number of hydrogen atoms a certain number will have their electron 
inthe n = 1 state, another number in the n = 2 states, and so forth. 

According to the Boltzmann distribution, the ratio of the number 
of particles N, that are in a state with energy «;,, as represented in Fig. 
4-1, compared with the number of particles No that are in a state with 
energy ¢ can be written in the form 


Ni a (ey eg)/kT 


No 
ae [1] 


This expression applies, however, only to cases where each of 
the energy levels corresponds to a single quantum state. More gen- 
erally, as we shall see, the allowed energies will each correspond to 
more than one quantum state of the system. It will happen, that is, 
that several different sets of quantum numbers, each set representing 
a quantum state, will correspond to the same energy. (This does not 
happen in the simple one-dimensional square-well-potential problem 
where each different value of n gives a state with different energy. 


NUMBER OF 
€; ——___—_ MOLECULES WITH 
ENERGY ©, is N, 


NUMBER OF 
£9 —_____—._ MOLECULES WITH 
ENERGY £9 iS No 


93 


Section 4-1 
The Boltzmann 
distribution 


FIGURE 4-1 
Notation for the Boltz- 


mann distribution. 
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The three-dimensional square-well problem, dealt with in Sec. *3-12, 
on the other hand, involves the quantum numbers nz, ny, and n,, and 
various assignments of integers to these three quantum numbers, 
each assignment corresponding to a single quantum state, can lead 
to the same energy.) 

The number of states that have a particular energy, «;, for ex- 
ample, will be designated as g;. This symbol indicates the multiplic- 
ity, or the degeneracy, of an energy level. Since each state is popu- 
lated according to the distribution expression of Eq. [1], an energy 
level, e.g., that with energy ¢;, will have a population g; as large as it 
would have if it corresponded to a single state. To allow for the 
multiplicity of energy levels we must write the Boltzmann distribution - 
as 
Ni = Si o-nci/kT [2] 


No 80 


where N; and Ng are, it should be remembered, the populations of the 
energy levels, and these populations are g; and go times as great as 
they would be if the energy levels corresponded to single quantum 
states. 

With the Schrédinger equation and the Boltzmann distribution 
expression it is possible, in principle, to obtain from the former the 
probability functions and the energies of the allowed quantum states 
and to deduce from the latter how many of the atoms or molecules of 
a given system will be in these various quantum states. An almost 
complete description of all chemical systems can, in principle, be built 
from these postulates. The importance of the interjection in principle 
will become very apparent as the complexities of molecular systems 
are encountered. It is true, nevertheless, that the Schrodinger equa- 
tion and the Boltzmann distribution expression are bases on which 
much chemical behavior can be understood. 

The form of the Boltzmann equation shows that, if Ae; is large 
compared with kT, the ratio N;/No will be very small. At the other 
extreme, where Ae; is small compared with kT, then N; is nearly equal. 
to No. Itis the appearance of the term kT in the Boltzmann distribu- 
tion equation that makes it important in quantized systems. The im- 
portance of kT in classical, or nonquantized, systems has already 
been emphasized with regard to the average kinetic energy per degree 
of freedom value of 4kT. 

The initial question concerning the normal quantum state of the 
electron of the hydrogen atom can be answered with the aid of the 
Boltzmann equation. The energy of the n = 2 orbit compared with 
that of the n = 1 orbit is so much greater than kT at room tempera- 
ture that only an infinitesimal fraction of the atoms will have their 
electron in the higher-energy state. At much higher temperatures, 
however, the population of the higher-energy orbits will become 
appreciable. Atsuch temperatures, some of the atoms would possess 


energy as a result of the electrons occupying these higher-energy 
states. A possibility arising from such a distribution, it can be men- 
tioned, is the emission of radiation which results when such excited 
atoms return to their ground state. 

The populations of the different allowed molecular translational 
energies, as calculated in Example 2 of Sec. 3-11, correspond to the 
other extreme, where the spacing of the energy levels is very small. 
Successive states will have very nearly the same population. The 
distribution of molecules throughout the whole range of translational 
energy states leads, as will be shown in Sec. 4-5, to the same energy- 
distribution curve as obtained classically by the corresponding Max- 
well-Boltzmann distribution law. 

Other types of molecular energies besides electronic and transla- 
tional energies occur, and for these energies the energy-level spacing 
may be more comparable with the room-temperature value of RT. 
The population of the higher energy levels, and therefore the average 
energy content of the molecules, will then be a sensitive function of 
the temperature. It should be apparent that the Boltzmann distribu- 
tion equation will be of fundamental importance for determining not 
only which of the allowed energy levels are occupied, but also the 
average energy of a collection of molecules. These different types of 
energies will be dealt with in some detail later in the chapter. 

It is sometimes more convenient to deal with the energy that 
an Avogadro’s number of molecules, i.e., 1 mole, would have in one 
state as compared with the energy they would have in another state. 
If this molar-energy quantity is used in Boltzmann's equation, it is 
necessary to compare the energy of these 9 molecules in a given 
quantum state with the energy 9UkT) = RT instead of kT. The 
distribution equation is then written as 


Ni _ &i 
—t — &' 9—ani/RT isi 
No &o 


where Ag; is the energy of an Avogadro’s number of molecules in the 
ith level compared with an Avogadro’s number in the lowest level. 

So far the Boltzmann distribution expression has been intro- 
duced without derivation, and here one might want to treat this dis- 
tribution expression as one of the basic postulates, as is the Schro- 
dinger equation. The basis for this expression, which shows the way 
in which molecules distribute themselves throughout a set of allowed 
energies, can, however, be shown, and this derivation is given in the 
following two sections. The discussion of this section, however, will 
provide sufficient background for the later applications of the Boltz- 
mann expression, and the derivation of the Boltzmann expression 
miay be passed over. 

Equation [2] can be used (as will be seen if Secs. 4-2 and 4-3 are 
studied) as one of the nicest approaches to the definition of tempera- 
ture. In this approach, the temperature of a system that is found to 
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have a population ratio of N;/No for two states separated by an energy 
€; — €) is defined to be the value of 7’ which would be calculated from 
Eq. [2] or [3]. It can be shown, furthermore, that temperature so 
defined is equivalent to that which occurs in the relation PV = nRT 
and to that which occurs in the expression 4RT for the average energy 
per degree of freedom of 1 mole of gas. The proportionality constant 
k in Eq. [2] can be identified with R/, and this identification is made 
in Sec. 4-3. It should be pointed out that, even if one does not go 
through the Boltzmann-distribution derivation in the next section, one 
can follow through the deduction in Sec. 4-3 that the T of Eq. [2] can 
in fact be identified with the absolute temperature which we have 
based on ideal-gas behavior. 


4-2. DERIVATION OF THE BOLTZMANN 
DISTRIBUTION EXPRESSION 


A distribution is a statement of the number of molecules that occupy 
each of the energy levels that the quantum restrictions allow. For 
example, if we consider gas molecules in a container, as we did in 
Sec. 3-12, we can deduce from the Schrédinger equation that the 
allowed translational energies are given by 


; h2 
€ = (n,? + ny? + nz”) ame 
WhelCa 77-6 2 oe 
iy = rh ao « 
Te eS ee 


Let us now see if we can develop a method for deducing how an 
Avogadro’s number of molecules will distribute themselves throughout 
a pattern of allowed energies such as this. 

We must first emphasize a point mentioned in the previous sec- 
tion, that in this example of the translational energies of gas molecules 
there can be a number of states that have identical energies. The 
quantum states, for instance, described by Nz = IL, ey = ©, a = © 
Orn, = 0, ny, = 1,2, = 0) Or n,—-0, 1, = 0; n=), all have the | 
same energy, namely, (17)h?/8ma?. The (12)h2/8ma? energy level is 
therefore threefold degenerate, or has a multiplicity of 3. Similarly, 
the energy level with energy 22h2/8ma2, which arises, for example, 
from the quantum-number combination 1, 1, 0, has a multiplicity of 3; 
that with energy (3)h?2/8ma? arises from a combination 1, 1, 1 and has 
a multiplicity of unity; and so forth. Higher multiplicities such as 
6 for the level with energy (9)h?/8ma? are also encountered. It is for 
all such situations that the symbol g; has been introduced to designate 
the number of states that have energy «;. 

A general energy-level pattern, including multiplicities, is shown 
in Fig. 4-2. Now we must see if we can deduce (without depending 
on the Boltzmann distribution expression that was revealed in advance 


in the previous section, or even on the hint given there that the tem- 


perature is involved) how an Avogadro’s number of molecules I dis- 


tribute themselves throughout this pattern of energy levels. 

We proceed by looking for the most probable distribution. To 
prevent confusion with the symbols used for the number of molecules 
we shall now use z for the quantum number and let N; be the number 
of molecules in the first level 7 = 1, No the number in z = 2, and so 
forth. We must deduce the values of the N's so that we have the most 
likely, or most probable, arrangement. Before doing this, we must 
consider how we express the probability of a given distribution. 

An identical problem, and one that is perhaps more easily visual- 
ized, is that in which one asks about the probabilities of various dis- 
tributions of marbles which have been thrown randomly into a box 
with various-sized compartments. Figure 4-3 suggests a specific 
marble-compartment analog to the molecule-energy-level problem. 
If one could construct such a compartmentalized box and have a suit- 
ably random throwing device, one could verify that the expression for 
the probabilities of the different arrangements (which is worked out 
in introductory chapters of texts dealing with probability) contains two 
factors. 

The first factor involves the relative sizes of the compartments. 
The probability of each marble landing in a given compartment is 
proportional to the size of the compartment. This consideration im- 
plies that in the expression for the probability of a particular distribu- 
tion of the four marbles of Fig. 4-3, there is a term that is the product 
of the sizes of the compartments occupied by each marble, or more 
conveniently, the product of the sizes of the compartments each raised 
to the power corresponding to the number of marbles occupying that 
compartment in that particular distribution. (The corresponding 
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FIGURE 4-2 

An allowed energy pat- 
tern showing that an 
energy level may corre- 
spond to a number of 
allowed states, the num- 
ber being designated 

by &i. 
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Figure 4-3 

A marble-and-compart- 
ment illustration of the 
probability factors that 
enter into the expression 
for the probability of a 
distribution of molecules 
throughout an energy- 


level pattern. 


factor for the molecules distributed throughout energy levels will be 
written as gyVigoN2g3%3. . . .) 

The first factor, it will be noticed, implies that the most probable 
distribution will be the one in which all the marbles are in the largest 
compartment—and this is clearly not the case. The second factor 
in the probability expression that expresses the tendency of the 
marbles to distribute themselves involves the total number of ways 
the marbles can be rearranged without altering the distribution. 
This can be calculated by noting that N! is the number of ways 
N particles can be rearranged. Some of the rearrangements, 
however, correspond to rearrangements within a compartment, and 
these are not significant. The factor which expresses the significant - 
ways in which the marbles can be rearranged, for a given distribution, 
is obtained in the case of the marbles of Fig. 4-3 by dividing 4! by the 
meaningless interchanges: four in the first distribution, three in the 
second, and so forth. (For the molecules in energy levels this factor 
has the form (9U/N,!N2!N3!....) The total probabilities for the 
marble distributions are shown in Fig. 4-3, and if one is not familiar 
with such probability expressions, one should investigate further ex- 
amples to convince oneself that the combination of the two factors 
dealt with here leads to probabilities for various distributions that 
seem reasonable. 

In a similar way, we should express the probability, which will 


PROBABILITY 
DISTRIBUTION FACTORS NET PROBABILITY 
Second 
4! 

ie 0000 At 0.32 
nee 
ea 
re 004 
ole) 0. 


MOLECULES IN ENERGY LEVELS WITH MULTIPLICITIES 8); 8o:--- 


FIRST FACTOR = 8,Nig.Na... 


SECOND FACTOR= —2U! __ 
NiIN,! 

TUNG (eee 

My 


NET PROBABILITY = g,Nig,N2.... ————— 
“ Ny!No!... 


now be designated by W, of a given distribution of a total of % 
molecules throughout energy levels as 


JU 


Ww = (g1%igoN293Ns ane WINDING! [4] 


The goal, it will be recalled, was to find the values of Ni, Noe, 
N3, ... that maximize W. It turns out to be more convenient to look 
for a maximum in In W, and since this will occur when W is a maxi- 
mum, we can change our goal to this extent. The logarithmic expres- 
sion allows Stirling’s approximation Inx!=xInx—x for large 
numbers, which is derived in Appendix 2, to be applied. When this 
is done, for the NV; terms, we obtain 


In W = N,; Ing; + Nelnge + --- + Ind 
— N; In Ni — Noein Ne — tae ls IN, he IN Se ios 


= 1 £2 ee) U 
=, (1 + In 81) 4 N21 + In £2) 4 enol (S| 


Before determining the values of the Nj;’s that lead to a maxi- 
mum in|In W, however, we must recognize that there are some limita- 
tions on the values the N;'s are allowed to take. We must remember 
that we are considering a system of N% molecules at some particular 
temperature. This implies that we must find the most probable dis- 
tribution subject to the restriction that the total number of molecules 
is a constant, and is in fact XU, and that the total energy of the system 
is likewise constant. In analytical form we say that we maximize 
In W subject to the restrictions 


N; + No+ N34 --- = 2Ni=N [6] 
and 
Noeo + Nier + Noeg +--+ = ZEN = E [7] 


The second of these two expressions simply adds up the energy that 
each molecule contributes and sets this to a total, constant value E. 

The method for imposing such conditions is Lagrange’s method 
of undetermined multipliers, discussed in Appendix 3. In this proce- 
dure one introduces two parameters, which we shall designate as 
a and B, and looks for a maximum in 


In W — aN; — BEN; [8] 


In this way the constancy of =N; and De,N; is assured and the maxi- 
mum still corresponds to a maximum in In W. We now can find the 
maximum, with respect to Ni, by forming 


ant W — oN, — B2aN;) = 0 


or 


=a — 1 p6,.= 0 [9] 


99 


Section 4-2 

Derivation of the 
Boltzmann distribution 
expression 


100 


Chapter 4 

The energies of collec- 
tions of molecules: 

the molecular approach 


The first derivative needed in Eq. [9] is evaluated from the ex- 
pression for In W of Eq. [5], after the simplifying recognition that I 
is independent of the individual N;’s, as 


aInW_ a ( &)! 
ON; 0 ON; [: mage lldie 


= a + Ni Ing; — Ni ln Ni) 


wei 
1 + Ing; — InN; — N; N, 


Snes 10 
= In N, [10] 

Finally, we arrive at the distribution we have been seeking by the 
substitution of this result into Eq. [8]. We obtain 


In — a — Ba = 0 


or 
N; = ei em-emed [11] 


A somewhat more understandable result can be obtained at this stage 
by using this equation to evaluate the relative populations of two 
energy levels. If these are the ¢ and 7 energy levels with energies «€; 
and ¢;, the ratio of their populations is given, since a is a constant, by 

= = ge [12] 
We see here that the relative populations depend on the multiplicities 
of the energy levels, as we should expect, and on the energy difference 
between the levels. It remains, of course, to determine the nature of 
the factor 8B. So far it is an undetermined constant for a system at a 
given temperature. The evaluation, or interpretation, of 6 in the next 
section will complete the derivation of the Boltzmann distribution 
expression. 


*k 4-3. THE TEMPERATURE SCALE OF THE 


BOLTZMANN DISTRIBUTION 


The previous section has led us to the Boltzmann distribution 
expression 

Ni = Si e Bla —¢;) 

Nj &j 
and the nature of £ is now to be determined. (If the previous section 
has been omitted, one can proceed with the attitude that 8 is a symbol 
for 1/kT of Eq. [2] and that here we are attempting to show that this 
T is the same as that introduced in the study of gas behavior in Chap. 


1.) Atthe same time we shall be demonstrating that the Schrodinger 
equation and the Boltzmann distribution expression together form a 
basis on which such macroscopic properties as the translational energy 
of a mole of gas can be deduced. 

The calculation is most easily made by deducing, from molecular 
behavior, the energy for a system that we have already considered. 
The one-dimensional translational energy of 1 mole of an ideal gas was 
shown in Secs. 2-3 and 2-5 to be 4RT, and the average one-dimen- 
sional energy of a molecule to be kT. Now we shall see what result is 
obtained for the energy of such a system if we work frorn the Schro- 
dinger equation and the distribution expression of the previous section. 

For molecules moving in a one-dimensional, square-well poten- 
tial, as studied in Sec. 3-10, the allowed energy levels are all singly 
degenerate and have energies given, if the symbol 7 is again used for 
the quantum-number index, by the expression 


12h2 
g = 


= > wherez = 1,2, 3;... {13] 
8ma? 


The Boltzmann expression of the previous section can be 
written so as to refer all populations to that of the lowest, 7 = 1, level 
by 


N, = Nye-Ai-) [14] 


The average energy due to translational motion along one 
dimension of a collection of molecules is obtained by summing over 
the products «;Nj, that is, the energy of the ith state times the number 
of molecules that have that energy, and dividing by the total number of 
molecules. Thus the average, one-dimensional energy, denoted by 
€ in this derivation, is 


f= [15] 


€= Et [16] 


Term-by-term multiplication of both series by the factor e #1 removes 
the exponential term involving «1 and, with the cancellation of the N; 
factors, simplifies the expression to 


co 


== 4 _ [17] 


= 

oO 
Sen 
(gl 
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Since, as the calculation of Sec. 3-11 showed, there will be a very large 
number of states, numbered off by i, that will give significant contri- 
butions to the summations, these summations, as discussed in Appen- 
dix 4, can be replaced by integrals. Equation [17] thus becomes 


ee) . 
i ee 8«i at 
0 


eee [18] 
i e-Bei di 
0 


or with Eq. [13], 


(h2/Bma®) f iBe-i20h2/8ma2 A 
a= 0 a 


co 
f e—?2Bh2/8ma2 dy 
0 


Both integrals can be converted to ones that are treated in Appendix 1 
by the substitution 


y 2 
zai / PP and di= [aa dz [20] 


With these replacements, 


ee [21] 


and with the values of the integrals given in Appendix 1, 
ae ras Sih 
Bivr 28 
For an Avogadro’s number of molecules, the energy due to transla- 
tional motion in one dimension is calculated, in this way, to be 


[22] 


a 4 . [23] 


We have arrived at the interesting, if still somewhat obscure, 
result that the energy depends only on the number of molecules and on 
the factor 8. We had noticed in the previous section that 8 determined 
the relative number of molecules that populate the various allowed 
energy levels. Thus, if 8 seems unfamiliar, it is certainly a fundamen- 
tal quantity. We could, in fact, base our descriptions of many physical 
quantities on this parameter. For example, the energy result obtained 
above could, if we went back to the kinetic-molecular theory for gas 
pressure developed in Sec. 2-2, be used in 


PV = }9uni2 = 4G9Un)(u2 + WZ + U2) = 249Unu,) ~—*[24] 


One then would recognize that the factor 49unu,2 has been shown to 


be $9U(1/f) and that the PV behavior of ideal gases would be given by 


1 
PV = NU — 
B [25] 


We see, perhaps, that the role played by the ideal-gas tempera- 
ture scale could be completely fulfilled by the factor 8 introduced and 
defined through the Boltzmann-distribution derivation. It is not sur- 
prising, then, that the result for the energy of translation for 1 degree 
of freedom, 


B=ZM i 


cee) 


can be compared with the kinetic-molecular result 
B= 4RT = 9URT) [26] 


so that we can make the identification 


ru ¥ 
and proceed with the more familiar temperature scale. With this 
identification, furthermore, we can write the sought-after Boltzmann 
distribution expression 


Ni — Si —(e,—€5)/kT 

Me ta 

Now that we have derived the relation which allows us to calcu- 
late the way in which molecules distribute themselves when an equilib- 
rium state exists, we can proceed to investigate the energies that 
systems of molecules acquire as a result of being spread throughout 
these allowed energies. 


4-4. TYPES OF MOLECULAR ENERGIES 


With a knowledge of the pattern of allowed energies for a particular 
type of molecular energy and with the Boltzmann distribution, one is 
in a position to determine the energy of a collection of molecules. 
Such calculations are simplified by the classifications into which 
molecular energies can be placed. 

First we note that the energy content of a molecule can be dis- 
cussed in terms of the energy it would have if it were in the lowest 
allowed quantum state and of any excess energy resulting from its 
occupancy of a higher-energy quantum state. The excess energy can 
be called thermal energy since, as Boltzmann's distribution shows, the 
occupancy of high-energy quantum states is dependent on the tem- 
perature of the system. The energy for all molecules occupying the 
lowest level, which it can be noted corresponds to the distribution at 
absolute zero, is, on the other hand, a temperature-independent 


quantity. 
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The total molecular energy of an Avogadro’s number of mole- 
cules is represented by the symbol £. This total energy is made up of 
the lowest-level energy Eo and the thermal energy Etherma. It is fre- 
quently convenient to write the thermal energy as the difference be- 
tween the total energy and the lowest-level energy; i.e., 


Ethermal = E — Eo [29] 


The thermal energy is that energy possessed by the molecule as 
a result of available energy levels other than those of lowest energy 
being occupied. The kinetic energy of translation of $RT, for example, 
is such thermal energy, since this is the average energy over and above 
that which the molecules would have in the lowest translational energy 
level. For gas-phase molecules all the types of energy that contribute 
to the thermal energy can be understood and, for very many molecules, 
can be satisfactorily calculated. For liquids and solids the cooperative 
behavior of the molecules usually makes any discussion of the thermal 
energy much more difficult. It will be sufficient, for the present, to 
treat only gas-phase systems. 

There are four different classes under which the thermal energy 
of a gas-phase molecule can be treated. These types of energies are 


Electronic 
Vibrational 
Rotational 
Translational 


Some of the results that have already been obtained allow the 
discussion of these thermal energies to be simplified immediately. 
For example, molecules usually have very widely spaced electronic 
energy levels, and only the lowest electronic state is occupied at room 
temperature. The electronic contribution to the thermal energy of 
most molecules is therefore zero. Furthermore, the average transla- 
tional energy per mole, at temperatures that are not extremely low, 
is RT. 

In addition, a molecule consisting of more than one atom can 
have energy as a result of rotation of the molecule and as a result of 
vibration of the atoms of the molecule against one another. These 
motions lead to allowed energy levels, and in general, the molecules 
can occupy the higher energy levels as well as the zero energy level. 
Some quantum aspects of translational-, rotational-, and vibrational- 
energy patterns must now be treated so that the total thermal energy 
of a molecule can be estimated. 


4-5. QUANTUM INTERPRETATION OF 
TRANSLATIONAL-ENERGY DISTRIBUTION 


The problem of the thermal energy due to translation of a macroscopic 
sample of an ideal gas has already been dismissed by the recognition 


that the classical, i.e., non-quantum-mechanical, result Ethermal 
(translation) = $RT, or +RT per degree of freedom, per mole is valid. 
This type of information will be adequate when, in the following chap- 
ters, the energies of chemical systems and chemical reactions are in- 
vestigated. We can therefore take this opportunity to look again at 
the distribution of molecules throughout the various allowed transla- 
tional energies and see that a quantum treatment gives the same dis- 
tribution as did the classical considerations of Sec. 2-6. 

For a distribution throughout the one-dimensional translational 
energy levels one can immediately combine the allowed energy-level 
expression and the Boltzmann distribution expression to obtain 


N,; = Nye72712)h2/8ma2kT pH 2) ot ae [30] 


This expression can be plotted for a particular system, as is done in 
Fig. 4-4, to give a distribution curve for the molecules throughout the 
allowed energy levels, as identified by their values of 7. Recognition 
that a value of 7 implies an energy through the equation 


Bh 
" 8ma? 


allows the energy scale at the top of the diagram to be added. Thus 
we have a distribution plot comparable with the classical one of 
Fig. 2-2. 

Now we shall see that the quantum approach can lead to the 
same one-dimensional distribution curve as that of Fig. 2-2, which, 
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FIGURE 4-4 

The quantum-mechani- 
cal interpretation of the 
one-dimensional trans- 
lational-energy distribu- 
tion for Nz at 25°C ina 
10-cm container. (Cal- 


culated from Eq. [30].) 
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it can be noticed, involves the mass of the molecules and the tempera- 
ture but not, as does Eq. [30], the size of the container. Here, there- 
fore, let us proceed analytically from Eq. [30] to the classically 
obtained result Eq. [30] of Chap. 2. It is first necessary to refer the 
number of molecules N; to the total number N rather than the number 
in the lowest state N;. One first obtains a relation for N, 


iN S N; = Ms Sen (i2-12)h2/8ma2kT [31] 


Al esi 


and then uses this expression to replace N, in Eq. [30] to obtain 


Ne @2-12)h2/8ma2kT 
SS e7(i2—-12)h2/8ma2kT 
i=l 


which is simplified by multiplying the numerator and denominator by 
e 7 (12)h2/8ma2kT to 


Nie [32] 


Ne@i2h2/8ma2kT 
0° 

> e7i2h2/8ma2kT 

i=l 


Since the steps corresponding to successive z values are small com- 
pared with the range of 7 over which appreciable values of the summa- 
tion terms occur, the summation can, as shown in Appendix 4, be 
replaced by an integration to yield 


Ne [33] 


Ne7i2h2/8ma2kT 


nN,=— [34] 
f. e7 12h2/8ma2kT dy 
0 


After substitution of 2? = 7?(h?/8ma2kT), the integral is converted to 
ee. wane lie —2 dz 


which, according to Appendix 1, gives 


8ma?kT / a or 2ama?2kT 
h2 2 h2 
On the same basis that the summation is treated as an integration, so 
also can N;, the number of molecules with translational quantum num- 
ber 7z, be rewritten as dN/di, which is equal to the number of molecules 


per unit interval along the z axis. 
Thus Eq. [34] can be developed to 


dN a Nh en i2h2/8ma2kT 
di \/ 2ama2kT 


Finally, it is necessary to change from the quantum-number 
variable 1 to the velocity variable u,. The quantum-mechanical- 


[35] 


classical bridge obtained by equating the energy expressions 
—“"_ = 4mu,? [36] 


can be used. It yields the relation 


1 ee 
Pas Sus ort 
and we recall that wu, can take on both positive and negative values 
whereas 1 is restricted to positive values. It follows that, because a 
given interval di at i corresponds to the two intervals du, at u,, a factor 
of 4 enters in the expression for the number of molecules with speeds 
in the range du,. Thus 


dN _ dN di _ 1 2madN 
du, di du, 2 h di [37] 


Substitution of these relations in Eq. [35] gives the desired distribution 
expression 


dN _ 
a. ‘ve 2akT 


—— 
ees 


e—(1/2)muz2/kT [38] 


Thus we see how, for systems with energy levels closely spaced com- 
pared with kT, we can adopt either the classical or quantum- 
mechanica! approach and obtain proper descriptions of the system. 

In a similar manner, the three-dimensional Maxwell-Boltzmann 
distribution can be obtained from the expression for the energies 
allowed to a particle in a three-dimensional box and the Boltzmann 
distribution of Eq. [2]. The treatment is different from that for one 
dimension only in that the allowed energy levels do not all correspond 
to single states; i.e., in three dimensions the levels have multiplicities 
that can be different from unity. For the allowed energy levels, given 
by 


he je Pa Shea Gr 
€= Cit = Hilfe + A ny = i. Da Se Be oes [39] 
ie = i e 3 


one can by inspection see, for the lower levels, that various assign- 
ments of integers to 7;, Ny, n, can lead to the same value of the energy 
e«. For larger values of these quantum numbers it is easier to refer to 
the graphical representation of Fig. 4-5. There each point corre- 
sponding to a set of values n,, Ny, and nz corresponds to a quantum 
state. All points that are the same distance from the origin, however, 
have the same value of n,2 + n,2 + n.%. For large values of these 
quantum numbers the points become very close together and the 
numbers that are in a spherical shell a given distance from the origin 
represent the number of states with the given energy. One thus sees 
the way in which the multiplicities of the states increase as the quan- 
tum number and energy increase. This multiplicity factor works to 
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FIGURE 4-5 

Graphical representa- 
tion of the values of the 
quantum numbers nz, 
n,, and n, for a particle 
in a three-dimensional 
box. All points lying 
within the segment of 
the spherical shell have, 
for large numbers, the 
same value of nz?+n,?+ 
n,2 and therefore corre- 
spond to states with the 


same energy. 


affect the populations oppositely to the exponential factor. The de- 
tailed calculations would again lead, as they did for the classical treat- 
ment of Sec. 2-6, to a maximum in the distribution curve. 

An interpretation of the translational-energy distributions can 
therefore be given either in terms of a classical treatment, as was 
done in Sec. 2-6, or on the basis of quantized energies, as has been 
discussed here. 

For almost all our future work, however, these distribution de- 
tails will not be important. The feature that will be of prime value is 
that, from both classical and quantum treatments, the average trans- 
lational energy of an Avogadro’s number of molecules is RT per 
degree of freedom. i‘ 


4-6. ROTATIONAL ENERGY 


As with objects of ordinary dimensions, the rotation of a nonlinear 
molecule can be treated in terms of rotation about three perpendicular 
axes as suggested by Fig. 4-6. Each of these rotations can be treated 
separately, as were translations in thex, y, and z directions. Thethree 
rotations constitute 3 degrees of freedom, and classically it would be 
expected that, on the basis of RT kinetic energy per degree of free- 
dom, the rotational energy would total $RT. For a linear molecule, 
rotation about only the two axes which are perpendicular to the molec- 
ular axis constitutes molecular rotation. (A change in angular mo- 
mentum about the axis of the molecule would depend on a change in 
the motions of the electrons of the molecule. Such a change could 


occur only by exciting the molecule to a higher electronic state, and 
this, as has been mentioned, would require a very large amount of 
energy for most molecules.) Linear molecules have therefore only 
2 molecular rotational degrees of freedom and classically would be 
expected to have RT kinetic energy. 


The quantum-mechanical calculation of the rotational energies 
of a molecule shows, as is expected from our previous discussion of 
the particle-in-a-box problem, that only certain discrete energies of 
rotation are allowed. For each rotational degree of freedom a diagram 
of the allowed energies can be drawn. For most molecules the spacing 
of these allowed energy levels, which will be studied in greater detail 
in Chap. 12, is quite small compared with a room-temperature value 
of kT. We shall see that the spacing of these levels can be studied 
spectroscopically, and it is then found that a typical wavelength of 
radiation to cause a transition from one rotational energy level to the 
next higher one is 1 cm. At this wavelength the energy of a quantum 
is about 2 x 10-16 erg, and such a value is small compared with the 
room-temperature value of kT. 

The closeness of the allowed rotational levels means that, as for 
translational energy levels, the quantum restrictions are unimportant 
in their effect on the average energy per degree of freedom. The 
classical result that there will be RT cal/mole rotational energy for 
nonlinear molecules, or RT for linear molecules, is valid. 

It is necessary only to mention that very light molecules (Hg is 
the most prominent example) do not have sufficiently small energy- 
level spacings to allow the classical result to be used for the average 
rotational energy. For such molecules the population of each of the 
rotational energy levels must be calculated and the average rotational 
energy determined. Furthermore, at temperatures much below room 
temperature, kT becomes comparable with the rotational spacing of 
many molecules. 


Gz 


(b) 
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FIGURE 4-6 

(a) The three ways in 
which a nonlinear mole- 
cule can rotate. (b) The 
two ways in which a 
linear molecule can 


rotate. 
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4-7. VIBRATIONAL ENERGY 


The vibration of a diatomic molecule consists of the motion of the 
atoms toward and away from each other. The chemical bond in this 
regard behaves very like a spring. Since the bond confines the atoms 
to fairly small displacements, the amplitude of vibration being about 
10 per cent of the bond length, the vibrational energy is quantized. 
Spectroscopic studies show that radiation with a wavelength of about 
0.001 cm will raise a molecule to its next-higher energy level. The 
energy of quanta of this wavelength is 2 x 1071% erg, and the vibra- 
tional-energy-level spacing is seen to be comparable with the energy 
kT, which is 4.4 x 10713 erg at room temperature. y 

The thermal energy E — Eo due to the vibrational motion of a 
molecule cannot, therefore, be dealt with as readily as could the 
thermal contributions due to translation and rotation. It is necessary 
to calculate, from the allowed vibrational-energy pattern and the 
Boltzmann distribution expression, this thermal energy. Let us do 
so first for the simple case of a diatomic molecule, and then we shall 
see that this result can be easily extended to other molecules. (The 
derivation need not be followed through at this stage since the nature 
of the calculation to be performed should be clear. One can, if one 
chooses, proceed from Eq. [51] or [52], which are results of the 
derivation.) 

The Schréddinger-equation solution for the single vibrational 
mode of a diatomic molecule shows that a set of equally spaced energy 
levels are allowed. The details of the solution will be treated in 
Chap. 12; it is now necessary only to investigate the consequences of 
this pattern of the allowed vibrational energies. These energy levels 
are shown in Fig. 4-7 and are given by the expression 


a = €(U ata 3) [40] 


where u is the vibrational quantum number and can have the values 
0O,1,2,3,.... The quantity e, is the energy of the vu level, and here 
€ is the spacing between the levels. The separation « between the 
levels can frequently be determined, as will be shown in Chap. 12, by 
spectroscopic studies. 

We now find a formula for the energy above that of the v = 0 
level for an Avogadro’s number of molecules distributed over such 
a set of allowed vibrational energies. 


The energies of the levels above that of the lowest level are given 
by 


& — €9 = (V6) Os; ll, Boss [41] 


Of a total of 91 molecules, let No be the number with v = 0, N, the 
number with v = 1, and so forth. Then 


M = No + Ni + No+-:-- [42] 


Boltzmann's distribution law allows us to write 


Ni = Noe-</*? 
[43] 
Np» = Noe-2« kT 
and so forth. The notation is simplified by letting 
I [44] 
kT 
which leads, when the above expressions are combined, to 
e— No + Noe= 7 Noe-2* +... 
= Jo(1 oe erin ea -) [45] 


This series, whose value will be needed later, can be summed by the 
trick of multiplying both sides by e~* to give 


Ne = — Nile + ei fe 4 3--) [46] 


Subtraction of the last two equations, with term-by-term cancellation 
of the exponential series, gives 


91 = e-*) = No [47] 


The total number of molecules is thereby related to the number in the 
lowest energy level and the energy-level spacing term x = ¢/RT. 

The total vibrational energy of the 9 molecules can now be 
obtained by adding up the terms for the number of molecules in each 
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FIGURE 4-7 
The first five vibrational - 
energy levels of a vibra- 


tional degree of freedom. 
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level times the energy of that level. Thus 
(E — Eoin = Nile) + No(2e) + N3(3e) + --- 
= Noc(e* + 2e72 4+ 3e79* + ---) [48] 


Again, evaluation by the trick of multiplication by e~ is effective. 
One gets 


(E — Eo)vine* = Noe(e~2* + 2e-3% + 3e-47 + .--) [49] 
and subtracts this from the preceding equation to obtain 
(E — Eohin(l — e7*) = Noe(e™* + e-2% + e837 4 ..-) [50] 


The value of the series is given by Eq. [46], and with that result we 
obtain 


(ey vb ayes kG a 


or 


(E — Eoin = ———— = 


Nee # Ne Ne 
ete Coa | pea 


A form that is sometimes more convenient for calculations is obtained 
by replacing « by xkT and tk by R to give 


(E — Eoin = RT 


a [52] 
This result gives the thermal vibrational energy of an Avogadro’s 
number of diatomic molecules. 

The vibrational-level spacing « must be determined, usually 
spectroscopically. If « has the units of ergs per molecule, Ne will be 
in ergs per mole. Division by 4.184 x 107 will convert these units to 
the most frequently used units of calories per mole for E — Eo. The 
units of « in the exponential term must, of course, correspond to the 
units of RT. Equation [51] is plotted in Fig. 4-8 for several tempera- 
tures so that the contribution for a vibrational degree of freedom at 
these temperatures can be readily determined for a given value of the 
vibrational-level spacing e. 

A typical value of the vibrational-energy spacing is 2 x 10-13 
erg. For this value 


oe — (6.023 x 10232 x 10-13) 


4.184 x 107 = 2880 cal/mole [53] 
and at 25°C 
a 2 x 10713 Fi 
hry GF (1.38 x 10-16)(298) — <) [54] 


The average vibrational energy for this set of energy levels is, by 
Eq. [51] or Eq. [52], 


2.880 


(E — Eoin = ESI 


= 20 cal/mole [55] 


Classically, where no quantum restrictions apply, an average 
kinetic energy of 47’, or about YOO cal/mole, would be expected, 
h, vibration, both a molecular one and one lor ordinary sized masses 
and springs, has both kinetic and potential energy, These energies, 
moreover, are generally equal, and in this case, the total classical 
energy per degres of freedom would be 


ZUGKT) = GOO cal/mole at 25°C 


the difference between 600 cal/mole and the value obtained in Eq, 
{55 is attributable to the effect of the rather widely spaced vibrational 
quantum levels, The classical situation corresponds to small values 
of the energy level spacing compared with kT, The limit of(# — Ho)» 
when « © KT can be seen, if the exponential in the denominator of 
Eq, (91) is approximated by the first two terms 1 4 «/kT of the ex- 
ponential expansion, tobe WAT = KT, This result agrees, therefore, 
with that deduced classically on the basis of 47’ kinetic and 4hT 
potential energy. 

Polyatomic molecules also are capable of vibrations, Here 
again it is 4 good approximation to think of the chemical bonds as be- 
having like springs. Such systems of ‘weights’ and springs can be 
set vibrating in a number of different ways. Each of these vibrations, 
called modes of vibration, corresponds to a vibrational degree of free 
dom, Fach such degree of freedom has a set of allowed energy levels 
that is just like that for a diatomic molecule, The vibrational energy 
of a polyatomic molecule is obtained by adding together the thermal 
energy contributed by each of these degrees of freedom, using Eq. 
{51] or [52] to calculate these contributions, 
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FIGURE 4-8 

The thermal vibrational 
energy of a vibrational 
mode as a function of 
the vibrationaL-energy- 


level spacing, 
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FIGURE 4-9 

The three (3n — 6) ways 
in which SO» can vibrate 
and the lower energy 
levels allowed for each 
of these motions. (The 
arrows showing the di- 
rections of vibration can 
be thought of as the 
initial displacements 


that would occur.) 


We must now see how many vibrational degrees of freedom a 
molecule with n atoms will have. If the m atoms were very loosely 
bound together to form the molecule, the total number of degrees of 
freedom of the molecule would be calculated as 3n; that is, 3 transla- 
tional degrees of freedom would be assigned to each atom. For 
actual molecules the bonds are sufficiently strong so that it is usually 
not convenient to think of the atoms moving independently. The 
coupling of the atoms does not, however, change the total number of 
degrees of freedom of the system. Only the way of counting these 
degrees of freedom is changed. 

The translation of the molecule as a whole accounts for 3 degrees 
of freedom. For anonlinear molecule another 3 degrees is attributed 
to the rotational degrees of freedom. The remaining 3n — 6, or 
3n — 5 for linear molecules, must be made up by vibrational degrees of 
freedom. Itis concluded, therefore, that a molecule with n atoms will 
have 3n — 6 (or 3n — 5 if the molecule is linear) vibrational degrees 
of freedom. There will be this number of vibrational-energy-level 
diagrams throughout which the molecules will be distributed according 
to Boltzmann’s relation. 

The thermal vibrational energy of a mole of SOz can be calculated 
to illustrate the procedure for calculating this contribution to the total 
thermal energy. Spectroscopic studies, which will be discussed in 
Sec. 12-2, show that the 3 vibrational degrees of freedom (3n — 6 = 3) 
have the spacings indicated in Fig. 4-9. (The ways in which the atoms 
move in the three vibrations are not important here but are included 
in Fig. 4-9.) The thermal vibrational energy can now be calculated 
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from Eq. [51] or [52] or, for certain temperatures, read, approximately, 
off Fig. 4-8. At room temperature, for example, the 3 vibrational 
degrees of freedom contribute 130 + 70 + 30 = 230 cal/mole. At 
1000°K, where more molecules are spread throughout higher energy 
levels, the total thermal vibrational energy is up to 1330 + 780 + 
640 = 2750 cal/mole. 


4-8. THERMAL ENERGIES 


The contributions of translational, rotational, vibrational, and elec- 
tronic energies to the total molecular energy can now be summarized. 
The thermal energy for 1 mole of a gaseous compound can be 
written as 


E — Eo = Etrans + Erot + Evib + Eelec 


$RT + $RT(or RT) + Evin + O 


lI 


SRR. nonlinear 
= [56] 
8RT + Evip linear 


The information of the previous sections, which shows that the quan- 
tization of translation and rotation is usually of no importance in this 
regard, that an equation is available for the calculation of the vibra- 
tional contributions, and that the electronic excitation is almost always 
negligible at ordinary temperatures, has here been used. 

The above equations can be rearranged to show the energy con- 
tent of an Avogadro’s number of molecules as 


E = Eo + (SRT + Evin) nonlinear molecules 
or [57] 


E 


Eo + GRT + Evin) linear molecules 


It is for such statements as these that the preliminary investiga- 
tion of molecular structure of the preceding chapter has been intro- 
duced. Molecular quantum restrictions are summarized in Table 4-1 


Typical energy-level spacing Thermal energy E — Eo 
ergs /molecule* cal/molet cal/mole 
Electronic 10-11 100,000 0 
Vibrational 10-18 1,000 See Eq. [52] or 
Fig. 4-8 
Rotational 10-16 1 3RT (or RT for 
linear molecule) 
Translational  10~34 Nee 3RT 
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and thermal energies 


*Compare the room- 
temperature value of $kT 
of 2 x 10-14 erg/molecule. 
+ Compare the room- 
temperature value of $RT 
of 300 cal/mole. 
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Figure 4-10 

Schematic representa- 
tion of typical molecular- 
energy levels. Transla- 
tional-energy levels are 
too closely spaced to be 
represented. They are 
spaced by approximately 
10-°kT. A value of kT 
at room temperature is 


assumed in the diagram. 


and indicated schematically in Fig. 4-10. In Chaps. 10 to 12 we 
shall return in more detail to studies of the theory and the experimen- 
tal investigations which deal with the nature of molecules. 

The understanding of the allowed molecular energy levels and 
such derived quantities as the average energy of molecules distributed 
throughout such energy schemes will soon be seen to be a necessary 
preliminary to the full understanding and use of the powerful methods 
of thermodynamics which are now to be studied. Although the meth- 
ods of thermodynamics are very different from the approaches used 
so far and will, in fact, seem at first to be quite unrelated to our search 
for details of the molecular world, they will finally appear as invaluable 
windows into this world. : 


PROBLEMS 


1 Calculate the number of hydrogen atoms that haven = 2 compared with 
the number that have n = 1 at 25°C. At what temperature would 1 per 
cent of the atoms have n = 2? ATS — 25100 she 


2 Indicate by vertical lines erected on an energy abscissa the relative pop- 
ulations of the first five quantum states for an electron confined to a one- 
dimensional square potential well 100 A wide. Make such a chart for 
i —298-kKeand 7 = 10007K 


3 Obtain a relation for e~* by summing both sides of Eq. [11] over all values 
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ALLOWED VIBRATIONAL ENERGIES IN THE 
GROUND ELECTRONIC STATE 


10 


11 


At, Substitute this result into Hq, [11] to obtain an expression that re- 
lates NV, to the total number of molecules % and the energy pattern of the 
allowed states, 
Nye bs 
Ans. N; = oi P 
Lpie fey 
Siteplot Fig, 4-4 by using the data of that figure or repeating the calcula- 
tions with an abscissa scale that is linear in energy. Graphically, obtain 


an average energy and compare with the value $k7T. 


Wy graphical integration of Fig, 4-4 obtain the value of N; that corre- 
sponds to a total of an Avogadro’s number Il of molecules in the sample. 
Keplot Fig. 4-4 with the coordinates (1/%)(dN/du,) and u,, and compare 
with Fig, 2-2, 


The allowed energies for a molecule free to move in three dimensions can 
be written as « = n*h?/8ma*, where n2 = n,2 + nj +n? and nz, ny, 
and n, can take on the values 1, 2,3,.... Use this form for the allowed 
energies and a multiplicity factor suggested by Fig. 4-5 in the Boltzmann 
distribution expression, and deduce the three-dimensional distribution 
expression for the energies and speeds of molecules. Compare with the 


result obtained classically in Sec. 2-6. 


What is the thermal! energy of an Avogadro’s number of rigid, L.e., non- 
vibrating, diatomic molecules at 298°K? At 1000°K? 
Ans. Exgx, — Eo = 1480; Eyo00 — Eo = 4970 cal/mole. 


Imagine a system consisting of three singly degenerate energy levels 
weparated by spacings of 3 x 10-4 erg per molecule. What would be the 
thermal energy of an Avogadro’s number of molecules in such a system 


at 25°C? 


Consider a reaction in which two monatomic molecules combine to give 
a rigid, i.e., nonvibrating, diatomic molecule. Express the energy content 
of each species in terms of the zero-state energy and the translational- 
and rotational-energy contribution. Write an expression for the differ- 
ence in energy between the product and the sum of the reactants. Will 


more or less energy be given out by the reaction as the temperature is 


raised? 


The vibrational energy levels of HCl consist of an evenly spaced set with 
a separation of 2990 cm}, Calculate the ratio of the number of molecules 
in one energy level to the number of molecules in the next-lower level at 
25°C. Do the same for Jy, for which the vibrational energies are spaced 
by 215 em", Ans. (N;/No)HCl = 5.4 « 1077; (Ni/No)l2 = 0.35. 


Compare the limits, at « equal to zero or T = ~, of the energy curves of 


Fig, 4-8 with the values that would be expected if a vibrational mode 


behaved classically. 


17, 
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THE FIRST LAW 
OF THERMODYNAMICS 


5-1. THERMODYNAMICS 


A powerful method for studying chemical phenomena, which can be 
developed quite independently of the atomic and molecular theory 
of the preceding chapters and can be applied to systems of any com- 
plexity, is that of thermodynamics. The name implies a study of the 
flow of heat, but it will be seen that the subject treats the more general 
quantity energy. The energy changes associated with chemical re- 
actions are themselves of considerable importance and will be dealt 
with in this and the following chapter. Even greater chemical interest, 
however, stems from the fact that the equilibrium position of a re- 
acting system can be related to these energy changes. Much of the 
succeeding thermodynamic development will be directed toward 
associating thermal properties with the equilibrium state of a chemical 
system. 

Thermodynamics is a logical subject of great elegance. Three 
concise statements, the three laws of thermodynamics, are made that 
sum up our experiences with energy. From these statements logical 
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deductions are then drawn that bear on almost every aspect of 
chemistry. 

One should note that the great contribution of thermodynamics 
is that it systematizes the information that we obtain from various ex- 
periments or measurements and allows us to draw conclusions about 
other aspects than that measured of the behavior of the system. The 
initial statements of the first law of thermodynamics may, for example, 
seem now to be so obvious as to be unnecessary and not very useful. 
As one proceeds through this and the following chapter, however, it 
will be noticed that the logical developments that follow from this first 
law allow important quantitative conclusions to be drawn that do not 
follow immediately or obviously from the statement of the first law. 

The validity of thermodynamics depends only on the three 
generalizations and on the logic of the succeeding deductions. 
Thermodynamics is therefore independent of any model or theory, 
such as the molecular theory, for the nature of matter. Any alteration 
in our present ideas and theories about the nature of molecules would 
therefore in no way affect the validity of any thermodynamic result. 
Thermodynamics has a permanence which might, for example, be 
compared with that of Euclid’s geometric theorems in plane geometry, 
but which is not shared by our ever-changing views on the nature of 
atoms and molecules. 

Modern physical chemistry, however, attempts to understand 
the nature of the chemical world and does so primarily in terms of the 
atomic and molecular theory. Although thermodynamics can be kept 
aloof from these molecular ideas, it need not be. In practice, one 
deals with thermodynamics most frequently when detailed molecular 
ideas are used to try to explain or calculate some thermodynamic re- 
sult. It will be found that the ability to understand thermodynamic 
quantities on a molecular basis, although not at all necessary for the 
study of thermodynamics, is a very valuable aid to the study of chem- 
istry and of the molecular world. 

The introduction from time to time of molecular explanations will 
provide a concrete model on which thermodynamic quantities can be 
understood. Most students find this quite helpful. It cannot be 
emphasized too strongly, however, that the molecular model need not 
be introduced in our study of thermodynamics. 


5-2. THE EQUIVALENCE OF HEAT AND WORK 


The development of modern thermodynamics requires some prior 
comments on the nature of energy. It is the object of this section to 
recount that heat and work can be considered to be forms of energy. 
Today, when it seems obvious that work used up in overcoming fric- 
tion, for example, appears as heat, it is difficult to realize that a time 
existed when heat and work were not recognized as even being related 
quantities. 


The unlikely beginning of the recognition of the relation between 
heat and work is usually attributed to the ideas of Count Rumford, 
originally Benjamin Thompson of Massachusetts, who was in charge 
of boring cannon in Munich in 1798 for the king of Bavaria. The 
boring operation required a great amount of work and produced much 
heat. Although the accepted theory at the time held that heat was a 
substance, called caloric, and that the boring operation released 
caloric as a result of the grinding up of the iron, Rumford convinced 
himself that the heat was a manifestation of the work that was per- 
formed. It remained, however, for James Joule to make the equiva- 
lence of heat and work generally accepted. His very thorough and 
careful experiments in the 1840s not only showed that mechanical 
work could be converted into heat but also provided a numerical rela- 
tion for the amount of heat obtained when a given amount of work is 
converted to heat. 

In a typical experiment, work was performed by a falling weight, 
and this work was transferred by a system of pulleys to a paddle that 
turned in a container filled with water. In a given experiment the 
work could be calculated from the size of the weight and the distance 
through which it fell. Such work would now be measured in joules, 
one joule being defined as 107 ergs and one erg being the cgs unit of 
work equal to one dyne-centimeter. The heat produced by the stirring 
of the water was measured by the temperature rise and the weight 
of the water. The unit for measuring this heat is the calorie, one 
calorie being the heat required to raise the temperature of one gram 
of water by one degree centigrade. Using different amounts of work 
and various weights of water, Joule found that there was a quantitative 
relation between the amount of work done and the amount of heat 
produced. This relation is now written as 


1 calorie = 4.1840 joules {1] 


(In modern practice, in fact, one takes Eq. [1] as a definition of the 
value of the calorie in terms of joules and in this way avoids the com- 
plications in defining the size of the calorie that arise from the variation 
in the heat capacity of water with temperature.) 

One should appreciate that the deduction of this relation repre- 
sents more than, for instance, the working out of the conversion equa- 
tion between inches and centimeters. In spite of the earlier work of 
Rumford, the quantities given a numerical relation by Joule were not 
even generally accepted as being related until his compelling experi- 
ments received notice. 

Since we shall frequently have occasion to add or subtract ener- 
gies that are heat and work, considerable use will be made of Joule’s 
relation for the mechanical equivalent of heat. 

One should notice that the mechanical equivalent of heat is de- 
duced from experiments in which work is converted to heat rather than 
heat to work. The important process of the conversion of heat to work 
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is less easily performed, and the complications of conversion in this 
direction are, in part, the concern of the second law of thermo- 
dynamics. The Joule relation, nevertheless, applies to conversion in 
either direction, determining the heat produced when a given amount 
of work is converted to heat or the work produced when a given 
amount of heat is converted to work. 


5-3. ENERGY AND THE CONSERVATION OF ENERGY 


The Joule experiments suggest that heat and work can be described 
as different forms of the more general quantity energy and that the 
form of energy can be changed but its total amount is constant, I.e., 
that energy is conserved. It was indeed at about the time of Joule’s 
studies that the important conservation-of-energy law was suggested. 
This generalization, that energy can be neither created nor destroyed, 
is essentially a statement of the first law of thermodynamics. It is 
customary to state this law, as will be done in the next section, in a 
form that is more directly applicable to chemical problems. Before 
doing so, however, it is necessary to make the conservation-of-energy 
law more meaningful by considering what is meant by the term energy. 

The Joule experiment in which the temperature of water is raised 
by the expenditure of mechanical work is an illustration of the 
conservation-of-energy law if heat and work, as previously defined, are 
accepted as forms of energy. Consider, however, what would happen 
if Joule’s experiment were performed with a mixture of ice and water 
in the calorimeter. The expenditure of work would then result in no 
temperature rise, the water-ice mixture staying atO°C. Energy might 
seem to have been used up rather than conserved. The difficulty is 
surmounted by the introduction of ‘‘latent heat’’ as another form of 
energy. The work, it would be said, has gone into melting some ice 
and converting it to water, which, even at the same temperature, has 
a higher energy content. 

One might also consider the process performed when an auto- 
mobile engine charges a storage battery. Work is expended, but 
no appreciable temperature rise or melting occurs. Again, the 
conservation-of-energy law would have to be relinquished except for 
our inclusion of ‘‘chemical energy,’’ resulting from some chemical 
change in the battery, as yet another form to be included in our concept 
of energy. 

One should appreciate from these examples that the conser- 
vation-of-energy law includes the rather flexible word energy. Rather 
than define energy by listing the ways in which it can occur, it seems 
desirable to leave the definition open so that the conservation law 
cannot possibly be violated. Nuclear reactions that create energy 
with no change other than a decrease in mass of the system provide 
a good illustration of the merits of this approach. In such reactions 
the conservation-of-energy law would have been violated if types of 
energy had been listed but mass had not been included. 


This discussion of the forms which energy can take is pertinent 
to a study of chemical thermodynamics since chemical systems store 
energy in ways other than as simple thermal or mechanical energy. 
It is frequently possible to determine changes in the amount of stored 
energy when chemicals react only by adding up the measurable 
amounts of heat and work that occur and then relying on the constancy 
of the total energy to give a value for the change in the less easily ob- 
served chemical energy. It is for such applications that the chemical 
statement of the first law of thermodynamics is designed. 


5-4. THE FIRST LAW OF THERMODYNAMICS 


In chemical systems the conservation-of-energy law is most easily 
handled in terms of three quantities: the work that is performed, the 
heat that flows, and the energy that is stored in the system. To be 
more specific, we consider some process that takes a system from an 
initial state represented by a to a final state represented by 6. The 
system may be anything from a mechanical device to a container 
holding one or several chemical compounds. The process may be a 
change in temperature or pressure, the doing of mechanical work, 
the occurrence of a chemical reaction, and so forth. It is convenient 
to introduce the symbols 


q = heat absorbed by the system 
w = work done by the system 
AE = change in internal energy of the system 


It is important to memorize the exact meaning of these symbols. If 
heat is absorbed by the system, for example, q has a positive value. 
If heat is given out, g has a negative value. Likewise, if the system 
does work on the surroundings, w has a positive value, whereas if the 
surroundings do work on the system, w has a negative value. 

The first law of thermodynamics can now be stated by the two 
equations 


AE=q-—w 
and 


The first equation expresses the conservation result that any net 
energy in the form of heat and work, g — w, is not created or destroyed 
but must correspond to the change AE in the stored energy. 

The second equation states that, for a process taking the sys- 
tem from state a to state b, the internal-energy change depends only 
on state a and state b and not on the way in which the system was 
transformed from one state to the other. This is also a generalization 
of our experiences with energy. 

Consider the cyclic, schematic process of Fig. 5-1 that carries 
the system from a to b and then back toa. If two paths were available 
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FIGURE 5-1 

Illustration of the fact 
that for E to be a state 
function, fp dE = 0 and 


AE is independent of 
path. 


that had different values of AE, it would be possible to carry the sys- 
tem around the cycle and end up with more stored energy than initially. 
But no matter what is done with, for example, 1 g of water at 25°C 
and 1 atm pressure, 1 g of water at 25°C and 1 atm pressure always 
has the same internal energy. It is not possible, therefore, to use 
such a sample and to gain a net change in g — w for a process that 
returns the water to its original state. Since a net change in AE for 
a cyclic process is never observed, it follows that, no matter how the 
system is taken from a to b, the internal-energy change will be the 
same and will depend only on states a and 0b. 

This independence on reaction path is neatly expressed by the 
fact that the function remains unchanged when a cyclic process is 
performed and the system is returned to its initial state. Mathemat- 
ically, this is stated as 


pak =O [3] 


Functions such as the internal energy, for which the cyclic in- 
tegral is zero, are known as state functions and will be denoted by 
capital letters. With this understanding the first law can be simply 
expressed as 


IND, = 6) = wD [4] 


For an infinitesimal change in the system the first law is 
written as 


dE = dq — dw 


where the canceled a's indicate that the derivative, like any changes 
in the functions q and w, are dependent on the way in which the 
process occurs. The symbol d indicates what is called an inexact, 
or imperfect, differential; the symbol d indicates an exact differential 
and appears only before state functions. 

Some of the important consequences of the fact that dE is an 
exact differential and E is a state function can be pointed out by con- 
sidering the dependence of the internal energy of a sample, a gas for 
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This analytical expression could, alternatively, be shown graphically, 


as is done in Fig. 5-2. From either the analytical or geometric 
approach—if the actual dependence were known—one could determine 
the separate dependence of EF on P and T. In this way one would 
obtain the partial derivatives 


yy ap). 
where, it will be recalled, the subscript signifies the variable that is 
held constant. A general infinitesimal change in E can be written in 
terms of these slopes, or rates of change, and of the changes dT and 
dP that are involved in the general process. This leads to the total 
differential 

dE = (4) dT (4) dP 

ety. 2 Pye 

An often important relationship between the two partial derivative co- 


efficients that stems from the independence of dE on the path, or 
order of the change, is 


eee ee (28) 
oP \oT /p oT \OP/r 
Finally, we should note that g and w are not state functions, dq 
and dw are not exact differentials, and therefore that relations of the 
type shown for dE cannot be written. 
We shall see as we proceed and encounter a number of new state 


functions that the properties of the exact differential can be of value 
in the deduction of needed relations. 


FIGURE 5-2 
The derivatives of the 


state function E. 
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This first law of thermodynamics is used in chemistry in @ num- 
ber of ways. The measurement of ¢ and w for a chemical reaction, 
for example, allows the calculation of the difference in internal energy 
of the reactants and the products. Such internal-energy terms are of 
considerable direct importance. The explanation of such internal 
energies, moreover, represents 2 challenge to our molecular theories 
that leads us into a fuller understanding of the molecular basis of the 
energies of chemical systems. 

Before applying the first law to chemical systems, some prep 
erties of heat, work, and internal energy will be illustrated by simele 
examples, 


5-5. DEPENDENCE OF ¢ AND w ON THE REACTION PATH 


In taking a system from some state @ to some mew state 4, a number 
of different paths are generally available. It is important to recognize 
that, although the internal-energy change will be the same for ail 
paths, the amounts of heat and work will generally be different for 
different paths. This is implied by the use of the smaill letters ¢@ and 
w to represent heat and work. That ¢ and w depend om the reaction 
path can be illustrated by examples. 

The weight of Fig. 5Se might be taken from its initial pesitien 
@ to its final position 5 in two very different ways. If the weight 
is attached over a pulley to another slightly smaller weight, the process 
can be carried out so that no heat is evolved but the system performs 
work on the second weight. Alternatively, the weight is simply ak 
lowed to drop, which means that no work is done by the failing weight 
but heat is generated as a result of its impact with the floar, As the 
weight cools to room temperature, it would be found that an amount 
of heat would be evolved that would be equal te the work dome ih the 
first process. Both processes have the same initial and final states. 
and the first law requires, therefore, that AE be the same for each 
process. In the first process ¢ is zero and w has a positive value. 
Tn the second process ¢ has a negative value and w is zera. 

A second illustration is shown im Fig. 53a State e consists at 
a chamber with gas in one half and the other half evacuated. State 
6 consists of this same amount of gas filling the entire chamber. 
Again a number of different ways. or paths, are available for Raking 
the system from @ to 6. The simplest is to open &@ stopcock im the 
partition and allow the gas to rush inte the evacuated Compartment, 
By this process the gas does no work on the Surroundings, and it is 
found that, if the gas behaves ideally, no heat will be given ut or 
absorbed. It follows from Eq. [4] that there is no difference in the 
internal energy of the gas in the states @ and & An alternative path 
for the process consists in letting the Sas expand against a piston 
until it again fills the entire container. If this arrangement IS used, 
the gas does work on the piston. It is found that, if the temperature 


is to be kept constant, an amount of heat equal to this amount of work 
must be added. Again it is seen that g and w depend on how the 
process is performed but that AE depends only on the states a and 6. 

A similar variety of available paths occur in chemical processes. 
Consider two different ways in which Ho, Cle, and water can be con- 
verted into a hydrochloric acid solution. One process, illustrated in 
Fig. 5-3c, involves the direct reaction of Hz and Cl2 to form HCI gas, 
which can then be dissolved in water. For this process a considerable 
amount of heat is given off both in the He, Clz reaction and in the solu- 
tion of HCl in water. Only a small amount of work would be involved. 
A second process would consist in making Hz give up electrons and 
Cl. accept electrons as in the reactions 


Hz — 2H* + 2e7 
2e— + Cle > 2Cl- 
Ho + Clo Ss 2) 4h AQF 


The net reaction, since the process would be performed in water, is the 
formation of hydrochloric acid. Such reactions can be performed in 
an electrochemical cell, as illustrated in Fig. 5-3c, in which the flow 
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FIGURE 5-4 


The work of expansion: 


dw = fdl = P dv. 


of electrons can be made to do electrical work. When the reaction is 
performed in this way, a large amount of work is done by the system 
and at the same time some heat is liberated. Again the amounts of 
heat and work are dependent on the path, but it would be found that 
AE is again dependent only on the initial and final states. 

It is necessary to emphasize this essential difference between 
AE and the quantities g and w because we shall frequently calculate 
AE from determinations of g and w. If we had sufficient detailed 
molecular information on the states a and 6, as we do in some systems 
involving ideal gases, we could calculate H, and E), relative to some 
agreed-upon reference point, directly. It would then be immediately 
obvious that AE equals HE, — E, and is dependent only on the states. 
aand b. 


5-6. WORK IN CHEMICAL PROCESSES 


In almost all the chemical examples considered in the first half of this 
book the work term will be a consequence of the expansion or contrac- 
tion of the system against an external pressure. Later chapters will 
deal with electrochemical systems where the work results from the 
production of electrical energy. For present purposes, it is conven- 
ient to have an explicit expression for the work performed by a change 
in the volume of the system against a confining pressure. 

A gas or liquid in a cylinder, as in Fig. 5-4, ata pressure P exerts 
a force on the piston which can be balanced by a force f acting on the 
piston shaft. If the piston has a cross-section area A, the pressure 
P, being the force per unit area, produces a force 


f= PA [5] 


For an infinitesimal expansion resulting from a movement dl 
of the piston, the work is calculated from the force times the distance 
through which the force moves as 


dw = fdl [6] 


which, with the insertion of A in the numerator and denominator, can. 
be written as 


[7] 


In this latter form, f/A can be identified with the pressure in the 
cylinder and A dl with the change in volume of the cylinder. Thus, 
when the force of the piston balances that of the gas, the work 
of expansion can be written in the often convenient form 


or 


w= [° Pav [8] 


The integration can, of course, be performed only if a relation is known 
between the pressure of the gas or liquid in the cylinder and the 
volume of the cylinder; i.e., the value of w can be calculated only if 
the path of the process is specified. It should be noted that, when 
the system expands and does work, dV is positive, and, in agreement 
with our previous sign convention, dw is positive. 

The derivation of Eq. [8] has assumed a state of balance in the 
system. The pressure of the gas has been taken as exerting a force 
PA equal to the force f which the piston shaft utilizes to do work. Ex- 
pansion under these conditions would in reality not occur. In other 
situations the expansion might be performed with the force due to the 
gas appreciably greater than that necessary to move the piston back. 
Then the work of the process is the force that the piston shaft sustains, 
which now is less than PA, times the distance through which the force 
acts. Under these conditions one can recognize that the piston will be 
driven back very effectively but that less work will be obtained from 
the expansion than would be calculated for the expansion proceeding 
at a state of balance. 

The important, idealized cases in which the forces are balanced 
or infinitesimally away from balance are said to be reversible, and the 
name arises, in this example, because the work performed by the ex- 
pansion could be stored and, by an infinitesimal change in the force 
on the piston shaft, could be used to reverse the process and com- 
press the gas to its original volume. A return to the three examples 
of the preceding section will show, in the last column of Fig. 5-3, other 
examples of processes carried out reversibly. 

If the gas is expanded in a process in which the force exerted by 
the gas is greater during the expansion than is the force on the piston 
shaft, the process is said to be irreversible. Again Fig. 5-3 extends, 
in the second column, the examples of very irreversible processes. 
In each of these examples the essential difference between irrevers- 
ible and reversible processes is illustrated. In the former little or no 
work is obtained from the process but the process proceeds under 
a strong driving force, whereas in the latter the most work that could 
be obtained from the system is provided but the system is ata state 
of balance and the process does not proceed. In practice, of course, 
paths that are intermediate between the two extremes illustrated could 
be taken. Since all processes in real systems occur only because 
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FIGURE 5-5 

Apparatus for the Joule 
experiment on the heat 
effect of expansion of a 


gas. 


of a lack of balance, all real processes will be somewhat irreversible. 
To the extent that the process proceeds out of balance, i.e., is irrevers- 
ible, the work obtained will be less than that calculated for a reversible 
process. 


5-7. THE INTERNAL ENERGY OF AN IDEAL GAS 


It is often convenient, both in introductory illustrations and in actual 
practice, to treat gases as if they behave ideally. Such behavior in- 
troduces considerable simplicity into many thermodynamic results. 

An important experiment by Joule in 1843 was directed at the 
study of the internal energy of a gas, and since the early experiments 
were not very sensitive, they led to a conclusion that is now recognized 
as incorrect for real gases. His result, however, is taken as a charac- 
teristic of ideal behavior. The experiment performed in an apparatus 
such as that depicted in Fig. 5-5 consisted in filling one of the two bulbs 
with air at a pressure of about 20 atm, the other bulb being 
evacuated. The surrounding water bath was stirred, and its temper- 
ature was recorded. The stopcock connecting the two bulbs was then 
Opened, and the thermometer was read. In these experiments Joule 
observed no temperature change. (More sensitive experiments would 
show that real gases do generally show a small temperature effect, 
as will be discussed in a later section.) Joule’s result corresponds, 
however, to ideal behavior. 

From Joule’s experiments it is deduced that since no net work 
can be done by the gas on the surroundings and no heat is detected to 
be given up or absorbed, the internal energy, according to Eq. [4], 


must remain unchanged, The total differential for / can thus be set 
equal 10 7610 10 give 


y On 0 y 

dtm (0) dv + (2%) dt’ = 0 
“ VY va o 7 Y 

OF On rearranging and indicating that changes in V and 7’ are such that 

consiamt intemal energy is maintained, one obtains 


(74) (4) (25) ‘i 
aV y i ¥ )V Ke 19) 
the observation of Joule that (07/0 V )y was, in his experiment, equal 


19 7810 \eads to the important result, which we now take to be one of 
the characteristics of ideal gas behavior, 


(34) 0 [10] 


A more complete characterization of an ideal gas than that given in 
Sec, 1-7 is therefore that not only the equation of state, PV = nkT, 
is applicable, but so also is (04 /0V )y = O, 

the result (E/0V jy = O can be used to obtain other expres- 
sions which are sometimes convenient, For example, since at con- 
stant temperature P and V are simply dependent, one could have 
expressed the Joule result as (04 /0P)y = 0, These two partial deriv- 
atives could also be seen to be related through the properties of partial 
dérivatives which give 


(22) = (25) (28), 


Since (0V/oP)y is generally not zero, we see that a zero value for 
(OK /OV )y implies a zero value for (01/0P)y, 

The independence of 1 from P and V, if we are dealing with a 
gas that behaves ideally, implies that Ky is a function only of 7. 
Formally, we see this by writing, for example, the total differential 


i! On (28) vf) 
db (3 f) dv + (%) at 


which, with OH/0V jy = O, gives 

dh (22) 

dT OT] y 
Thus, for ideal gas behavior, W changes with Tin the same manner 
for undefined volurne and pressure conditions as it does for constant 
volume or constant pressure, The independence of the internal 
energy from pressure and volume vives the frequently useful result 
that the internal energy of an ideal gas depends only on the tempera- 
ure, 

This result is immediately understandable on the basis of our 


kinetic molecular model and the discussion of thermal energy in the 
preceding chapter, The absence of attractions and repulsions be- 
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tween the molecules of a gas was seen to be the basis for obedience 
to the PV = nRT law. The absence of such interactions, further- 
more, means that the energy of the gas will be unaffected by the aver- 
age distance between molecules and will depend only on their distribu- 
tion throughout their allowed energy levels. For nonideal gases and 
for liquids and solids, on the other hand, these interactions do occur, 
and the molecules have a different average potential energy when the 
average intermolecular distance is changed. In general, therefore, 
E does depend on Pand Vas well as on TJ. Only for ideal gases is the 
dependence only on T. 


5-8. ILLUSTRATIONS OF THE EQUATION AE = gq —w 


Two examples, of a rather nonchemical nature, can now be given to 
illustrate how the first law of thermodynamics is applied. 


Example 1 Calculate g, w, and AE for the conversion, at 100°C and 
1 atm, of 1 mole of water into steam. 

The heat required for this process is the latent heat of vaporiza- 
tion, which is given in tables as 9720 cal/mole. Thus we have 
immediately 


Ga— 9720;cal 


Since the work done in the process results from the expansion 
of the system, it is calculated from dw = P dV. Furthermore, the 
pressure remains constant, and the integration gives 


w =f Pav=Pf- dV 


= P(V2— V,) 
The volume of 1 mole of liquid water V, is about 18 cc, and the volume 
of 1 mole of steam V2 can be estimated from the ideal-gas value of 
V2 = (373/273)(22,400) = 30,600 cc 
The work of expansion is then obtained, to three significant figures, as 


w = (1)(30,600 — 18) = 30,600 cc atm 
= 1/40) Cel 


The first-law equation now allows the calculation of the internal- 
energy change as 


AE = q — w = 9720 — 740 = 8980 cal 


For this process most of the added heat is seen to go into in- 
creasing the internal energy of the water, and only a small fraction is 
expended in pushing back the atmosphere. 

It should be noted that the direct calculation, on the basis of 
our knowledge of molecular behavior, of the energy of 1 mole of liquid 


water compared with 1 mole of steam would be a task that is still so 
difficult that it could not be accomplished. The thermodynamic 
method lets us obtain this quantity from easily measured or calculated 
energy effects. 


Example 2. Calculate g, w, and AE for the reversible expansion of 
10 moles of an ideal gas from an initial pressure of 1 atm to a final 
pressure of 0.1 atm at a constant temperature of O°C. (A reversible 
expansion, it will be recalled, is one in which the confining pressure 
is just infinitesimally less than the gas pressure throughout the 
expansion.) 

Since q cannot now be directly calculated, we proceed to the 
other two quantities, AE and w. 

The internal energy of an ideal gas, as was seen in the previous 
section, depends only on the temperature. In this expansion the 
temperature remains constant, and we can write 


Ae 


Again the work term is work of expansion and is calculated from 
fP dV. Both Pand V change as the expansion occurs, but the rela- 
tion PV = nRT, with constant T, allows the integration to be per- 
formed. Thus 


V2 V2 
= [nET av = nRT In v] 
yO. We 


Vo _ ig 
nRT \n A nRT In P, 


The final expression in terms of pressures follows from the fact that 
the temperature is constant, and 


V. 1z 
PV; = PeoV2 or ois 


Substitution of numerical values gives 


w = (10)(1.987)(273)(2.303) log (1.0/0.1) 
= 12,500 cal 


Finally, the first-law expression is used to obtain 


= 0 + 12,500 
= 12,500 cal 


In this example all the absorbed heat is expended in the work 
of expansion, and the internal energy of the gas remains unchanged. 
One should note that these two examples illustrate a typical 
procedure in thermodynamic calculations that not only helps one in 
problem solving but also reminds one of the role that thermodynamics 
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plays. There are a number of properties of systems and processes 
that are within the realm of thermodynamics, and there are several 
important thermodynamic equations, such as AF = q— w, that 
relate these quantities. The contribution of the thermodynamic pro- 
cedure is that quantities not directly given from measurements or 
calculations can be deduced from these equations. One therefore 
should be aware of these few basic relationships, should deduce those 
quantities appearing in these equations where one can, and then use 
the equation to obtain the remaining quantity. 


5-9. CONSTANT-VOLUME PROCESSES 


A special type of process often encountered is one which proceeds at 
constant volume. Here some of the special features of such proc- 
esses are treated. 

For a constant-volume process the work of expansion is zero, 
and if no other work, such as electrical work, is performed, the first- 
law equation takes on the special form 


AE =q [11] 


The heat evolved or absorbed gives directly the change in internal 
energy. 

Heat capacities, particularly for gases, are sometimes studied 
in constant-volume systems. The heat capacity at constant volume, 
denoted by Cy, is defined as the heat absorbed per degree rise in 
temperature for a system held at constant volume. Symbolically, we 
write 


Cr = lim (<) 12 
ii AT>0 AT V constant ! ] 


In view of Eq. [11], the definition of the constant-volume heat 
capacity can also be written as 
AE) om (24) 
ie V constant bi oT 4 ‘ [13] 


One might note that this form shows that Cy is the coefficient of dT in 
the total differential of E with respect to Tand V. Thatis, 


Cy = lim 
AT>0 


0K 0K 
ONT = (22 ) an ele (4 ) dV [14] 
becomes 
dE = Ot oe it) V 
Cyd (24 ; d [15] 


The special case of the constant-volume heat capacity of an 
ideal gas is sometimes encountered. The internal energy of an ideal 
gas was seen, in Sec. 5-7, to be independent of P and V, and therefore 
the restricting subscript on Eq. [13] can be dropped or the second 


partial derivative coefficient of Eq. [15] can be recognized to be zero. 
Thus, for an ideal gas, 


dE 
Cy = dT and dE = Cy aT [16] 


regardless of changes in pressure and volume. 


5-10. CONSTANT-PRESSURE PROCESSES AND ENTHALPY 


Even more frequently encountered in chemistry than constant-volume 
processes are those performed at constant pressure. All reactions 
occurring in the open and subject to atmospheric pressure are ex- 
amples. A new thermodynamic function that is particularly conven- 
ient for dealing with constant-pressure processes is now introduced. 
This function, denoted by H, is defined by the equation 


H=E+PV [17] 


and is called the enthalpy, or the heat content. The former term is 
preferable since it avoids the implications of the latter. Since FE and 
PV depend only on the state of the system, i.e., are state functions, 
so also is the enthalpy, and it is therefore designated by a capital 
letter. It is well to recognize that Eq. [17] is the defining equation 
for the enthalpy, and it is therefore a generally applicable equation 
that can be used in any calculation involving enthalpy. 

That the enthalpy is particularly convenient for constant-pres- 
sure processes can now be shown. For any infinitesimal change in 
the system the enthalpy change is related, according to Eq. TAL ww 
changes in the other variables by 


dH = dE + PdV + VdP [18] 


If no work other than expansion is involved, as here is usually the 
case, P dV can be put equal to dw, and the first law can be used to 
replace the first two terms on the right of Eq. [18] by 


dE + PdV = dE + dw = dq [19] 


Moreover, for a constant-pressure process, dP = O and Eq. [18] re- 
duces to 


dH = dq [20] 


For processes at constant pressure we have the frequently useful 
result that the change in enthalpy is equal to the heat absorbed. 

The enthalpy should be recognized as a property rather like the 
internal energy. For solids and liquids, as we shall see, changes In 
enthalpy are usually almost equal to the changes in internal energy. 
This follows from the fact that for these states the volumes are 
relatively small and changes in the PV term are often negligible. 

It is perhaps easiest to see that enthalpy is a measure of the 
energy content of a system, as is internal energy, by considering the 
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energy absorbed by a gas when the temperature is raised. Focusing 
our attention on the individual molecules of the gas, we can picture the 
increase in the translational, the rotational, and the vibrational energy 
of the molecules of the gas as a result of this temperature rise. All 
these changes are included in the increase in internal energy EF of the 
system. An additional amount of energy is taken up by the system, 
however, as a result of the work of expansion. This work is an addi- 
tional energy-storage mode of the gas, and since the enthalpy is 
defined as H = E+ PV, the enthalpy change measures not only 
the energy stored in the individual molecules of the gas but also that 
which depends on the total volume occupied by the gas. Thus both 
H and E measure the energy content of a system, but they do so in 
somewhat different ways. 

Measurements of heat capacities are made at constant pressure 
as well as at constant volume. The constant-pressure heat capacity 
Cp is defined as 


Cp = lim (4) 21 
Z AT—0 AT P constant : 


Furthermore, in view of the constant-pressure result, Eq. [20], we can 
write 


cH : 

For ideal gases some simplification is again possible. Since FE 
and PV are then functions only of temperature, it follows from the 
definition of H that it also is a function only of temperature. For the 
special case of ideal gases one can eliminate the restriction of con- 
stant pressure and write 


dH 
Ce=S5 or = dH = Cpa [23] 


5-11. THE HEAT-CAPACITY DIFFERENCE cp — cy 


Some interesting, and often useful, results are obtained when one 
investigates the difference between the two heat capacities that have 
been defined. Let us first look at the particularly simple case of an 
ideal gas. 

For 1 mole of an ideal gas the special heat-capacity expressions 
Cy = dE/dT and cp = dH/aT obtained in the previous sections can 
be substituted into the equation 


dH _ dE , dPV) 
aT dl aT [24] 


which follows from the defining equation for H. One obtains. recog- 
nizing also that for a gas that obeys Pv = RT the final derivative is 


simply R, the well-known relation 
Cp = Cy + R [25] 


This relation is understandable in terms of the molecular model 
when it is recognized that to raise the temperature of a gas at constant 
volume it is necessary only to increase the internal energy of the gas. 
When the temperature rise occurs at constant pressure, one must 
add heat, not only to increase the internal energy but also to take care 
of the work of expansion. The work of expansion, when 1 mole of an 
ideal gas is heated 1° at constant pressure, is calculated as 


w = [ Pdv = [ aPv) - ie RaT=R [26] 


For nonideal gases, as Table 5-1 shows, and for liquids and solids, 
the difference in cp and Cy will not be given by Eq. [25]. Since the 
expansion of liquids and solids with increasing temperature is rela- 
tively small, the work of expansion is also small. The explanation of 
the source of the difference cp — Cy given above suggests, therefore, 
that Cp — Cy will generally be smaller for liquids and solids. Let us 
investigate this by developing a thermodynamic, exact result for 
Cp — Cy that will apply to any system. 


We begin with 
le ry oH) - (4) 27 
Besa brie = BerENG ty. 27] 


and rearrange the first term on the right by introducing H = E + IBVe 
so that only E, instead of EF and H, is involved. One gets 


ee ey) 28 
2 ed So (22) ba Pgs ae Naty Eo 
The two terms involving E can be clarified by first writing the total 
differential 


= (22 ar) 29 
a (2) av + ae eee vd) 
and then dividing by dT and stipulating constant pressure to give 
(27), = (3), (Gr), + Gr) (30 
edb P aV if oT P oT Vv 
Cp — Cy (cal/deg mole) 
aac) Cz He 0 Tm 
0 atm 50 atm 100 atm 200 atm 
NN 
—50 (1.987) =e 44 bis 
0 (1.987) 2.6 3.2 4.0 
100 (1.987) 2.3 723 2.9 
200 (1.987) 1,1 Diu 2.4 
400 (1.987) 2.0 Dal Die 


a 
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TABLE 5-1 
Cp — Cyfor No as a 
function of temperature 


and pressure* 


* From data of W. E. Deming 
and L. E. Shupe, Phys. 
Rev., 37:638 (1931). 


TABLE 5-2 
Joule-Thomson 
coefficients, 
tur = (€T/eP ip 


for He and Nz 


Substitution of this relation in Eq. [28] gives the desired expression 


Ce— Cr=[P + (=) \($), (32) 

The term P[(@V/eT)p] in this expression can be recognized as 
giving the contribution from the energy spent in expanding against 
the external pressure; it is this term, as one sees by using PV = RT. 
that leads to the R term for ideal gases. The second term involves 
the dependence of the internal energy on the volume and the volume 
on the temperature. For ideal gases, as shown in Sec. 5:7, this term 
vanishes because the internal energy does not vary with the volume. 
For liquids and solids, and in fact gases which do not behave ideally, 
the internal energy and the volume are dependent, as one can readily 
picture if intermolecular forces are acting throughout the system. A 
further thermodynamic treatment given in Sec. 164 will show that 
the final term of Eq. [31] can be related to the compressibility of the 
material and to its coefficient of thermal expansion. 


5-12. THE JOULE-THOMSON COEFFICIENT 
FOR REAL GASES 


Foliowing the experiments of Joule that failed to detect a heat effect 
when a gas was allowed to expand freely, more refined and sensitive 
experiments of a different type, but directed toward the same end. 
were performed by Joule and Thomson. Since these results on the 
temperature change experienced by real gases, as these gases expand 
freely, are of great practical importance in the liquefaction of Gases, 
as we Shall see later, it is now necessary to report the type of experi. 
ment and the results of Joule and Thomson. 

In their experiments a flow system was used which allowed the 
gas to pass from a high pressure to a low pressure through a throttling 
valve. The system was thermally insulated, so that, as the S8s passed 
through the valve, no heat could be absorbed or given off: that is, 
g= Q. 

The measurements consisted of the pressure and temperature 
readings on either side of the throttling valve. In this way @ sensitive 
measure of the temperature change of the Sas OM expansion was of 
tained. Typical results are those shown in Table 5-2. and it is clear 
that in these experiments the small temperature changes that occur 


e (eT. eP)» (eT/ePe 
tCQ a 
: for He for Ny 
Seen 
—10 —0.08 Qes 
Q — 0.02 Q266 
100 —Q0S Q129 
200 —0.0S 0.086 


—_—-_-_—_————————— 


are sufficient to be detected and measured. It is results such as 
these to which we shall return when the liquefaction of gases is studied. 

It is of interest to investigate what happens to 1 mole of gas as 
it passes through the throttling valve from the high pressure P; to 
the low pressure P,. The heat absorbed q has already been said to 
be zero. 

The net work can be easily calculated by reference to Fig. 5-6, 
where we think of one piston operating to push 1 mole of gas through 
the valve and another piston operating to retain the gas at the low- 
pressure side of the valve. The work done on the gas by the first 
piston is 


Pdv =P, {dv = Pav [32] 


V 


and the work done by the gas on the second piston is similarly P2Vo2. 
The net work w is therefore 


w = Pov2 ~ PiVi [33] 
Substitution of known quantities in the first-law expression 
AE=q-—w 

gives 


E2, — Ej = 0 — (P2vV2 _ P,V;) 
= Pv; — Pov 


or 

Eo + Pove = Ei + Pivi [34] 
or finally, 

H = Hy [35] 


This analysis shows that the throttling process is one which 
operates at constant enthalpy. A more exact statement of the results 
of a Joule-Thomson type of experiment is that it gives (0T/0P)y. Itis 
customary to define the Joule-Thomson coefficient pyr as 


Du 
a (2 . [36] 


and it is this quantity which has been exhibited in Table 5-2. 


HIGH PRESSURE P, 


LOW PRESSURE P, 
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FIGURE 5-6 
Schematic representa- 
tion of the Joule-Thom- 


son throttling process. 
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The data for usr show that a gas either may cool down in an ex- 
pansion, when pyr is positive, or may heat up, when pyr is then neg- 
ative. At room temperature all gases except hydrogen and helium 
have positive values for usr and are therefore cooled by expansion. 
At temperatures below —80°C the coefficient for hydrogen becomes 
positive, and below about — 220°C that for helium becomes positive. 
We shall see later that these data have considerable practical 
importance. 


5-13. ADIABATIC PROCESSES 


Frequently, one deals with a process like that of the previous section, 
which, either from the insulation around the system or from the speed 
of the reaction, occurs with no appreciable heat exchange between 
the system and the surroundings. Such processes, with 


q=0 and AE = —w [37] 


are known as adiabatic processes. 

In the following chapter particular use will be made of such a 
process that involves an ideal gas, and here the equations that show 
how an ideal gas behaves under adiabatic conditions are developed. 

For an infinitesimal process that acts on n moles of an ideal 
gas the internal-energy change can, according to the discussion of 
Sec. 5-9, be expressed as 


dE = ncydT [38] 
The work for a reversible expansion is 


which, on insertion of the ideal-gas-law expression for P, becomes 


dw = nRT SY [39] 


Equations [38] and [39] can be inserted into Eqs. [37] to give 
ncy dT = —nRT 


or 


Gydr dV. 
pr [40] 


For a process that takes the gas from a volume V, ata temperature 
T, to anew volume V2 at a temperature T>, one has 


OF ee eee RCC 
Iie dig, 4 Vana 
or 
Cy T» Vo 
| = PetZk 
R n T, In V, [41] 


On rearrangement, and after antilogarithms have been taken, this 
result can be written as 


Vee Vere [42] 


A frequently more useful arrangement is obtained by substi- 
tuting for T; and T» the ideal-gas-law expression T= PV/nR and 
Cp = Cy + Rto get 


PyV,°P/°v = P2V2°P/°v [43] 


The ratio of the two specific heats frequently occurs, and is given the 
designation 


yah [44] 


With this notation the variation of pressure and volume of a reversible 
adiabatic process involving an ideal gas is given by 


P,V," = P2V2" [45] 
or 
PV” = const [46] 


On plots of P versus V, curves for adiabatic processes are 
steeper than are those for isothermal processes, as is indicated in 
Fig. 5-7. When a gas expands isothermally, heat is absorbed to 
make up for the work done by the gas. For an adiabatic expansion the 
work of expansion uses up the thermal energy of the gas. As a result 
the temperature falls, and the pressure change, for a given expansion, 
is greater than in the corresponding isothermal expansion. 
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FIGURE 5-7 
Reversible isothermal 
and adiabatic expan- 
sions of 1 mole of N2 
from 10 atm and 25°C 
to 1 atm. (For N2 at 
BCs 9 = HAO) 
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5-14. MOLECULAR INTERPRETATION OF THE 
INTERNAL ENERGY AND ENTHALPY 


Two of the thermodynamic properties that have been introduced so 
far are the internal energy and the enthalpy. These are state func- 
tions; |.e., they are properties of the system. It should be possible, 
therefore, if our understanding of the detailed nature of the molecular 
world is sufficient, to calculate these properties. Such calculations 
are, in fact, possible, but are difficult and rather unsatisfactory for 
other than ideal gases, and even then are only for the thermal part of 
the internal energy and enthalpy. The behavior of liquids and of all 
but the simplest solids is still too little understood to allow us to extend 
such calculations. In spite of these limitations, the calculation of 
thermodynamic properties of ideal-gas systems on the basis of the 
molecular model will lead to a better general appreciation of these 
quantities. It must be emphasized again, however, that the thermo- 
dynamic development does not require this molecular interpretation. 

In the previous chapter it was pointed out that in the molecular 
approach it is helpful to divide the energy of a molecule into two terms. 
The first of these terms represents the energy of the system for all 
molecules in their lowest allowed energy level. In anticipation of the 
introduction of the internal-energy property, this was denoted by Eo. 
The second term gives the thermal energy, denoted by — — Eo, which 
represents the thermal, or excitation, energy. The use of the symbols 
Eo and E — Eo, the sum of which must be &, is in keeping with the use 
of this symbol for the thermodynamic internal energy. 

The enthalpy function can also be written for molecular inter- 
pretation. A subtraction of Eo from each side of the defining equation 
for the enthalpy gives, for 1 mole of the gas, 


H — Eo = (E — Eo) + Pv [47] 
For a mole of an ideal gas, furthermore, this expression becomes 

H — Eo = (E — Eo) + RT 
or 

H = Eo + (E — Eo) + RT [48] 


The thermal contribution to the enthalpy can be calculated if the 
thermal-energy term E — &o can be obtained. 


5-15. CALCULATION OF THE INTERNAL-ENERGY 
AND ENTHALPY FUNCTIONS 


A calculation of the thermal-energy functions E — Eo and H — Eo for 
NO» will illustrate the molecular approach to thermodynamic quan- 
tities. For this molecule, which will later be shown to be nonlinear, 
there will be 3 translational degrees of freedom, 3 rotational degrees, 
and 3n — 6 = 3 vibrational degrees. A spectroscopic study shows 


that the three vibrational modes have energy-level schemes with 
spacings of 750, 1323, and 1616 cm~}, or 1.49, 2.63, and 
3.21 x 10718 erg per molecule. 

With these data we can calculate the energy that a mole of NO: 
gas has as a result of the molecules occupying energy levels other 
than the lowest available ones. The calculation is summarized in 
Table 5-3. As will be recalled, only the vibrational contribution re- 
quires a detailed calculation. The results presented are calculated 
from Eq. [52] of Chap. 4. The thermal-enthalpy function H — Eo 
is obtained, by reference to Eq. [48], as 


H — & = (Ee — &) + RT 
= 1845 + 592 


= 2437 cal/mole [49] 
At first it is perhaps more informative to write 
E = Eo + 1845 cal/mole 
[50] 


H = Eo + 2437 cal/mole 


In this form the breakdown of the internal energy and the enthalpy 
into a lowest-level energy and a thermal-energy component is more 
apparent. 

The calculation of such quantities should further emphasize 
that, although in thermodynamic calculations changes in E and H are 
often calculated from g and w, the functions E and H are state func- 
tions and can be calculated for particular conditions without regard 
to changes or paths. The calculations leading up to Eqs. [50], further- 
more, again show that, for ideal gases, E and H are functions only 
of the temperature. One can calculate the thermal contributions to 
E. and H for 1 mole of an ideal gas if, in addition to the properties of 
the molecules of the gas, only the value of the temperature is given. 

Although the lowest-level energy term Eo has yet to be dealt 
with, one should see that the molecular approach to thermodynamic 
properties provides an additional valuable way in which to look at and 


Contributing term Energy (cal/mole) 
Translational 4RT = 888 
Rotational 3RT = 888 
Vibrational: 
= 149% 10713 x = 3.63 AES = 60 
€ = 2.63 x = 6.40 _RIx_ _ 7 
et — | 
Al x = 7.80 lr) 
et — | 
Electronic | 


E — Eo = 1845 
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TABLE 5-4 

The enthalpy function 

H — Eo at various 
temperatures* (the 
internal-energy function 
E — Eo Is obtained by 
subtracting RT from the 


tabulated values) 


*F. A. Rossini et al. (eds.), 
Tables of Selected Values 
of Chemical Thermody- 
namic Properties, Natl. 
Bur. Std. (U.S.) Circ. 500, 
1952. 


understand these properties. It is also true that such calculations 
provide very useful information on thermodynamic properties that are 
difficult to obtain by the classical thermodynamic methods. The 
thermal-enthalpy terms of Table 5-4, for example, are taken from an 
extensive tabulation that has been prepared for practical use. One 
should notice, after having followed through the calculation for NOs, 
that the calculations of such functions can be done at any tempera- 
ture, such as 1000 and 1500°K, and that in this way thermodynamic 
data for relatively inaccessible conditions can easily be obtained. 

Use of these functions for problems of chemical interest will be 
postponed until the following chapter. There the procedure for deal- 
ing with the Eo term, which our molecular approach has introduced 
but failed to treat, will be developed. 


5-16. MOLECULAR INTERPRETATION OF cy, AND cp 


The calculations of the energy content of ideal gases in the previous 
section were based on the explicit expressions for the thermal energy 
developed in Chap. 4. There we saw that the thermal energy E — Eo 
of an ideal gas involves $RT because of the translational motion of the 
molecules, 3RT (or RT for linear molecules) because of the rotation, 
and RT(x/e* — 1), where x is «/kT, for each vibrational mode of the 
molecule. The thermal enthalpy, moreover, is obtained by adding 
RT to the thermal internal energy of 1 mole of an ideal gas. 

Since Cy and Cp have been shown in Eqs. [13] and [22] to be the 
temperature derivatives of E and H, respectively, expressions can 
readily be obtained that allow the calculation of the translational, 
rotational, and vibrational contributions to the heat Capacity of an 
ideal gas. The contributions to cy, obtained by differentiating the 
internal-energy terms with respect to temperature, are shown in Table 
5-5. To obtain the constant-pressure heat Capacity, one notes that 


ees 
H — Eo (cal/mole) 

a 

298.16°K 600°K 1000°K 1500°K 


eee eee 


Ho 2023.8 4,128.6 6,965.8 10,694.2 
0. 2069.8 4,279.2 7,497.0 11,776.4 
CO 2072.6 4,209.5 7,256.5 11,358.8 
C0. 2238.1 5,322.4 10,222 17,004 
H»0 2367.7 4882.2 8,608 13,848 
CHy 2397 5,549 11,560 21,130 
Ethane 2856 8,016 18,280 34,500 
Ethylene 2525 6,732 14,760 27,100 
Acetylene 2392 6,127 12,090 20,547 
Benzene 3401 12,285 30,163 97,350 


—_— ees 


Translati d (3 ) = 3 
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Rotation: 
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differentiating the expression for H, or H — Eo, in Eq. [48] rather 
than E, or E — Eo, leads to an additional R term in the heat capacity 
of 1 mole of a gas. Alternatively, one recalls the expression 


Cp=Cy+R 


deduced in Sec. 5-11. 

Again, in most cases, only the vibrational contribution to the 
heat capacities requires much calculation. For precise calculations, 
tables are available of the value of Rxe"/(e* — 1)? as a function of 
x, but approximate values can be obtained, without such tables and 
without working out this quantity, from the graphical representation 
of Fig. 5-8. 

Again the electronic-energy contribution is listed as zero. It 
should be mentioned, however, that a few molecules that one might 
deal with do happen to have closely enough spaced energy levels for 
an upper electronic level to be populated. At very high temperatures, 
of course, this population of excited electronic states becomes more 
probable and must be taken into account. The calculations then 
present some difficulty, since no regular pattern for the energies of 
allowed electronic states exists. 
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TABLE 5-5 
The factors that enter 
into the calculation of Cy 


for 1 mole of an ideal gas 


FIGURE 5-8 

The heat-capacity con- 
tribution from a vibra- 
tional mode as a func- 
tion of x = «/kT = 
hv/kT = 1.440/T. 
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TABLE 5-6 

The calculation of the 
heat capacity of NO» 
Qe Zon, 


TABLE 5-7 


Constant-pressure heat. 


Capacities calculated 
from molecular 


properties* 


* From F. A. Rossini et al. 
(eds.), Tables of Selected 
Values of Chemical Prop- 
erties, Natl. Bur. Std. 
(U.S.) Cire. 500, 1952. 


Heat-capacity 


contribution 
Contributing term (cal/deg mole) 
Translation 3R = 2.98 
Rotation $R = 2.98 
Vibration: 
= Rx2er au 
Rx2er 
= a Rxrer 
= x = 7.80 (=F = 0.05 
Electronic = (() 
Cy = 6.89 


Again, NO2 vapor can be used as an example to illustrate the 
calculation of thermodynamic properties from molecular data. The 
contributions of cy are evaluated in Table 5-6 and give the result 
Cy = 6.89 cal/deg mole. With this result, furthermore, 


Cp=Cy+R 
= 6.89 + 1.99 = 8.88 cal/deg mole 


Table 5-7 shows the results for such calculations for some other 
simple molecules. 

These heat-capacity calculations are the first of a number of 
valuable thermodynamic results that can be obtained by a molecular 
approach. The calculation of a property, such as the heat Capacity, 
from the properties of the molecules which make up the gas is a con- 
siderable feat. Such calculations, furthermore, are of very great 
practical value. Heat capacities at high temperatures, for example, 
are frequently needed and are not easily measured. The molecular 
calculation, however, often provides a fairly easy way of obtaining 
otherwise inaccessible values of Cy and Cp. 


Gas Cp (cal/deg mole) 


OTE BS? (C 
He 6.89 
No 6.96 
02 7.02 
HCI 6.96 
(80) 6.97 
H20 8.03 
CO. 8.87 
S02 9.51 
NH3 8.52 


CH4 8.54 


In some cases, on the other hand, it is easier to make direct 
thermal measurements of Cp for gases than it is to do the calculation 
like that illustrated for NOy. For example, spectroscopic data might 
not be available to show the energy-level spacing in one of the vibra- 
tional degrees of freedom. In such cases one can use measured 
values for the thermodynamic quantity cp to deduce something about 
the molecular vibrational motion. In practice, such calculations are 
of value, and are used to learn about molecular motions that are 
difficult to study by the more direct spectroscopic method. 

One should again, at this stage, take the opportunity to under- 
stand the heat capacities of substances in terms of the molecular 
approach. One sees, for example, that the value of cy is dependent 
on the extent to which the molecules move up to higher allowed energy 
levels when the temperature is raised. For some ideal gases, the 
actual energy gained as a result of this process can be calculated be- 
cause the energy-level patterns involved are known. We shall see 
later that the same type of calculation is again possible for simple 
crystalline materials. For liquids, or for any materials consisting of 
large complex molecules, the same phenomena contribute to the heat 
capacity. Then, however, the allowed energy-level patterns are gen- 
erally not known in enough detail to permit the calculation to be 
performed. 


PROBLEMS 


1 Calculate the work that can be done by a mass of 400 g falling a distance 
of 275 cm. How much heat would be produced if this mass were allowed 
to fall freely this distance? 


2 What is the heat of vaporization in calories per mole of benzene if 1.34 
amp of current passing through an electrical heater of 50 ohms resistance 
for 5.62 min vaporizes 78.1 g of benzene? Ans. 7250 cal/mole. 


3 One mole of an ideal gas is allowed to expand against a piston that sup- 
ports 0.4 atm pressure. The initial pressure is 10 atm, and the final 
pressure is 0.4 atm, the temperature being kept constant at 0°C. 

a How much work is done by the gas during the expansion? 
Ans. w = 521. 
b What is the change in internal energy and in the enthalpy of the gas? 
PN SING, = INE (0) 
c How much heat is absorbed? Ansigi—ozlical, 


4 One mole of an ideal gas is allowed to expand reversibly, i.e., against 
a confining pressure that is at all times infinitesimally less than the gas 
pressure, from an initial pressure of 10 atm to a final pressure of 0.4 atm, 
the temperature being kept constant at Zone: 

a How much work is done by the gas? Ans. w = 1750. 
b What is the change in E and in H? Ans. AE = AH = 0. 
c How much heat is absorbed? Ans. q = 1750 cal. 
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13 


A chemical reaction in a gas mixture at 500°C decreases the number of 
moles of gas, which can be assumed to behave ideally, by 0.347. If the 
internal-energy change is 5.70 kcal, what is the enthalpy change? 


The densities of ice and water at 0°C are 0.9168 and 0.9998 g/cc, respec- 
tively. Calculate the difference between AH and AE of fusion for 1 mole 
under atmospheric pressure. The density of liquid water at 100°C is 
0.9584 and of water vapor at 100°C and 1 atm is 0.000596 g/cc. Calculate 
the difference between AH and AF for the vaporization of water at 


atmospheric pressure. 


A cylinder containing 1 mole of liquid water at 100°C is heated until the 
liquid is converted to vapor. The cylinder is fitted with a piston which 
just resists a pressure of 1 atm. How much work is done by the expanding 
gas? If the heat of vaporization of water is 9700 cal, what is the change 
in internal energy? Ans. w = 730; AH =9700; AE = 8970 cal. 


Three-tenths mole of CO is heated at a constant pressure of 10 atm from 
0 to 250°C. The molar heat capacity of CO at constant pressure is 
Cp = 6.420 + 1.665 x 10-37 — 1.96 x 10-7T2. If CO can be assumed to 
behave ideally, calculate w, g, AE, and AH for the process. 


Calculate w, g, AE, and AH when 3.45 g of liquid CCl; is heated from 
0 to 25°C at a pressure of 1 atm. The coefficient of thermal expansion 
of CCl, is 0.00118 per degree centigrade, the density at 20°C is 1.595 g/cc, 
and the molar heat capacity at constant pressure of liquid CCl, is 30.8 
cal/deg mole. 


Calculate w, g, and AE when 1 mole of liquid water is compressed adia- 
batically from 1 atm and 0°C to 1000 atm. The compressibility of water 
is B = —(1/V)(¢V/eP) = 40 x 10-6 atm-! at 0°C. 


Hydrogen gas is expanded reversibly and adiabatically from a volume 
of 1.43 liters, at a pressure of 3 atm and temperature of 25°C, until the 
volume is 2.86 liters. The heat capacity cp of hydrogen can be taken to 
be 6.90 cal/deg mole. 
a Calculate the pressure and temperature of the gas, assumed to be ideal, 
after the expansion. ‘ Ans. 1.137 atm, 226°K. 
b Calculate g, w, AE, and AH for the gas. 
Ans. q = 0; w = 62.0; AE = —62.0; AH = —87.1 cal. 


Calculate the thermal contribution & — ko to the internal energy of Br 
at 100°C and at 1000°C. Assume ideal gas behavior, and use the 
vibrational-energy-level separation of 324 cm-1. What is the thermal 
contribution H — Eo to the enthalpy? Calculate the heat capacity at 
several temperatures, and compare with the empirical expression 
Cp = 8.4228 + 0.9739 x 10-8T — 3.555 x 10-772 cal/deg mole, where 
T is the absolute temperature. 


Ans. (H = Eo) 100°C = 2970; (H _ Eo) 1000°c = 10,940 cal. 


Using the thermal-energy data of Prob. 12 and assuming ideal gas 
behavior, calculate AE, AH, w, and q when 1 mole of Brs is heated at 


14 


15 


16 


17 


18 


19 


20 


Some of the lar 
in greater detail and, in some cases, 


a constant pressure of 1 atm from 100 to 1000°C. Repeat the calculation, 


using the empirical heat-capacity expression. 


Using the data of Table 5-4, determine the difference in AH for the reac- 
tion at 1500°K and at 298°K for the reactions: 

anCOrt Os 20s 

b 2H». + O2— 2H,20. 


Obtain an expression for (0H/dP)r by writing the total differential of H in 
terms of P and T and then stipulating a constant-enthalpy process. 


Verify several points on the curves of Figs. 4-8 and 5-8, using various 


numerical values for the vibration separations and temperatures. 


Calculate the number of Br: molecules that are in the v = 0, v=1, 
v = 2, and v = 3 energy levels when 1 mole of Brz is held at 100°C. The 
vibrational-energy-level spacing is 324 cm“}. 
Calculate at this temperature the vibrational contribution to 
E — Eo of the molecules in the v = 1, in the v = 2, and in the v = 8 levels. 
Compare the sum of these contributions with the total thermal vibra- 
tional energy obtained in Prob. 12. 
Ans. (E — Eo)yi» = 347 cal (and 373 cal from Prob. 12). 


The value of y for CH, is 1.31, and near room temperature and at pres- 
sures less than about 1 atm the gas behaves ideally. An adiabatic and 
reversible expansion is performed which reduces the pressure of a CHy 
sample, initially at 100°C and with volume 3 liters, from 1 to 0.1 atm. 
a What are the final temperature and volume of the gas? 

b How much work is done by the gas? 

¢ What is the difference between AH and AE for the process? 


Obtain the expression for the heat-capacity contribution of a vibrational 
degree of freedom given in Table 5-5 by differentiating the thermal- 
vibrational-energy expression with respect to temperature. 

Verify that the limit of Cyi, as x goes to zero, i.e., for small « or high 
T, is the value that would be expected classically. 


Calculate the heat capacity of SO2 at 25°C and 1000°C, using the data 
of Figs. 4-9 and 5-8. 
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THERMOCHEMISTRY 


The specific application of the first law of thermodynamics to the 
study of chemical reactions is referred to as thermochemistry. Ther- 
mochemistry deals with the measurement or calculation of the heat 
absorbed or given out in chemical reactions. The subject has there- 
fore great immediate practical importance. Thermochemistry also 
provides the data from which the relative energy or enthalpy contents 
of chemical compounds can be deduced. This aspect implies that 
thermochemistry is basic to the study of chemical bonding, and as we 
shall see, it also provides data necessary for the thermodynamic study 
of chemical equilibria. 


6-1. MEASUREMENTS OF HEATS OF REACTION 


It will make approaches used in thermochemistry more understand- 
able if some of the methods and the scope of the more common 
experimental techniques are first mentioned. 

Only a very few of the many possible chemical reactions are such 
that their heat of reaction can be accurately determined. To be suit- 
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FIGURE 6-1 


A combustion bomb. 


able for a precise calorimetric study, a reaction must be fast, com- 
plete, and clean. A fast reaction is required so that the heat of the 
reaction will be given out or absorbed in a short period of time. It is 
then easier to prevent heat from flowing away from the reaction 
system or into it from the surroundings while the measurement of 
the temperature change of the system is being made. The complete- 
ness of the reaction is required so that difficult corrections for unre- 
acted material need not be made. Finally, a clean reaction implies 
one that goes completely to a given set of products with no complicat- 
ing side reactions. These stipulations are rather severe and rule out 
all but a few types of reactions. 

In the field of organic chemistry the combustion reactions are of 
outstanding suitability. The burning of a compound containing only 
carbon, hydrogen, and oxygen usually leads, in the presence of excess 
oxygen, to the nice formation of the sole products CO. and HO. For 
organic compounds containing other elements, the products are not 
always so well defined, but combustion reactions are frequently prac- 
tical. Most of the available thermochemical data for organic com- 
pounds come from combustion experiments. 

The heat of combustion is usually determined in a ‘‘bomb calo- 
rimeter.’’ Figure 6-1 shows an apparatus used at the National Bureau 
of Standards. A weighed sample is placed in the cup within the reac- 
tion chamber, or bomb, and the bomb is then filled with oxygen under 
a pressure of about 20 atm. A fine wire dipping into the sample is 
heated by an electric current to start the reaction. Once started, the 
reaction proceeds rapidly with the evolution of a large amount of heat. 
This heat is determined by the temperature rise of the water around 
the calorimeter. It is customary to calibrate the apparatus by the 
measurement of the temperature rise resulting from the combustion 
of a sample with a known heat of combustion. The bomb and water 
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chamber are carefully insulated from the surroundings so that as 
little heat as possible is lost. Such an arrangement, in which the 
system is insulated so that no heat can flow into or out of it, is called 
an adiabatic calorimeter. 

Heats of combustion are usually very large, of the order of 
hundreds of kilocalories per mole, and with careful work these can be 
measured with an accuracy of better than 0.01 per cent. A disad- 
vantage of the use of heats of combustion is that, if one is interested 
in the difference in energy contents of two compounds, one must make 
use of the small difference between two large numbers. 

Table 6-1 shows some heats of combustion of a number of 
organic compounds. 

A second important type of reaction that is occasionally suitable 
for organic compounds is hydrogenation. Unsaturated materials, 
such as those with a carbon-carbon double bond or triple bond, can 
sometimes be made to pick up hydrogen in a reaction that is suitable 
for calorimetric study. This reaction gives out less heat than oxidation 
reactions and is therefore more useful in giving information on small 
energy differences between compounds. 

The heats of inorganic reactions, in aqueous solution, for in- 
stance, can frequently be measured in a calorimeter that is essentially 
an insulated container open to the atmosphere. Heats of neutraliza- 
tion, solution, and complex formation can be so studied. The same 
stringent requirements as previously mentioned still apply, of course, 
if accurate results are to be obtained. 


6-2. INTERNAL-ENERGY AND ENTHALPY CHANGES 
IN CHEMICAL REACTIONS 


Thermochemistry deals with the particular process of a chemical 
reaction. If such reactions are represented as 


Reactants — products {1] 
Ho( g) — 68.317 
C(graphite) — 94.052 
C0( g) — 67.636 
CHa(g) — 212.80 
CoHe( g) SDV 
n-Butane( g) — 687.98 
i-Butane( g) — 686.34 
n-Heptane( g) = ME) 
Ethylene( g) = eyes) 
Acetylene( g) — 310.62 
Benzene( g) — 789.08 
Ethanol(Z ) = oVAiifil 


Acetic acid(Z ) == A039 
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the internal-energy and enthalpy changes for the process are related 
to the energy and enthalpy contents of the reactants and products by 


AE = Eproducts — Ereactants [2] 
and 

AH = Aproaucts — Hreactants [3] 

For example, the enthalpy change AH for the reaction 

Ct 10, 560 [4] 


gives the enthalpy of 1 mole of CO compared with the enthalpy of 
1 mole of C plus one-half the enthalpy of 1 mole of Os; that is, 


AH = Hco — He — 4Ho, [5] 


When chemical reactions are dealt with, the A notation, which previ- 
ously signified any change, means the difference of some property for 
the products and the reactants. 

If heat is absorbed in the reaction and the products contain 
more energy than the reactants, AE, if the process is at constant 
volume, and AH, if the process is at constant pressure, are positive; 
that is, H and E increase as a result of the reaction. Such reactions 
are called endothermic. Reactions for which AE and AH are negative 
proceed with a decrease in E and H. Heat is therefore given out, and 
the reaction is said to be exothermic. 

To summarize: 


AH or AE positive heat absorbed endothermic 


AH or AE negative heat given out exothermic 


The combustion experiments previously mentioned are, for example, 
all exothermic, and therefore for these reactions AH and AE are 
negative. 

Toward the end of the last century a large number of heats of 
reaction were determined, principally by J. Thomsen and W. Berthe- 
lot. It was their hope that such data would explain the tendency of 
reactions to occur. In comparison with ordinary mechanical systems 
they were led to expect that the energy or heat given off in a reaction 
was a measure of the ‘‘affinity’’ of the reagents. 

It is true that in general the reactions that proceed rapidly and 
completely are those, like the combustion reaction, that give out a 
large amount of heat. The principle that the heat of reaction is 
a measure of the driving force of the reaction, as Thomsen and 
Berthelot assumed, however, is incorrect. Reactions that are en- 
dothermic do occur and are not at all unusual. It is apparent that this 
simple energy criterion is not adequate to provide a thermodynamic 
explanation of the tendency of reactions to occur. In the following 
chapter we shall meet the other factor that must be considered. 


6-3. RELATION BETWEEN AF AND AH 


A measurement of a heat of reaction usually gives directly either the 
internal-energy change or the enthalpy change. Either datum can, 
however, be used to calculate the other. If the reaction is performed 
in a constant-volume apparatus, such as the bomb calorimeter, no 
work of expansion is performed and the heat of the reaction is equal to 
the internal-energy change. Ifaconstant-pressure system is used, the 
heat of the reaction, as was pointed out in Sec. 5-10, is equal to the 
enthalpy change. 

The difference between AH and AE for a reaction depends on 
the volume change that occurs when the reaction is performed at 
constant pressure and on this pressure. If both the reactants and 
products are composed only of solids and liquids, the change in vol- 
ume for a reaction will be quite small. Since 1 mole of a typical simple 
compound is likely to have a volume of no more than 100 cc, it is un- 
likely that a reaction would cause a volume change of more than about 
10 cc. At ordinary pressures the PV term corresponding to this 
volume change is only 


A(PV) = PAV = (1X10) = 10 cc atm = 0.2 cal 


The enthalpy change would be greater or less than the internal-energy 
change by this amount. A fraction of a calorie is, however, often 
negligible compared with the experimental error of a measured heat 
of reaction. 

If gases are involved in the reaction, an appreciable value of 
A(PV) can occur and AH and AE will be significantly different. Sup- 
pose that the reaction produces a net amount of An moles of gas. To 
the accuracy of the ideal-gas laws and neglecting the volumes of 
liquids and solids, the PV term will be greater for the products than 
for the reactants by an amount 


A(PV) = A(nRT) = RT An [6] 


The enthalpy change for the reaction will therefore be greater than the 
internal-energy change by RT An, or for the reaction 


AH = AE + RT An [7] 


If there are more moles of gas in the reactants than in the products, 
An will of course be negative and AH will be less than AF. 
Consider, as an example, the reaction 


2CO(g) + O2(g) > 2C02( 8) [8] 


where g stands for gas. A bomb-calorimetric type of study would 
give the heat of this reaction, i.e., the combustion of 2 moles of carbon 
monoxide, as 134,680 cal given out. Since this is a constant-volume 
experiment, we have immediately 


AE = —134,680 cal [9] 
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The product contains 2 moles of gas, and the reactants contain 
3 moles. The value of An is —1, and at 25°C the enthalpy change is 
calculated as 


AH = AE + RT An 
= —134,680 — (1.987)(298) 
= —134,680 — 592 = —135,272 cal [10] 


It has now been pointed out that the heats of some reactions 
can be measured and that AK and AH for these reactions can be 
calculated. 


6-4. THERMOCHEMICAL EQUATIONS 


An elaboration of the form in which chemical-reaction equations are 
usually written is sometimes advisable in thermochemical work. 

Since the heat of a reaction depends on whether a reagent is 
solid, liquid, or gas, it is necessary to specify the state of the reagents. 
This is usually done by adding s, J, or g after the compound. Occa- 
sionally a more careful description is necessary. When carbon is 
involved in a reaction, for instance, it is necessary to state whether it 
is graphite or diamond. One must be especially careful with water, 
which can quite reasonably be involved as a gas or a liquid, and with 
carbon, which can be involved as diamond or graphite. 

Another characteristic of thermochemical equations is the ap- 
pearance of fractional numbers of moles of some of the reactants or 
products. If one were interested in the heat of a reaction which 
produces 1 mole of water, for instance, one would write the reaction 
and the enthalpy change for the reaction 


H2(g) + 402(g)> H.O(l) = AH = —68,317 cal [11] 


The reaction written with integers corresponds to the formation of 
2 moles of water, and one would then have twice as much heat 
evolved. Such a reaction would be written as 


2H2(g) + Oo( g) > 2H20(Z) AH = —136,634 cal [12] 


Similarly, the combustion reaction is usually written so that the 
heat of combustion of 1 mole of material is explicitly shown. For the 
combustion of benzene, one would usually write 


CeHe(g) + 42 O2( g) > 6CO2( g) + 3H2O0(Z) 
AH = —789,080 cal [13] 


One additional comment is necessary. Unless the information 
is otherwise given, it is convenient to indicate the temperature and 
pressure at which the reported enthalpy applies. A superscript 
degree sign indicates that the pressure is 1 atm, a usual reference, 
or standard, state. (This superscript, meaning standard state, must 
be distinguished from the previously used subscript zero, meaning 


the lowest energy-level quantity.) The temperature is indicated by 
a subscript giving the absolute temperature. The equation for the 
formation of water would then be 


Ho(g) + $02(g)—> H20(7) = AH29g = — 68,317 cal [14] 


6-5. INDIRECT DETERMINATION OF HEATS OF REACTION 


Many reactions whose enthalpy change would be of interest are not 
suitable for direct calorimetric study. Fortunately, the internal-energy 
or enthalpy changes of such reactions can often be obtained by an 
indirect method. This was originally suggested by Hess in 1840, and 
is often known as Hess’s law of heat summation. We shall see, how- 
ever, that itis merely an application of the first law of thermodynamics. 

The determination of the enthalpy change when carbon is con- 
verted from graphite to diamond, i.e., 


C(graphite) > C(diamond) AH =? [15] 


will illustrate the method. Although this reaction can be made to 
occur, it is certainly very unsuitable for any direct calorimetric study. 

The combustion of both graphite and diamond can be conven- 
iently studied, and these reactions and the heats of combustion are 


C(graphite) + Oo( g) > CO2(g) AHS9g = —94,052 cal [16] 
C(diamond) + O2(g)—> CO2(g) AHieg = —94,502 @all  {[ iz} 


The enthalpy changes of these reactions are clearly different as a re- 
sult of the different enthalpies of graphite and diamond. Analytically, 
this can be written as 


= O7s052 — Gon Hographite) — Ho, [18] 
—94,502 = Hco, — Heidiamona) — Ho, [19] 


Subtraction of these algebraic equations with cancellation of the 
enthalpies of CO2 and Oz gives, on rearrangement, 


Ho(diamond) — He(graphite) = —94,052 + 94,502 
= 450 cal [20] 


The result of 450 cal is the enthalpy change of the original graphite- 
to-diamond reaction. 

It is important to notice that this same result could have been 
obtained by subtracting the two combustion-reaction equations (Eqs. 
[16] and [17]) as though they were algebraic equations. Canceling 
the O. and CO, terms and moving the C(diamond) term to the right 
side with a change of sign gives 


C(graphite) + C(diamond) AH = —94,052 — (—94,502) 
= 450 cal [21] 


This treatment of the reaction equation is always possible and saves 
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writing out the heat contents of each of the species before the 
subtraction is made. 

Combining reactions by either of these methods is equivalent to 
calculating AH for the desired reaction by an indirect but experi- 
mentally more feasible path. The previous example can be illustrated 
as 


CO, 
VA 
ANH = 994,052 AH = 94 502 
wa 
C(graphite) + O2 — C(diamond) + Oz 


The fact that the enthalpy is a thermodynamic property requires AH” 
to be the same by the indirect path, that is, —94,052 + 94,502 = 
450, as by the direct path. It is this fact which allows the previous 
reaction subtractions to be performed. 

One additional example can be given. The heat of the reaction 
by which a compound is formed from its elements is, as we shall see, 
of special interest. In few cases can such reactions be directly 
studied. Consider, for example, the formation of methane according 
to the equation 


C(graphite) + 2H2( g) > CH4(g) [22] 


Again combustion reactions can be used and give 


(a)  — CHa(g) + 202( g) > CO2(g) + 2H20(/) AH39g = —212,800 
(0) H2(g) + 402 g) > H20(7) Axo, = —68,317 
(c) C(graphite) + O2( g) > CO g) AHox9g = —94,052 
—(a) + 2(b) + (c) C(graphite) + 2H2(g)— CHy(g) AHS9g = —17,886 cal 


6-6. STANDARD HEATS OF FORMATION 


Methods for obtaining, either directly or indirectly, the enthalpies of 

many reactions have been given. Although it is not at all practical 

to compile a table of all the reactions for which such data are available, 

it would be feasible to tabulate information for-each of the compounds . 
for which thermal data have been obtained. The standard heats of 
formation provide a means of making such a table. Furthermore, 

from these data it is possible to work out the heats of any reactions 

involving the listed compounds. 

The enthalpy of an element or compound is meaningful only 
when it is compared with some reference, or standard, state. Methods 
have been given, it should be recognized, for obtaining only enthalpy 
differences. If, for the moment, we consider only the elements, we 
are at liberty to choose some state for each element and to calculate 
the enthalpy of that element in terms of that state. It is customary to 
take this standard state as that of 1 atm pressure and 25°C with the 
element in the physical state and stable form under these conditions. 
The enthalpy of the elements in the standard state is arbitrarily given 


the value zero. Thus the standard enthalpy of Hy at 1 atm and 159 
25°C is zero. At higher temperatures the enthalpy, referred to the 
zero value at 1 atm and 25°C, will be some positive quantity; at lower sepia td 
temperatures it will be some negative quantity. Enthalpies based on pitied od 
formation 
this standard state are called standard enthalpies. The assignment 
of the arbitrary value of zero for the standard enthalpy at 1 atm and 
25°C to all elements is allowed because no chemical reaction converts 
one element into another. 
Once standard enthalpies are assigned to the elements, it is 
possible to determine standard enthalpies for compounds. These 
enthalpies are usually called standard heats of formation. Consider, 
for example, the reaction 


C(graphite) + Ox(g) > CO(g) AHS = —94,052 [23] 


The enthalpy change for the reaction is equal to the standard en- 
thalpy of CO. less the standard enthalpies of C and Oz. Since the 
latter are elements in their standard state, their standard enthalpies 
are zero. The standard enthalpy, or standard heat of formation, of 
CO, must therefore be —94,052. The enthalpy of the reaction by 
which the compound is formed from its elements is seen to be equal 
to the standard heat of formation of the compound. As a result of 
this, one uses the symbol! Ax? for this standard heat of formation. 

By combining reactions one can frequently deduce the enthalpy 
of formation of a compound from its elements, as was illustrated for 
CH, in the preceding section. Furthermore, when the standard enthal- 
pies of some compounds have been determined, they can be used in 
working out the standard enthalpies of other compounds. Table 6-2 
shows standard enthalpies of some simpler molecules. Such a table 
of enthalpies can be used to determine the enthalpy for any reaction, 
at 1 atm and 25°C, involving the elements and any of the compounds 
appearing in the table. 


Substance (AH )298.15 Substance (AH? )o98.15 TABLE 6-2 
C(graphite) 0 H20(Z) —68.317 Standard heats of 
C(diamond) 0.45 H»20(g) — 57.798 formation, with C 
C0( g) — 26.416 NH3( g) = 11.04 
C02( g) — 94.052 HF( g) — 64.2 
CH4(g) — 17.89 HCl( g) = 27.063 
CoHo(g) 54.19 HBr(g) 8.66  carbon* 

CoH4( g) 12.50 HI( g) 6.2 (kcal/mole) 

CoHe( g) — 20.24 (rhombic) 0 

C3Hs( g) — 24.82 S(monoclinic) 0.071 

n-C4H10(g) — 30.15 $02( g) — 70.96 * From G. N. Lewis and M. 


: Randall, “Thermodynamics,” 
iso-C4H10( 8) — 32.19 S03(8) = 2d ed. (rev. by K. S. Pitzer 


CeHe( g) 19.82 CaC03(s) — 288.45 and L. Brewer), McGraw- 
CH30H(g) — 48.08 Ag(l(s) — 30.36 Hill Book Company, New 
CoH50H( g) — 56.625 York, 1961. 
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The heat of hydrogenation of ethylene can be calculated as an 
illustration. One writes 


H2C = CH2(g) + Hog) —> CH3CH3(g) 
At 25°C. Anz = 12500) "Aue 0 “Ane = 20 240m 24 


The enthalpy of the reaction is the difference in enthalpy of the 
products and the reactants. Thus 


AH393 = AH?7(CH3CH3) — AH?(H2) — AH?(H2CCH2) 
— 20,240 — 0 — 12,500 
— 32,740 cal [25] 


The calculated enthalpy for the reaction has, of course, no neces- 
sary connection with the arbitrary assignment of zero enthalpy to the 
elements in their standard states. It is the enthalpy change occurring 
when 1 mole of ethylene is hydrogenated. 

A table of standard heats of formation is a very convenient way 
of presenting thermochemical data. Enthalpies of reactions can be 
calculated as needed from such data. 


II 


II 


6-7. STANDARD HEATS OF FORMATION OF IONS 
IN AQUEOUS SOLUTIONS 


It might be noticed that so far the reactions that have been dealt with 
have presumed that the reagents were in the form of pure solids, 
liquids, or gases or that, if a solution was involved, the solution process 
involved a negligible heat effect. Many reactions of chemical interest 
do not fall in this category, and the reactions involving ions in aqueous 
solution constitute the most important type of reactions not so far dealt 
with. Here it will be shown that as long as we deal with very dilute 
solutions—or to be strictly correct, infinitely dilute solutions—a 
procedure similar to that developed in the preceding section can be 
used to provide a table of standard heats of formation of ions. These 
standard heats can then be used to calculate the heats of reactions 
involving ions in dilute aqueous solutions. (In the following section 
the new features that enter when more concentrated solutions are 
encountered will be introduced.) 

The direct approach to the heat of formation of ions would be that 
of considering reactions in which such ions are formed. We might, 
for example, consider the solution of 1 mole of HCl gas in a large 
amount of water. In solution the dissociation is complete and 
hydrated H* (or, if you like, H30+) and Cl- ions are formed. The re- 
action can be represented as 


HCl(g) “5 H*(aqg) + Cl-(aq) [26] 


where the symbol (aq) implies that the ion is present in a large amount 
of water. The heat evolved in the reaction, at 25°C, is 17,960 cal, and 
with the value of AH? for HCl from Table 6-2, one has for the reaction 


AH = —17,960 = Anj[H*(aq) + Cl-(aq)] — An3[HCI(g)] 


or 


An3[H*(ag) + Cl-(ag)] = —17,960 + (—22,060) 


— —40,020 cal/mole [27] 


In this way we have obtained the standard heat of formation of the 
pair of ions H* and Cl- in aqueous solution, and furthermore, we see 
a method for obtaining the standard heats of formation of the groups 
of ions that result from the solution of any acid, base, or salt. 

The fact that any reaction such as these leads to an electrically 
neutral solution means that no procedure, involving ordinary chemical 
reactions, will give only a single type of ion as a product. In all cases 
at least two ions of opposite charge will be formed, as in the HCl 
example, and therefore only the heats of formation of collections of 
ions can be deduced. 

We wish, of course, to be able to tabulate An; values for indi- 
vidual ions. Before seeking a way of obtaining values for these 
quantities, we must be sure that the enthalpy of a dilute solution can, 
in fact, be treated in terms of contributions attributed to the separate 
types of ions inthe solution. The experiments in which dilute solutions 
of nonreacting electrolytes are mixed, for example the mixing of dilute 
solutions of HCI and KBr, show no heats of reaction. It follows that 
the heat of a sufficiently dilute solution can be attributed to separate 
contributions from the ions that are present, and each contribution 
is independent of the other ions that are present. 

The absence of reactions involving only a single type of ion 
appears to frustrate our attempt to tabulate the standard heats of 
formation of ions. It is, however, just this fact that we can depend on 
and thereby take the step of assigning an arbitrary value to the 
standard heat of formation of one ion. Values for the heats of forma- 
tion of all other ions will then follow. 

It is generally agreed to assign the value of zero to the heat of 
formation of H+ ions in dilute aqueous solution at 25°C; i.e., 


Axj[H*(aq)] = 0 


Once this step has been taken, one can use, for example, Eq. [27] to 
obtain the heat of formation of the chloride ion as 


AH?[Cl-(aqg)] = —40,020 — 0 
= 40020 [28] 


Likewise, the heat of solution of potassium chloride is 4110 cal/mole 
at 25°C, and the standard heat of formation of KCI(s) is — 104,180 
cal/mole. From these data one obtains 


AH3[K+(aq)] + AH?[CI-(ag)] = 4110 — 104,180 
= —100,070 cal 


The value for the chloride ion can now be used to obtain 


An}[K+(ag)] = —100,070 — (—40,020) 
= —60,050 cal 
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TABLE 6-3 

Standard heats of 
formation of ions in 
dilute aqueous solutions 


at 25° C* (kcal/mole) 


* From G. N. Lewis and M. 


Randall, “Thermodynamics,” 


2d ed. (rev. by K.S. Pitzer 
and L. Brewer), McGraw- 
Hill Book Company, New 
York, 1961. 


Following this procedure, which one should remember depends 
on the arbitrary assignment of zero for the value of An? for the Ht ion, 
one can obtain data such as that of Table 6-3. With such data one can 
calculate the heats of reactions at 25°C of any reaction involving dilute 
solutions of these ions. 

As an example of the use of Tables 6-2 and 6-3, we can calculate 
the heat of the reaction in which calcium carbonate precipitates from 
a solution as a result of the addition of CO, to an aqueous solution 
containing Ca*t* ions in low concentration. The reaction can be 
written as 


Ca**(aq) + COo(g) + H20(Z) + CaCO3(s) + 2H*(aq) [29] 


One writes 
AH = 2 An;[H*(aq)] + An7[CaCO3(s)] — An7[Cat+(aq)] 
— Ax7[CO2(g)] — Ax7[H20(Z)] 
and then uses the data of Tables 6-2 and 6-3 to obtain 


AH = 2(0) + (—288,450) — (—129,770) — (— 94,052) 
— (— 68,317) 
= 3689 cal 


Perhaps it should be pointed out that only one water is shown explicitly 
in the equation. No doubt each Ca++ and each H+ ion is strongly 
hydrated and such hydrations involve an appreciable heat effect. All 
this, however, is taken into account by the procedure used to set up 
the standard heats of formation of the ions. These heats include the 
contribution of the ion and all the water molecules involved in the 
hydration of the ion. 


6-8. OPEN SYSTEMS AND PARTIAL MOLAL QUANTITIES 


Let us now see how we can conveniently treat the heats of reactions 
that involve solutions at other than infinite dilution. One finds, for 


Ton AH; Ion AH; 
Ht 0 NH4* — 31.74 
OH- — 54.96 NO.— — 25.4 
f= — 78.66 NO3~ — 49.37 
Cla — 40.02 CN- 36.1 
Br- — 28.90 Ag+ Zo 
I — 13.37 Ag(NH3)o+ = 26:12 
S= 78 Ag(CN)o— 64.5 
HS —4.10 Cat+ — 129.77 
$04= — 216.90 Fet+ —21.0 
HSO4- — 211.70 Fest —11.4 
C03= — 161.63 Nat —5/.28 
CH3C00- — 116.84 K+ — 60.04 


example, that dissolving an electrolyte in a solution generally leads 
to a very different heat of solution in a concentrated solution than in 
a dilute solution. Itis necessary, therefore, to be able to handle situa- 
tions in which the enthalpy change, or the change in some other 
property, is a function of the relative amounts of the reagents present. 

In the systems that have been investigated thus far in our 
studies of thermodynamics, the total amount of reagent in the system 
being considered has been fixed. Such systems are said to be closed 
systems, and the procedures that have been developed are suitable for 
finding changes that occur when there is some reaction in such sys- 
tems or when the temperature or pressure changes and affects such 
systems. 

When one treats solutions it is more convenient to be able to 
regard a certain amount of the solution as the system and then to 
investigate what happens when amounts of solute or solvent are added 
to the system. Such systems are said to be open systems, and we 
shall now see how we can apply thermodynamic methods to them. 
Specific attention will be paid here to the changes in thermodynamic 
properties that occur when solute or solvent is added to the system. 
In such processes the temperature and pressure will be assumed 
to remain fixed, so that we will not have, at this stage, too many 
variables to deal with. 

The volume of a solution is perhaps the easiest of its properties 
to visualize. Let us therefore first consider how one might treat the 
volume of a solution and its dependence on the number of moles of 
solute and solvent present. If one were to approach this problem 
experimentally, one would likely start with some amount of solute or 
solvent and would then measure the total volume of the system as 
a function of the amount of the other reagent. A curve showing the 
results that would be obtained from such measurements for rather 
dilute solutions of magnesium sulfate in water is shown in Fig. 6-2. 
The total volumes that can be read off such curves are, of course, 
dependent on the amounts of solute and solvent present and are 
therefore not of general use. The slope of the curves, however, gives 
the rate of change of volume at various points along the abscissa, i.e., 
at various relative amounts of solute and solvent. These slopes are, 
if n; designates the number of moles of solvent and nz the moles of 
solute, in calculus notation 


(~) or (2) 
ony no One ny 


and it is the value of the second of these partial derivatives that can 
be obtained from a curve like that of Fig. 6-2. To be more specific, we 
should perhaps write these partial derivatives as 


(~) and () 
ON) ny ,7,P ON2/n,,7,P 
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FIGURE 6-2 

The volume of solutions 
containing 1000 g of 
water and various 
amounts of magnesium 
sulfate. [From G. N. 
Lewis and M. Randall, 
“Thermodynamics,” 2d 
ed. (rev. by K. S. Pitzer 
and L. Brewer), 
McGraw-Hill Book 
Company, New York, 
1961.] 


to show that they imply the rate of change of volume with respect to 
the number of moles of one reagent when both the amount of the other 
reagent and the temperature and pressure are held constant. 

Such derivatives are examples of what are called partial molal 
quantities. They play a very important role in the thermodynamic 
treatment of solutions. Although their derivative nature may make 
their character and role somewhat obscure at first, one can come to 
recognize that they do give the contribution of a mole of the material, 
in the solution specified, to the property being considered. For ex- 
ample, (0V/dnz)n, for a solution containing 0.1 mole of MgSO, per 
1000 g of water is, according to Fig. 6-2, 0.83 liter/mole. This means. 
that for a system containing 0.1 mole of MgSO4 and 1000 g of water, 
the rate of change of volume with the number of moles of MgSO, is 
0.83. More easily pictured is the situation in which one has a very 
large amount of this solution, so that 1 mole of solute could be added 
without significantly changing the concentration. Then the change in 
volume that results from the addition of the 1 mole would itself be 
(0V/dn2)n,, and we see that this partial molal volume is in fact the 
volume contributed by 1 mole of MgSO, in a solution of this composi- 
tion. Thus a partial molal quantity is the contribution of a mole of the 
reagent to the property being dealt with—in the solution of the 
specified composition. 

Such derivatives also appear if we recognize that, if Tand Pare 
considered fixed, a quantity such as the volume of a two-component 
system is a function of n; and nz and therefore that the exact differ- 
ential 


ny One 


ava (2) ee (2¥) ane [30] 


can be written. The partial derivative coefficients are seen to be the 
partial molal volumes, which, of course, are dependent on the com- 
position of the solution. One can in fact carry over the notation pro- 
cedure of small capital letters for molar quantities and add a bar over 
the symbol to designate a partial molal quantity. In this way the 
nature of the partial molal derivatives can be emphasized, and with. 


ee) =(¥:) and in = (V2) 


1001.6 1 oe 
2 1001.4 1 | 
uj 
= 
=) 
ro} 
© 1001.2 z| 
1001.0 IL 
0 0.05 0.1 0.15 0.2 0.25 


MOLES MgSO, /1000 g H,0 


one can rewrite Eq. [30] as 
dV = (Vy) dn; + (V2) dng [31] 


Equation [31] shows how the change in the volume of the solu- 
tion is related to the partial molal volumes of the components. The 
total volume of the solution can also be related to these factors by 
first recognizing that the volume is a first-degree homogeneous func- 
tion of the quantities, conveniently measured in number of moles, of 
the components. This functional relationship is required because, for 
example, doubling the amount of both components doubles the vol- 
ume of the solution. The volume must therefore be related, at con- 
stant temperature and pressure, to the moles of the components by 
a relation of the form 


V=xn, + yne 


The nature of x and y can be established by forming the partial 
derivatives of V with respect to n; and nz to obtain 


oV | oV | 
— x and | | 
(e ). \ans ny s 


Then multiplication of the first of these by 71, the second by nz, and 
addition gives 


n(2¥) + n.(2¥) = nx +my=V 


ony, ong 


or 
V = mV + NeV2 [32] 


(This result, it can be mentioned, has been obtained here by a deriva- 
tion of a special case of what is known as Euler’s theorem.) 

The result shows that the volume of the solution can be cal- 
culated as the sum of the partial molal volumes of each component 
times the number of moles of each component. Again we see some- 
thing of the nature and significance of partial molal quantities. 

It should also be pointed out, however, that partial molal quan- 
tities can have values that seem quite unreasonable. Thus a rather 
dilute solution of magnesium sulfate actually contracts when more 
magnesium sulfate is added. This is shown by the fact that the curve 
of Fig. 6-2 has a negative slope in this region. It follows that a nega- 
tive partial molal volume of MgSO, would be obtained for such solu- 
tions. Such unaccustomed values, however, do not negate the ideas 
that have been developed above with regard to the nature of partial 
molal quantities. 

One important further property, known as the Gibbs-Duhem 
relation, can be obtained before leaving this introductory material on 
partial molal quantities as represented by volumes. Forming the 
derivative of Eq. [32] leads to 


dV=n dv, + Vi dn + ne dV» + Vo dnz 
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and subtraction of Eq. [31] from this expression gives 
ny dv, + no dV2 = O [33] 


This result, an example of the Gibbs-Duhem relation for partial molal 
quantities, shows that such quantities for the components of a system 
are closely related. In fact, if values are obtained for one component, 
they can, by an appropriate integration of Eq. [33], be obtained, as 
will be shown later, for the other component. 

Now let us turn to the more immediate item of interest, the heat 
effects connected with the formation of solutions of various composi- 
tions. The heat effect accompanying the formation of a solution can 
be measured, perhaps by measuring the heat capacity of the solution 
and the temperature rise for the addition of a certain amount of solute 
or solvent. The data so obtained could be used to prepare a piot like 
that of Fig. 6-2. Again the slopes that are read off such a curve give 
partial molal quantities, in this case, the partial molal heat of solution. 
The term differential heat of solution, however, is often used for this 
quantity. 

As with volumes, one can deal with the contributions made by 
the solute and the solvent to the heat content of the solution. Thus 
the heat of formation of a solution, i.e., the heat absorbed or evolved 
when a solution is formed from its separate components, is a function 
for which, if the temperature and pressure are held constant, the total 
differential 


d(AH) = [2am | Gree [oa], ae [34] 


on, Ne 


can be written, and as written for the volume of a solution in Equis2i: 
the heat of formation of the solution can be expressed as 


Beier ee Eeeelic 


= (5) AH, + Ne AH» [35] 


where, it will be recalled, AH = H (soln) — H(pure components). 

In dealing with solutions it is often more convenient to work 
with the enthalpy of the solution relative to the enthalpy it would have 
if it behaved as an infinitely dilute solution. Todo this, one needs only 
to subtract from AH for a solution containing n; moles of solvent and 
nz moles of solute the quantity 


AH (inf dil soln) = H (inf dil soln) — H (pure components) 
where 
AH (inf dil soln) = ny(An?) + N2(AH3) [36] 


and An; and AH are the standard heats of formation for the species 
in an infinitely dilute solution. If the symbol L is now introduced to 
denote the relative enthalpy of solution, defined as the difference be- 


tween the enthalpy of the solution and that which it would have if the 
partial molal enthalpies were those of an infinitely dilute solution, 
we can write 


L = AH — AH (inf dil soln) [37] 


The expression of Eq. [35] can now be substituted for the heat of 
formation of the solution, and the partial molal enthalpies for infinite 
dilution, as appear in Eq. [36], can be inserted for the final enthalpy 
term. Furthermore, AH{ is necessarily zero, since it is the partial 
molal enthalpy of the solvent in pure solvent. We thus have, after 
some rearrangement, 


L 


(AH) + (AH — AH5)ne 
= Iyny, + Lone [38] 


where ; and fp» are the relative partial molal enthalpies of the solvent 
and the solute, respectively. These relative partial molal enthalpies 
show the enthalpy of a mole of solute or solvent in a solution compared 
with a mole of solute or solvent in an infinitely dilute solution. Data 
for the system of NaCl and water at 25°C are shown in Table 6-4. 

Such data are of value when one tries to understand the nature 
of ionic solutions. Here we shall merely illustrate that they can be 
used to calculate the heat of a solution reaction. Consider the reac- 
tion in which 3.47 moles of NaCl is added to 1000 g of water. If the 
solution behaved ideally, i.e., as it does at infinite dilution, the heat 
of the reaction would be calculated as 


AH = n,; AH] + ne AHS 

— 0 + 3.47[An°(Nat) + Axn°(CI-)] 
3.47(—57,280 — 40,020) 
= —337,600 cal 


As the data of Table 6-4 show, the relative enthalpy of formation 
of the solution, i.e., the difference between the enthalpy of formation 


EEE 


Molality Li = AHx,0 Lo = AHnaci — AHNaciag) 
0 0 0 
0.278 0.2 69 
0.370 0.3 42 
0.555 0.9 — 72) 
0.793 2.4 53 
1.110 40 — 248 
2.13 11.0 AT 
3.47 20.0 — 668 
4.63 21.4 — 680 
6.12(satd) iL) = NOY 
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TABLE 6-4 

Relative partial molal 
enthalpies in cal/mole of 
aqueous solutions at 


RAO? 


* From G. N. Lewis and M. 
Randall, “Thermodynamics,” 
2d ed. (rev. by K. S. Pitzer 
and L. Brewer), McGraw- 
Hill Book Company, New 
York, 1961. 
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and that which corresponds to the behavior at infinite solution, is 


L= Lyn + Lone 
Zz 20.0(2000.0) + (—668)(3.47) 


— 2210 cal 


From these results we calculate that the enthalpy of formation of the 
actual solution is 


AH = —337,600 + (—2210) 
= —339,810 cal 


6-9. TEMPERATURE DEPENDENCE OF HEATS OF REACTION 


The enthalpies of reactions calculated from a table of standard heats 
of formation apply to a temperature of 25°C. For these data to be of 
appreciable value, a means for determining the heats of reactions at 
other temperatures must be available. This can be done by writing 
the enthalpy of the reaction as 


A= TA rroducts = Fl yeactants [39] 


and differentiating with respect to temperature to get 


a) — (Hotness) = (scams) 
( Ol pe oT P oT P fed 


The change in enthalpy with respect to temperature at constant pres- 
sure was shown in Sec. 5-10 to be the heat capacity at constant 
pressure, so that we can write 
(2) = (Cp products = (Cp) rcactante = ACp [41] 
P. 


and in a similar manner, 
(Sr), = Acr | ez 


It is necessary, therefore, to know only the difference in the 
heat capacities of the products and the reactants in order to determine 
how the enthalpy of a reaction changes with temperature. For small 
ranges of temperature, ACp can be taken as constant, and integration 
gives 


AH» — AH, = ACp(T2 — T;) [43] 


A diagrammatic derivation of this result is perhaps more reveal- 
ing. Consider a constant-pressure reaction that proceeds with an 
enthalpy change AH, at temperature T; and an enthalpy change AH. 
at temperature T>, as in Fig. 6-3. If the reactants are heated from 
T; to T:, the heat absorbed, or enthalpy change, will be (Cp)reactants 
(T2 — T;). If the products are similarly heated, the enthalpy change 


will be (Cp)proaucts(Z'2 — Ty). Now one can equate the enthalpy in- 
volved in going from state a to state b of Fig. 6-3 by the two different 
paths to get 


AH, at (Cp)products( 1 2 5 T) = AH» AF (Cp)reactants(T'2 pag T;) 
or 
AH». — AH; = ACp (T2 — T)) [44] 


as previously obtained. 

If heats of reaction over a wide range of temperatures are 
needed, it is necessary to take into account the dependence of the 
heat capacities themselves on temperature. Experimental heat 
capacities could be expressed by an empirical relation such as 


Cp=a+0T+cT2 + --- [45] 


In practice, however, it is somewhat more satisfactory to use an 
equation of the form 


Cp=a+ bT + cT [46] 


and values of the coefficients are given, as is done in Table 6-5. 

If each of the cp’s of the products and the reactants is SO 
written, one can see that ACp will have the same form as that shown 
for Cp. The previous differential equation, which corresponds to the 
integral form 


RA ne ” Cp aT [47] 


» (Cp) products (Tp fo Ty ) uy 
AH, 
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FIGURE 6-3 

The temperature de- 
pendence of the heat of 
reaction (assuming that 
Cp of products and re- 
actants are independent 
of T in the temperature 
interval T; to T>). 
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TABLE 6-5 
Heat capacities, in 
cal/deg mole, at constant 


pressure* 


* From G. N. Lewis and M. 
Randall, “Thermodynamics,” 
2d ed. (rev. by K. S. Pitzer 
and L. Brewer), McGraw- 
Hill Book Company, New 
York, 1961. 


can then be integrated. One obtains a relation of the form 
AHr, — AHp, = Aa(T2 — Ty) + $A0(T2? — T;?) 


1 1 
sive (4 = x) [48] 
Thus, with experimental data for the heat capacities of all the reagents 
that are involved in the reaction, if these data have been fitted to an 
empirical equation such as that of Eq. [46], one can determine the 
difference in heats of a reaction at two different temperatures by 
means of Eq. [48]. 

Likewise, an expression for the general dependence of the heat 


All monatomic gases with no appreciable electronic excitation: 
Cp = 4.97 
Other gases (applicable 298 to 2000°K): 


S Cp = 5.26— 0.10 x 10-37 + 0.36 x 1057-2 
Ho Cp = 6.524 078 x 10°37 + 0.12 x 1057-2 
0. Cp = 7.16+ 1.00 x 10-3T — 0.40 x 1057-2 
No Cp = 683+ 0.90 x 10-37 — 0.12 x 1057-2 
So cp = 872+ 0.16 < 10537 — 0.905.108 7-2 
(0) Ce = 6/94 0.98 « 10-37 — 0.11 x 1057-2 
Fo Cp = 826+ 0.60 x 10-38T — 084 x 1057-2 
Clo Cp = 885+ 0.16 x 10-8T — 0.68 x 1057-2 
Bro Cp = 892+ 0.12 x 10-3T — 0.30 x 1057-2 
I cp = 8944 0.14 x 10-387 — 0.17 « 1057-2 
C02 Cp = 10.57 + 2.10 x 10-37 — 2.06 x 10572 
H20 G3 = Java. 265 sc l0=7 

HoS Cp = 781+ 2.96 x 10-8T — 0.46 x 1057-2 
NH3 cp = 7.11+ 6.00 x 10-37 — 0.37 x 1057-2 
CH4 Cp = 9.65 + 11.44 x 10-37 — 0.46 x 1057-2 
TeF, Cp = 35.53 + 1.62 x 10-87 — 7.00 x 1057-2 


Liquids (applicable from melting point to boiling point): 


ib cp = 19.20 
H0 cp = 18.04 
NaCl cp = 16.0 
CioHs Cp = 190 + 97.4 x 10-37 


Solids (applicable from 298°K to melting point or 2000°K): 


C(graphite) og — 403+ 1.14 x 10-87 — 2.04 x 1057-2 


Al Cp= 4944 296 x 10-37 
Cu Cp= 541+ 1.50 x 10-37 
Pb Cep= 5.294 2.80 « 10-37 + 0.23 x 1057-2 
I, Cp= 959+ 1190 x 10-37 
NaCl Cp = 10.985 3905-10-37 


CioHg C= —27) 4224 1037 


of reaction on the temperature can be obtained from the indefinite 
integral corresponding to Eq. [47]. One has, then, 


AH, = § ACp aT + const [49] 


and if an empirical equation of the form of Eq. [46] is used, 
AH, = AaT + 4AbT?2 — dea + const [50] 


It is then most convenient to refer to 25°C, where the standard 
enthalpies can be used to obtain a reaction enthalpy that allows the 
integration constant to be determined. 

This procedure can be illustrated by obtaining an equation for 
the heat of the reaction 


C(graphite) + 2H2(g) > CHa(g) 


as a function of the temperature. The heat-capacity data of Table 6-5 
are given in the form of Eq. [46] and can be used to obtain the 
coefficients in the heat-of-the-reaction expression of Eq. [50]. One 
obtains 


AHy = —11.42T + 4.37 x 10-3T2 — 1.34 x 105 - + const 


To evaluate the constant, a value of AH; at any temperature in 
the range within which the equation is applicable must be available. 
Here, as is often the case, this datum is provided by the tabulated 
standard heats of formation at 298.15°K. For CH, the value of AH; 
is given in Table 6-2 as —17.89 kcal, and with this value one rear- 
ranges the previous equation to give 


const = —17,890 + 11.42(298.15) — 4.37 x 10°9(298.15)? 


1.34 x 10° 


+ 908.15 


Substitution of the value of the constant term given by this expression 
now gives the heat of formation of CH, from its elements as a func- 
tion of temperature as 


AH, = —11.42T + 4.37 x 10°72 — 1.34 x 105 7 


— 14,424 


In the above example, heat-capacity equations based on empiri- 
cal heat-capacity data have been used to obtain an expression for the 
heat of a reaction as a function of temperature. We shall now see that 
just as heat capacities were calculated, in Sec. 5-16, from our knowl- 
edge of the details of the molecules of a gas sample, so also, if the 
reagents behave as ideal gases and are composed of molecules that 
are not too large, it is often possible to deal directly with the energy 
changes occurring during a reaction in terms of the energies of the 
molecules involved in the reaction. 
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6-10. HEATS OF REACTION AND THE MOLECULAR MODEL 


It has been shown in the previous chapter that the enthalpy of a com- 
pound can be treated as being composed of a_ temperature- 
independent part called Eo and a temperature-dependent part H — Eo. 
The former depends on the lowest allowed energy and reflects the 
strength of the chemical binding in the compound, and the latter 
measures the thermal excitation of the compound. This more de- 
tailed understanding of molecular energies is now carried over to 
chemical reactions. 

If the molecules involved are not too complex, it is possible to 
calculate H — Eo for each of the product molecules and each of the 
reactant molecules. The difference ACH — Eo) can then be formed. 
The enthalpy difference for the reaction depends on this term through 
the relation 


AH = AE, + AH — AEp 
or 
AH = AFo + AG — Eo) [51] 


If the H — Eo terms can be calculated and if a heat of reaction 
AH is known at some temperature, the lowest-level energy difference 
AE can be calculated. This term gives the energy change for the 
reaction when all reactants and products are in the lowest energy 
levels. 

If we are interested in the reagents in their standard state of 1 
atm pressure, the enthalpy of the reaction can be written as 


AH® = AE§ + A(X” — E§) [52] 


For ideal gases the pressure has no effect on the enthalpy or energy, 
and this designation of the standard state does not affect any of the 
terms. The table of standard enthalpies can be used directly for ideal 
gases to determine the AH term of Eq. te which is identical with the 
AH® term of Eq. [52]. 

A molecular interpretation of the heat of the reaction 


No(g) + 202( g) > 2NO2( g) [53] 


can be given as an illustration. The thermal contributions to the en- 
thalpy of the three species, assumed to behave as ideal gases, can be 
calculated as illustrated previously for NOs. The terms of these cal- 
culations are shown in Table 6-6. From these data one obtains 


A(H — Eo)o9s = 2(H — Eo)no, — 2(H — Eo)o. — (H — Eo)y> 
= (2)(2438) — (2)(2072) — 2070 
= 4876 — 4144 — 2070 = — 1338 cal [54] 


The heat of the reaction at 298°K can be calculated from the 


standard heats of formation. These give 


AHo93 = 2 AH? (NO2) — AH?(N2) — 2 AH? (Oz) 
= (28091) — 0 — (2)(0) 


= 16,182 cal [55] 


The results of Eqs. [54] and [55] can be inserted into a re- 
arranged form of Eq. [51] to give 


AEo = AH293 — ACH — Eo)298 
= 16,182 — (— 1338) 


= 17,520 cal [56] 


In this way, the energy change that would occur when the re- 
agents in their lowest allowed energy state react to form the product 


molecules, also in their lowest energy state, is obtained. One can 
now write 
AH = 17,520 + A(H — Eo) [57] 


where AH is the enthalpy change of the reaction at some temperature 
and A(H — Eo) is the calculable thermal-enthalpy term at that 
temperature. 

With Eq. [57] it is a relatively simple matter to calculate the heat 
of reaction for the formation of NO. at some new and even experimen- 
tally difficult temperature. The terms for the oxidation of No at 
1500°K, for example, are also given in Table 6-6 and yield 


A(H — Eo)1500 = (2)(16,690) — (211,700) — 11,210 


= .51230 cal [58] 


298° K: 


Translation 8RT = 890 3RT = 890 
Rotation Shi 590 &RT = 590 
Vibration (vy = 2360 cm!) 0 (v = 1580 cm!) 2 
(H — Eo)298 2070 cal 2072 cal 


1500°K: 8RT= 4470 3RT= 4470 
Translation 2RT= 2980 $RT= 2980 
Rotation (v = 2360 cm!) 780 (v = 1580 cm~1) 1270 
Vibration 
PV term RT= 2980 RY =. 2080) 
(iF 5)a6c0 11,210 cal 11,700 cal 
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TABLE 6-6 
The thermal contribu- 


tions H — Eo to the 


enthalpy of the ideal-gas 
systems Nz, Oz, and NO» 


3RT= 890 

8RT= 890 

(vy = 750 cm~) 60 

(vy = 1323 cm—1) 6 

(vy = 1616cm-!) 2 

uo) 
2438 cal 


3RT= 4470 
3RT— 4470 
(v = 750 cm!) 2030 
(v = 1323 cm~1) 1480 
(v = 1616 cm~!) 1260 
Fh 2980 

16,690 cal 
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with which we obtain 


AAiseo = 17,520 — 1230 
= 16,290 cal [89] 


It is clear that the heat of the reaction can be calculated by this 
method at any temperature for which the thermal-energy terms 
H — Be can be calculated. At high temperatures, usually above 
1500°K, it is necessary also to take into account electronic energy 
States other than the ground state which become appreciably 
populated. 

Calculations such as this can give the heats of reactions at any 
temperature if a single heat of reaction is known. Great use of this 
approach has been made, particularly in the field of hydrocarben re 
actions. Predictions of the heats of rearrangements, of combustion, 
and so forth, of petroleum-fraction molecules can be made at tem. 
peratures at which actual measurements would be very difficult, 

This type of calculation, based on our Knowledge of the energies 
of molecules, gives a particularly clear insight into the basis for the 
dependence of AH for a reaction on the temperature. We shall see, 
furthermore, that a similar understanding of the quantities that de- 
scribe the equilibria of reacting molecules is obtained by separating 
the thermal and lowest-leve! components of thermodynamic quantities. 


6-11. BOND ENERGIES 


So far our thermochemical study has been concerned with the 
practically important matter of the heats of reactions. In addition to 
being useful for their own sakes, these results are necessary for further 
thermodynamic treatments. Thermochemical data are also important 
in helping us to understand the nature of the bonds that hold atoms 
together in molecules. 

The previous section suggests that use should be made of ARQ 
values, which are uncomplicated by thermal energies, for the study of 
chemical-bond energies. At 25°C, however. the thermalexcitation 
term is relatively quite small, It is therefore customary to make use 
of the more available enthalpies of reactions at 25°C. 

Chemists usually focus their attention on the bends that join 
together the atoms in a molecule. The anergy of a molecule compared 
with that of the atoms from which itis formed can be Gealt with iin terms 
of the energies of these chemical bonds. It is a great help in under. 
Standing some aspects of chemical reactions ang campeounds to have 
Some idea of the strengths, ie, the energies, of the chemical bonds. 

For diatomic molecules the bond anergy IS easily defined and 
frequently directly measurable. For a molecule 4B the bond energy 
is defined as the energy required to break the molecule into dwo atoms 
A and B. The process by which a bend or molecule S ruptured into 
tragments is called association. The bond energies of diatomic 


molecules are therefore equal to the dissociation energies of the 
molecules. Table 6-7 shows some results. 

The bond energies of polyatomic molecules are less definite 
quantities. First consider the C—H bond energy of the bonds in 
methane. The standard heat of formation, from Table 6-2, gives 


C(graphite) + 2He( g) > CHa(g) AHo93 = —17,890 [60] 
Experimental results are also available for the reactions 

C(graphite) > C( g) AH = 170,400 [61] 
and 

Ho( g) > 2H(g) AH = 104,200 [62] 


Equation [61] is the sublimation of carbon, and Eq. [62] gives the dis- 
sociation of hydrogen. Combination of these three equations gives 


C(g) + 4H(g) > CHa(g) AH = —396,700 cal [63] 


This reaction forms four C—H bonds from the atoms, and since the 
four bonds are identical, one-quarter of this energy can be attributed 
to the formation of each bond. The C—H bond energy is thus cal- 
culated as 99 kcal. 

It should be mentioned that in other books a variety of values 
will be found for bond energies of bonds involving a carbon atom. 
These discrepancies arise from the varied history that the value for the 
heat of sublimation of carbon has undergone. It should not be sur- 
prising, in view of the high temperatures that carbon must be taken to 


Moncae Dissociation Reale Dissociation 
energy energy 
02 118.3 . 102 
H> 104.2 Se. 6.7 
OH 101.5 Tes 53.4 
Fo \ 37.8 No 995 | 
— HE 134.6 NO ae 
Cle 58.0 Pp 116.9 
HCl 103.2 Aso 90 
CIF 60.6 Sb» 69 
HBr 87.5 C: 14d 
Br 96.0 CO 256.5 
BrCl 523 CH 8] 
I, 36.1 By 69 
HI 71.4 Lig 26.4 
IC| 50.3 Naz 18.0 
Br 42.9 Ky WA 
Aty 22.4 Rb ii 


_ SH 85 Csp 10.7 
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TABLE 6-7 
The dissociation energies 
of some diatomic 


molecules* 


* From K. B. Harvey and 
G. B. Porter, “Introduction 
to Physical Inorganic 
Chemistry,’ Addison- Wesley 
Publishing Company, Inc., 
Reading, Mass., 1963. 


176 in order to study the solid-to-vapor process, that the determination of 
the heat of sublimation is difficult and that a value for the heat of sub- 
ae limation cannot be obtained by a direct thermal measurement. The 
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TABLE 6-8 
Bond energies of 
chemical bonds* 


(kcal/mole) 


value of 170.4 kcal, however, now seems generally accepted. 

Just as for the C—H bond energy, one can obtain the bond 
energies for the H—O, H—N, H—S bonds from the heats of the re- 
actions in which the molecules H20, NH3, and HeS are formed from 
their atoms. 

A more difficult situation arises for a molecule such as methyl 
alcohol. The heat of formation of methyl alcohol from the gaseous 
atoms can be calculated from the data of Tables 6-2 and 6-7 as 


C(g) + 4H(g) + O(g) > CH30H(g) AH = —486,100 cal 
[64] 


The methyl! alcohol molecule is made up of three CH bonds, a CO bond, 
and an OH bond. The energies of each of these types of bonds cannot 
be sorted out from the observed formation energy without some 
simplifying assumption. It is customary to assume that the CH and 
OH bonds have the same energy as they do in the CH, and H2O mole- 
cules. With this assumption, which introduces an appreciable un- 
certainty, the result 


3(C—H) + (C—O) + (O—H) = 486.1 kcal [65] 
can be made to give 
C—O = 486.1 — (3)(99) — 111 = 78 kcal [66] 


This type of procedure can give the bond energies for a large 
number of bonds, some of which are shown in Table 6-8. The values 
deduced for the bond energy of a given bond, however, are found to 
depend, to some extent, on the molecule that is being dealt with. The 
values deduced for the C—C and C—H bond for one hydrocarbon 


_—_————— OOOO: oO — 


SINGLE BONDS 


ee rr eee 


H—H 104.2 C—-H 99 NH) 93 Way yt FF 36.6  CI—F 60.6 
HF 134.6 C—¢ 83 N—N- 38 0—0 33. Cl—C 98.0 Br—Cl 523 
H—Cl 103.2 C—Cl 78 N—Cl 48 Vee 44. Br—Br 461 IC 90.3 
H—Br 87.5 C—Br 66 Seen) 51 II 36.1.  I—Br 42.5 
H—I 714 al) 84.0 SH 81 


MULTIPLE BONDS 


C—¢ 147 N=N 100 0. 118.3 
C=6 194 N=N 226 
t=C 170 


* Adapted from L. Pauling, “The Nature of the Chemical Bond,” Cornell U. niversity Press, 
Ithaca, N. Y., 1960. 


molecule may not, for example, be exactly the same as for another 
hydrocarbon. It is necessary, then, to select some suitable average 
bond energies. One selects ‘‘best’’ values which are consistent with 
as much of the available data as possible. The values of Table 6-8 
have been deduced in this way. 

One should appreciate that the assumption that bond energies 
can be transferred from one molecule to another is not necessarily 
valid. The magnitude of the error that might be involved can be 
illustrated by noticing that both 


CH3—CH2—CH2—CH2—CH3 


n-pentane 
and 
CH3 
pat en, 
H, 


2,2-dimethylpropane 
have 4 C—C bonds and 12 C—H bonds. The standard heats of forma- 
tion of these compounds, however, are —35,000 and — 39,670 cal; 
that is, they differ by more than 4000 cal. 

For most molecules, it appears that the tabulated bond energies 
can be used to calculate the heat of formation of a molecule and that 
this value will be within a few kilocalories of the observed value. 

In a later chapter more use will be made of this table of bond 
energies in relation to some problems in molecular bonding. In 
particular, special attention will be paid to molecules whose heats of 
formation are not what would be expected from the bond energies. In 
such molecules some unusual bonding or steric effect must be occur- 
ring. For the present, it is sufficient that the qualitative aspect of 
bond energies be appreciated and that the approximate magnitude 
of these energies be learned. 


PROBLEMS 


1 When 0.532 g of benzene is burned at 25°C ina constant-volume system 
with an excess of oxygen, 5.33 kcal of heat is given out and the products 
are CO.(g) and H,O(/). What is the heat of combustion of benzene? 
For this combustion process what are q, w, AH, and AE per mole of 


benzene? 


2 Asample of liquid acetone weighing 0.5680 g is burned in a bomb calorim- 
eter for which the net heat capacity, including the sample, is 1348 
cal/deg. A temperature rise from 22.87 to 24.56°C is observed. What 
is the heat of combustion in calories per gram of the sample? What are 
the values, per mole of AH and AE, for the combustion of acetone? 

Ans. AEcomb = —4010 cal/g = —233 kcal/mole; 
AH com» = — 282 kcal/mole. 
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10 


11 


12 


13 


14 


Deduce values for AE for the combustion reactions for which enthalpies 
are listed in Table 6-1. Assume that all gases behave ideally. 


Deduce the enthalpy change for the reaction 
2CH4( g) > CH3CH3(g) + Ho(g) 


by combining the equations and the heats for the combustion reactions 
of the three reagents. Ans. AH = 15.54 kcal. 


The standard heat of formation of carbon monoxide cannot be determined 
conveniently from the reaction of carbon and a limited supply of oxygen. 
Show how the heat of formation of carbon monoxide from the elements 


can be deduced from conveniently measurable heats of combustion. 


A flow process converts 0.5 mole of acetylene per minute into benzene by 
passing acetylene gas over a catalyst bed. At what rate must heat be 
added or removed in order to keep the catalyst bed and the exit benzene 
vapor at the same temperature as the incoming acetylene? 


Ans. 23.84 kcal removed per minute. 


Calculate the heat of combustion of benzene from the standard heats 


of formation given in Table 6-2. 


Calculate the standard heat of formation of n-butane from the heat-of- 
combustion data of Table 6-1. Ans. —29.81 kcal. 


The heat of combustion of cyclopropane has been reported as 499.8 
kcal/mole. Calculate the standard heat of formation at 25°C. 


Combustion of diborane, B2H¢, proceeds according to the equation 
B2He( g) + 302( g) > B203(s) + 3H20( g) 


and 464 kcal is liberated per mole of BoHs. Combustion of elemental 
boron also proceeds to the product BoO3 and gives out 283 kcal/g atom. 
What is the standard heat of formation of diborane? 


Deduce the heat of the reaction whereby ethyl alcohol is formed from 
ethylene and water. Use (a) the heats of combustion of Table 6-1 and 
(5) the heats of formation of Table 6-2. Specify state of reagents. 


Calculate, from the heats of combustion in Table 6-1 and the results of 
Prob. 10, the heat per pound that can be released by the reagents of the 
following reactions (AHyap of Oz is 1629 cal/mole): 


C7Hi6(n-heptane)( g) + 1102(1) > 7CO2( g) + 8H20( g) 
B2He( g) + 302(/) > B203(s) + 3H20(g) 


Calculate the value of AH for the solution of 1 mole of solid silver chloride 
in a large amount of dilute ammonium hydroxide solution to produce the 
soluble salt of the silver ammonia complex ion. Make use of the data 
of Tables 6-2 and 6-3. 


The volume in cubic centimeters of solutions containing 1000 g of water 


15 


16 


ey, 


18 


19 


20 


21 


and nz moles of NaCl at 25°C is given by the empirical expression 
V = 1001.38 + 16.6253n2 + 1.7738n23/2 + 0.1194n2? 


a Obtain an expression V2, and illustrate graphically this relation. 

b The Gibbs-Duhem equation can be rearranged to dV, = —(n2/n1) dV2 
and V; — Vi = males (n2/n,) dV2, Obtain an expression for dV2 

Nno=0 

from part a for the system containing m2 moles of NaCl and 1000 g of 
water, express 7; as 1000/18.02, and then perform the integration to 
obtain an expression for V; — Vi. Finally, calculate vi (the density 
of water of 25°C is 0.9971 g/cc), and express analytically and graphi- 
cally V; as a function of no. 


o 


Check at several values of ny that the partial molal volumes obtained 
in parts a and 6 lead, according to the relation V = mV; + 72Ve, to 


the original solution volume data. 


Calculate the maximum flame temperature, i.e., the adiabatic value that 
corresponds to all the heat of reaction going into the product molecules, 
when Hs» is burned in just sufficient oxygen to lead to the product H20. 
Make use of the heat-capacity data of Table 6-5, but note that the data 
are not really applicable to the temperature range of the problem. 

Ans. 4350°K. 


Using the data of Tables 6-2 and 6-5, calculate the heat of the reaction 
C(graphite) + O2(g) > CO2( g) at 1500°K. 


The heat of sublimation of NaCl can be estimated to be 181 kcal/mole 
at 25°C. Using a vibrational-level spacing for NaCl vapor molecules of 
380 cm-1, calculate the enthalpy of NaCl(g) at 1000°C compared with 
the crystal at 25°C assuming ideal gas behavior. 


The enthalpy change of the reaction Cl2(g) — 2Cl(g) at 25°C is about 
57 kcal. Calculate what the internal-energy change and the enthalpy 
change would be for all reagents in their lowest allowed quantum states. 
The vibrational-energy-level spacing for Cl, is found spectroscopically to 
be 565 cm-!. What would the internal-energy change and the enthalpy 
change for the dissociation of Clz be at 1500°K? 

Ans. AEo = 56.2; AHjs500°x = 58.5 kcal. 


At high temperatures all molecules tend to break up into smaller frag- 
ments. Do the energy considerations of the Cl, example in Prob. 18 


explain this? 


Draw to scale a diagram like that of Fig. 6-3 for the reaction 
CO( g) + $02( g) > CO2(g) showing the enthalpies of reaction at 25°C 
and at 1500°K. Make use of the data of Tables 6-1 and 6-5. Read off 
other values of AH®, and plot AH” as a function of temperature over this 


temperature range. 


Plot curves showing H° — E96 for CO, $02, and CO2 over the temperature 
range 25°C to 1500°K. The vibrational spacings for CO and Oz are 
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22 


23 


24 


25 


26 


20, 


28 


2168 and 1580 cm~!, respectively. COz is a linear molecule and has four 
modes of vibration with the spacings 668, 668, 1320, and 2168 cm~!. 
Plot A(H° — £6) for the reaction CO( g) + 402( g) ~ CO2( g) versus tem- 
perature. Using the standard heats of formation, calculate Ar§ for the 
reaction. Using values of A(H° — Eo) and the value of Akg, obtain values 
of AH®, and plot against temperature. Compare with the curve obtained 
in Prob. 20. 


Using data from the preceding problem, calculate the heat capacity of 
CO, at various temperatures between 298 and 1500°K. Compare these 
values with those from the empirical expression Cp = a + bT + cT~2 
and the data of Table 6-5. 4 


Using the data of Prob. 9, calculate a value for the C—C bond energy 
for cyclopropane. Ans. 73 kcal. 


Verify the value given for the _N-H bond energy in Table 6-8. 

Verify the DO=C< bond energy of Table 6-8. Instead of assuming that 
the C—H bond of methane had the same energy as that in ethylene, if 
it were assumed that yo had exactly twice the energy of a 


aS 
= single bond, what would be the deduced value for the energy 


| 
of the =C—H bond in ethylene? 


SS 
If the ee bond energy of Table 6-8 is assumed to apply to both 
n-pentane and 2,2-dimethylpropane, what values of the Sc—c= bond 


energy are obtained from the reported standard heats of formation of 
these compounds? 


From the bond-energy data of Table 6-8 deduce AH ? for ethanol, and 

compare with the value in Table 6-2. Ans. —60 kcal. 
; SS Za Ayes , 

Explain why the poe aOR, bond energy in diamond is half the value of 


the heat of sublimation of diamond. 
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CHAPTER 
SEVEN 


ENTROPY AND THE SECOND 
AND THIRD LAWS 
OF THERMODYNAMICS 


A very large part of chemistry is concerned, in one way or another, 
with the state of equilibrium and the tendency of systems to move in 
the direction of the equilibrium state. Thermodynamics is the basic 
approach to the study of equilibria. It has.been mentioned in the 
previous chapter that the enthalpy and internal-energy changes in 
reactions are not reliable indications of the tendency of a reaction to 
proceed; i.e., they do not indicate where the equilibrium lies. The 
thermodynamic and molecular treatments that we now take up are 
concerned with the following questions: 


1 Can the equilibrium state of a chemical system be determined by 
the use of some new thermodynamic function? 


2 If so, can this function, and therefore the equilibrium state, be 
understood in terms of the properties of the molecules involved? 


After a preliminary discussion of the general statements of the 
second law of thermodynamics, a new thermodynamic function will, 
rather arbitrarily, be introduced. This function will allow the second 


law to be applied to chemical systems, and it will be seen that the 
second law and the new function are concerned with the equilibrium 
state and the tendency of processes, or reactions, to occur spontane- 
ously. A molecular interpretation of the new thermodynamic func- 
tion will then be suggested. 

Not until the following chapter will the thermodynamic study 
of equilibria be completed by the introduction of another, more con- 
venient function. 


7-1. GENERAL STATEMENTS OF THE 
SECOND LAW OF THERMODYNAMICS 


Although the second law can be stated in a number of different ways, 
all statements can ultimately be shown to generalize our knowledge 
that natural processes tend to go toa state of equilibrium. The second 
law sums up our experiences with equilibria, just as the first law 
summed up our experience with energy. The general statements of 
the second law, like the conservation-of-energy statement of the first 
law, are not immediately applicable to chemical problems. After the 
law is introduced in general terms, it will be shown that it can be ex- 
pressed in a chemically useful form. 

Two important statements of the second law have been given. 
One due to Lord Kelvin is that ‘‘it is impossible by a cyclic process to 
take heat from a reservoir and convert it into work without at the same 
time transferring heat from a hot to a cold reservoir.’’ Another state- 
ment, given by Clausius, is that ‘‘it is impossible to transfer heat from 
a cold to a hot reservoir without at the same time converting a certain 
amount of work into heat.” 

The first of these two statements is illustrated by the fact that a 
ship cannot derive work from the energy in the sea on which it moves. 
A moment's thought about all types of engines will show that there is 
always a hot and a cold source. A steam engine, for example, could 
not be made to produce work if it were not for the high pressure and 
high temperature of the steam compared with the surroundings. 

This statement of the second law is related to equilibria when it 
is realized that work can be obtained from a system only when the 
system is not already at equilibrium. Ifa system is at equilibrium, no 
process tends to occur spontaneously and there is nothing to harness 
to produce work. A nonchemical example is the production of hydro- 
electric power. Here work is obtained when the spontaneous tendency 
of water to flow from a high to a low level is used. Lord Kelvin’s state- 
ment recognizes that the spontaneous process is the flow of heat from 
a higher to a lower temperature and that only from such a spontaneous 
process can work be obtained. 

The second statement is readily illustrated by the operation of 
a refrigerator. Again we have the recognition that the spontaneous 
flow of heat is from a high to a low temperature and that the reverse 
is possible only when work is expended. 
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A rather more sophisticated approach than will be used here 
concerns itself with how the high and low temperatures referred to in 
these statements are defined. The statements of Kelvin and Clausius, 
in fact, provide fundamental definitions for temperature. Tempera- 
ture so defined, however, can be shown to be identical with the tem- 
perature scale that makes the relation PV = nRT hold for ideal gases. 

The chemist’s interest in the second law of thermodynamics is 
aroused by the possibility of this law saying something about the 
position of equilibrium in a chemical process. As a preliminary to 
this application we consider in detail a simple process that involves 
the transformation of heat into work. 


7-2. THE CARNOT CYCLE 


Although chemists are not necessarily interested in the conversion of 
heat into work, it will be found that the consideration of a particularly 
simple engine for doing this leads us to a step of great chemical 
importance. 

A hypothetical engine provides a specific example on the basis 
of which the second law of thermodynamics can be put in a chemically 
useful form. More particularly, the cycle of the engine shows that a 
new and very valuable thermodynamic function can be introduced. 

The engine that we consider operates with 1 mole of an ideal 
gas as the working substance, and was analyzed originally by the 
French engineer Sadi Carnot, in 1824. This engine is very convenient 
for analysis, but although the pattern of operation is not entirely dif- 
ferent from that of a steam or internal-combustion engine, it is not a 
practical device. One cycle of this engine has the net effect of using 
up heat from a hot reservoir, producing work, and giving some heat to 
a cold reservoir. The engine would operate by continually repeating 
this cycle. 

A diagram of a Carnot engine is shown in Fig. 7-1. Heat can be 
supplied at the higher temperature 7;, and removed at the lower tem- 
perature T;. The solid lines indicate the possibility of sliding heat. 
conductors into the insulators so that heat can be transferred or 
not, as desired. The piston is connected to some device, such as a 
system of pulleys and weights, so that work can be done by the gas 
on this device or the device can do work on the gas. Any material 
could be assumed to be present in the cylinder, but the analysis is 
greatly simplified if the working material in the cylinder is an ideal 
gas. We shall assume further that there is 1 mole of this gas. 

The Carnot cycle consists of four steps, shown in Fig. 7-2. Each 
step is performed reversibly; i.e., the pressure of the gas is only 
infinitesimally different from that of the piston, and the heat flows 
across an infinitesimal temperature gradient. The heat and work of 
each step will be investigated, and the contributions will then be added 
together to find the net effect of the complete cycle. 


Step 1 The gas is expanded isothermally at a temperature T', from 
an initial volume v,; to a volume Vy. An amount of work w, is done by 
the gas, and an amount of heat q, flows from the hot reservoir to the 
gas, 

Since the gas is ideal and the temperature is constant, Al = O 
and 


RT, ["S ~ RT, \n ¥2 (1 


Gn = Wy | PdV V = 
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qh 


HEAT 
CONDUCTOR 


INSULATOR 


STROKE 2: 
ADIABATIC EXPANSION 


STROKE J 
ISOTHERMAL EXPANSION 


INSULATOR 


HEAT 
CONDUCTOR 


ST MOKE STROKE 4; 


) 
ISOTHERMAL COMPRESSION 


YOLUME ————- 


ADIABATIC COMPRESSION 


185 


Section 7-2 
The Carnot cycle 


FIGURE 7-1 
The four strokes of the 


Carnot engine. 


FIGURE 7-2 

The Carnot cycle on a 
PV diagram. (The four 
strokes are numbered 


as in Pig. 7-1) 
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Step 2. The gas is expanded adiabatically from a volume vz to a 
volume v3 and the temperature drops to a value 7). An amount of 
work wy is done by the gas, and since the insulators are in place for 
this adiabatic step, no heat is transferred. 

Since g = O, the first law and the fact that the working substance 
is an ideal gas give 


W2 = —AK2 = —Cy(T; — Th) = cy (T, — T)) [2] 


Step3 The gas is compressed isothermally at the lower temperature 
T, from the volume v3 to a volume vy. An amount of work w3 is done 
on the gas by the piston, and an amount of heat q flows from the gas 
to the cold reservoir. 

Since the gas is ideal and the temperature is constant, AE = 0 
and 


Cj), — SY = fav = jenn |e = RT, oe [3] 


We note that, since v4 is less than v3, the term In (V4/V3) is nega- 
tive and therefore g; and ws; are both negative. This corresponds to 
work being done on the gas and heat being given off from the gas. 


Step 4 The gas is compressed adiabatically from the volume v4, to 
the original volume v;, and the temperature rises to the higher tem- 
perature 7), at which the cycle was started. An amount of work W4 IS 
done on the gas during this compression, and no heat is absorbed. 
Again, as in step 2, we have g = O, and the first law gives 


Oa = (Ndi — —Cy(T, — T\) [4] 


Here also it can be noted that, corresponding to work being done on 
the gas, w4 is negative. 

That the entire cycle obeys the first law of thermodynamics can 
first be checked. The net work performed by the gas is 

W = Wi + We + W3 + W4 [5] 


where wy and wz are positive quantities, and W3 and w4, are negative. 
Furthermore, we and wy, are numerically equal and cancel each other. 
The net work is therefore 


W= W; + W3 


= RT, In“2 — RT, In ¥3 [6] 
Vi V4 


where both logarithm terms are so written that they are positive 
quantities. The net heat absorbed is 


Gq@=Qn+ 01 


= RT, In ¥2 — RT, In ¥3 [7] 
Vi 


V4 


Furthermore, the process is cyclic, 
AE=0 [8] 


and the first law is obeyed since the net heat absorbed by the gas is 
equal to the net work done by the gas. The next section will show 
that the cycle corresponds to an engine cycle in that work is obtained 
from heat. 


7-3. THE EFFICIENCY OF THE TRANSFORMATION 
OF HEAT INTO WORK 


The performance of an engine is usually computed on the basis of the 
net work produced for a given consumption of heat from the hot 
reservoir. In an internal-combustion engine, for example, one 
measures the work produced from a given amount of fuel, which is the 
counterpart of heat from the hot reservoir. The efficiency of the 
Carnot engine is defined, therefore, as 


eit a [9] 


where w, as above, equals the net work w; + W3. 

The previous relation for w can be simplified by the recognition 
that the adiabatics of steps 2 and 4 relate the four volumes according 
to equations 


(T;)°V/Fv2 = (T))°v/*v3 
and 
(TV 2Vz = (Tv V4 [10] 


Division of the first of these by the second gives 


V2 _ Va [11] 
Vi V4 


The previous expression for the net work, Eq. [6], then reduces to 
ian le T;) In <2 ei 
i 


Since this is a positive quantity, a net amount of work is produced 
per cycle and therefore work is indeed being obtained from heat. 
As before, 


Gent, in [13] 
Va 


and the efficiency is calculated as 


ete Ul ae R(T, — Ti) \|n (V2/V1) ite T, —T [14] 
qh RT, |n (V2/V1) Th 


This formula represents the results of the analysis of the operation 
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of the Carnot engine. The relation of this particular result to the 
previously given general statements of the second law can now be 
investigated. 

That the Carnot cycle immediately illustrates Lord Kelvin’s 
statement is apparent when it is recognized that a cold reservoir at 
absolute zero is never available. All engines using a cold reservoir 
at a temperature above absolute zero have efficiencies, according to 
Eq. [14], less than unity. Such engines take heat from a hot reservoir, 
convert only part of it into work, and must therefore give out the 
remainder as heat to the cold reservoir. 

The Clausius statement requires us to think of a Carnot cycle 
that is run in the reverse direction to that of the preceding derivation. 
Since all the steps in the cycle are reversible, this could occur if the 
temperatures of the heat reservoirs were changed by infinitesimal 
amounts. We now have a refrigerator in which an amount of work 
w is expended, heat q; is taken from the cold reservoir, and heat gq; is 
delivered to the hot reservoir. Clausius’ statement says that the flow 
of heat will not occur unless w has some nonzero value. The Carnot- 
cycle efficiency expression shows that w can be zero only when TJ}, and 
T; are equal, a result that is in accordance with the Clausius statement 
of the second law. 

Any other device for developing work from heat would also serve 
to illustrate the second law. The calculation of a quantitative value 
for the efficiency, however, would be rather more difficult than for the 
Carnot cycle operating on 1 mole of an ideal gas. The Carnot cycle 
has the advantage also of showing the efficiency of an engine that 
operates between a fixed high-temperature reservoir and a fixed low- 
temperature reservoir. 

One can show, furthermore, that any other reversible engine 
operating between these two temperatures and with any other working 
substance will have an efficiency equal to that calculated for the 
reversible Carnot cycle. The Carnot-cycle efficiency can therefore be 
used to make an estimate of the maximum conversion of heat to work 
that can be expected for a real engine. 

A steam engine, for instance, can be taken as operating between 
some high temperature around 120°C and a condenser temperature 
of about 20°C. For such an engine the efficiency can be estimated as 


553938293 = 
eff = === (100) = 25% [15] 


Thus, for every 4 cal of heat Supplied in the steam, the equivalent of 
1 cal of work can be obtained, and 3 cal of heat is given off at the low 
temperature. This efficiency is the maximum that could be expected 
if there were no other inefficiencies in the operation. In addition, of 
course, there is a mechanical efficiency that limits the available work 
to some fraction of this theoretically possible amount. 

Such a calculation indicates the desirability of Operating an 


engine with as high a value of 7), and as low a value of T) as possible. 
In working engines this is done as much as possible. 


7-4. ENTROPY 


The efficiency of the Carnot cycle, and of similar but more practical 
engines, is of special interest in several engineering areas. The 
Carnot cycle also gives a concrete example for investigating the second 
law of thermodynamics. The principal interest to the chemist results 
from the fact that the derivation suggests that a new and, as we shall 
see, a very useful thermodynamic function can be defined. 

Since the net work of the cycle is equal to the difference between 
the heat absorbed and the heat given out, we can write 


eff = tan [16] 
Qh 


which, when compared with Eq. [14], gives 


eat ae [17] 


(The q; term is a negative quantity corresponding to heat being given 
out.) Equation [17] can be rearranged to give 


Gr, N_g 18 
T, * T; [18] 
or 
Pc. 
SL=0 [19] 


The special significance of this result follows from the fact that 
any reversible cycle involving an ideal gas can be thought of as being 
made up of a large number of Carnot cycles, as illustrated by Fig. 7-3. 
A grid of isotherms and adiabatics is drawn through the heavy curve, 
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FIGURE 7-3 
A cyclic process ap- 
proximated by a set of 


schematic Carnot cycles. 


which represents any reversible cyclic process, The grid can be used 
to construct a set of Carnot cycles so that the outer parts af the set 
trace out a curve that approximates that of the general process. If 
one were to perform all the Carnot eveles in the set, the new result 
would be almost the same as performing the general process, This re 
sults from the fact that all the Carnoteyele steps that are inside the 
boundary are canceled out because each is traced in both a forward 
and a reverse direction, If one goes te the limit of an infinitely closely 
Spaced grid, one can obtain an outiine with infinitesimal Steps that cor 
responds to the general cyetic process and, furthermore, encloses the 
Same area on the PV diagram as does the general process. The net 
effect of performing all the Carnot cveles, it can be shown, will be the 
same as performing the general process. (For example, the azea en. 
closed by a cyclic process on a P versus V plot is, since w = SP eV. 
equal to the net work performed, If the general process and the set oF 
Carnot cycles have the effect of enclosing the same area, they will car 
respond to processes with the same net work. Ih a similar WAN, as 
Prob. 7 suggests, one can use another type of diagram to show that the 
Same heat is absorbed or emitted if two curves enclose the same area 
As a result of this procedure of imagining any cvese reversdie 
process to be replaced by a set of Carnot eveles, one can Carey Qver the 
Carnot-cycle conclusion te such general processes and write 


se = 


where ¢ represents the various heats absorbed, Givided Oy the temper 
atures at which the absorption occurs. This result cam de written 
more generally as 


where the sign oO signifies integration around a Complete cycle, ang 


the subscript has been added to ¢ to emphasize the fact that this 
relation holds only when the process is Derformed reversidiy. 

Detailed considerations of evelic DFOCSSSES OF any LyES With ary 
Substance would be found to lead te a Similar result, No preof that 
Eq. [20} is generally applicable can be given. Tt cam be stated, how. 
ever, that analysis of any cyclic process, like that presented here for 
the Carnot cycle, will lead te the conclusion of Eq. [20} 

In the previous discussion of internal anergy if Was Doihied cut 
that a zero value for a cyclic integral imaliied that the fumetion being 
integrated was independent of the path over which the integration was 
made. In other words, suck @ function & @ shade Auction or 
thermodynamic property. 

We are therefore at liberty to define a function, generally ge 
noted by S and called enéropy, such that changes in this function are 


given by 
AQ re 
dS _ rev 
T [21] 
and 
b 
S, — S, = AS = [? A [22] 


The Carnot-cycle argument, leading to Eq. [19], has shown that 
the entropy differences defined by Eq. [22] are functions that depend 
only on the initial and final states of the system and not on how 
a process is carried out. 

The entropy function is therefore a state function, or thermo- 
dynamic property. One should recognize, furthermore, that the def- 
inition of entropy changes in terms of d@revy/T not only defines the 
function but also shows us how to calculate changes in it. 

Again, it would not be so necessary to emphasize that entropy 
is a thermodynamic property if it were defined in a way that showed 
how it could be calculated for a given temperature and pressure from 
molecular properties. Later it will be seen that such calculations can, 
in fact, be made. The present definition, however, involves q, which 
depends on the path. There are usually a number of reasonable ways 
of performing a process reversibly, each way having a different value 
of grey. The results of the Carnot-cycle discussion, however, illustrate 
that for all reversible paths { dqrey/T will be the same. Furthermore, 
since AS depends only on the initial and final states, the value will even 
be independent of whether the process is carried out reversibly or 
irreversibly. 

Before showing some of the uses of this new thermodynamic 
function and the ways it can be understood in terms of molecular 
properties, we shall illustrate how changes in entropy can be calculated 
for some simple processes. Practice with such calculations is neces- 
sary for one to obtain familiarity with this new function. 


7-5. ENTROPY CHANGES IN REVERSIBLE PROCESSES 


For the present, examples are drawn from rather nonchemical sys- 


tems. Except for the electrochemical reactions to be studied later, 


most chemical reactions are performed irreversibly and do not provide 
suitable examples. 

First, it must be emphasized that in entropy calculations it is 
important to distinguish between the system and the surroundings of 
the system. The system is that part on which we focus our attention. 
It may be part of a mechanical system, or more chemically, a gas, 
liquid, solid, or a reaction mixture. The surroundings constitute all 
other parts which might interact with the system. The surroundings 
will most frequently consist of heat reservoirs that can add to or sub- 
tract heat from the system or of mechanical devices which can do work 


on or accept work from the system. 
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FIGURE 7-4 

Schematic representa- 
tion indicating that a 
system and its surround- 
ings constitute an 


isolated system. 


The entropy change, not only of the system but also of the sur- 
roundings, will be of interest, and it will be important in all entropy 
considerations to distinguish these components clearly. The com- 
bination of the system and its surroundings corresponds to an ‘“‘iso- 
lated system,” as suggested in Fig. 7-4, since the process being 
considered affects nothing outside of the system and its Surroundings. 


Example 1 Consider the entropy changes involved in the conversion 
of 1 mole of liquid water at 100°C to vapor at 100°C and 1 atm. 

The system consists of the 1 mole of water, and the surround- 
ings consist of a heat reservoir at 100°C, as illustrated in Fig. 7-4. 
Since there is only an infinitesimal temperature gradient between the. 
heat reservoir and the water, the system can absorb the necessary 
heat reversibly. From the defining equation for entropy changes 
(Eq. [21]), we calculate 


rev 1 yo 
AS system = (k= — z [Aarer = x ihe AHyap dn 


_ Alyap _ 9720 


Tre = =g5q- = 26 cal/deg [23] 


The integration is easily performed because T is constant. 

At the same time the Surroundings, i.e., the heat reservoir, ex- 
perience a change in entropy due to the loss of an amount of heat 
AHyap. Thus 


ASairroundines = ABrap — 26 cal/deg [24] 


For the systems plus the Surroundings, i.e., for everything involved, 
AStota1 = O [25] 


The result of the calculation is that the entropy of the water in- 
creases by 26 cal/deg. The Surroundings suffer an equal but opposite 
change, so that the total entropy change of the isolated combination 
of system plus heat reservoir is zero. 


Example 2. Consider the entropy change for the transfer of an 
amount of heat g from a hot body at temperature 7’, to a body at lower 
temperature T;. Assume that the amount of heat is small compared 
with the heat capacities of the blocks, so that the temperatures do not 
change significantly during the process. 

A reversible way of performing this heat transfer must be 
devised, since then the defining equation (Eq. [21]) can be used to 
calculate the entropy change. Heat flowing directly from a high to 
a low temperature corresponds to an irreversible process, and for such 
processes we have no direct way of calculating the entropy change. 

Consider the arrangement of the system and surroundings 
represented by Fig. 7-5b. The hot reservoir is at a temperature 
infinitesimally lower than 7},, and the cold reservoir at a temperature 
infinitesimally higher than T;. The heat flows indicated in the figure 
give the net result, as far as the system is concerned, of transferring 
heat from the hot to the cold body. The addition of the heat reservoirs, 
however, makes the process reversible. 

Again the heat transfers occur at essentially constant tempera- 
tures so that the integrations of Eq. [21] for the calculation of AS give 
terms of the type g/T. Thus 


AS. ystems = AShot body ae AScoia body 


= fe r = = a positive quantity [26] 


For the surroundings 


AS surroundings = AShot res + AScoia res 


= 7 no He — a negative quantity [27] 
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FIGURE 7-5 
Irreversible and reverst- 


ble paths for the trans- 


fer of heat from a body 


at a high temperature 

T, to a low temperature 
T,. (a) Irreversible heat 
transfer. (b) Reversible 


heat transfer. 
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This expression for the heat absorbed allows the entropy change of 
the system to be calculated as 


ve “Ve 7 ‘ 
ASsystem = [a= = | nkT eV = nR In Ve. 


ead RNa Vi 


= a positive quantity [29] 


The entropy change of the surroundings, i.e., the heat reservoir and 
the mechanical device, is similarly calculated from the heat that flows 
out of the reservoir to be 


ASporroundings = —nR In [30] 


We see that in the reversible process being considered the surround- 
ings suffer an entropy change that is equal, but of opposite sign, to 
that for the system. Again the important result is obtained that, if 
everything involved is considered, the entropy change, as is seen from 
the sum of Eqs. [29] and [30], is zero. 

These three examples illustrate a completely general result: 
For a reversible process, the entropy change of the system and the 
surroundings together is always zero. This can also be stated: The 
entropy change in an isolated system is always zero for a reversible 
process. 

We have therefore arrived at one important qualitative property 
of the new function. Another property, discussed in the next section, 
will suggest the usefulness of entropy. 


7-6. ENTROPY CHANGES IN IRREVERSIBLE PROCESSES 


An irreversible process, as has been mentioned, is one that occurs 
when there is a lack of balance in a system. The flow of heat directly 
from a high to a low temperature and the expansion of a gas into a 
vacuum are examples of irreversible processes. Likewise, the spark- 
ing of a mixture of hydrogen and oxygen results in the irreversible 
process that forms water. It is such irreversible processes that we 
shall now consider. 

All natural processes are more or less irreversible. Only in the 
idealized world of weightless and frictionless systems can processes 
occur when only an infinitesimal lack of balance exists. The driving 
force that causes reactions to proceed spontaneously 1s the lack of 
balance, or the irreversibility of the process. 

In the previous section an important generalization was drawn 
regarding processes that occur reversibly. That is, in a reversible 
process involving a system and the associated surroundings, the 
total entropy change is found to be zero. Now we shall seek a gen- 
eralization about the entropy change that is associated with irrevers- 


ible processes. 
Irreversible processes are those which have a natural tendency 


195 


Section 7-6 
Entropy changes in 
irreversible processes 


196 


Chapter 7 

Entropy and the second 
and third laws of 
thermodynamics 


to occur; i.e., they are spontaneous processes. Chemical terminology 
would have it that irreversible processes are those in which there is a 
driving force that tends to make the reaction or process occur. The 
study of any property that might be associated with the tendency of 
processes, or chemical reactions, to proceed is of obvious chemical 
interest. 

Examples 2 and 3 of Sec. 7-5 have readily visualizable irrevers- 
ible paths. The entropy change when these processes occur irrevers- 
ibly can be immediately obtained when it is recognized that the entropy 
change of a system depends only on the initial and final states and 
not on the path of the reaction. 

The irreversible transfer of heat from the hot to the cold body, 
as in Fig. 7-5a, allows the heat to flow directly, and no surroundings are 
involved. The entropy change for the system is the same as calculated 
in Eq. [26]; i.e., 


ASsys en mE aE 
Sevnt Tt == fe 

Now, however, 

AS arroundines = 0 
and 

yee Gein hl! bee iti 
NA = = ae = a positive quantity [31] 
Th T, 


The irreversible expansion of the ideal gas of Example 3 of 
Sec. 7-5 can be performed by allowing the gas to rush from volume V, 
to a total volume V2 by opening a stopcock connecting an evacuated 
section, as suggested in Fig. 7-6a. Again the initial and final states 
are the same as those in Sec. 7-5, and therefore the entropy change of 
the system is that obtained there; i.e., 
Vo 


ASe pene Ine 
V1 


Now, however, no heat is absorbed, nor is any work done, and we have | 
ASeavectendinee =O 


and 


AStota = 2R In = = a positive quantity [32] 
2 

These two examples illustrate another completely general and 
very important result. When a spontaneous process occurs, it will 
always be found that, if the total entropy change for everything involved 
is calculated, a positive quantity is obtained. In all irreversible, i.e., 
spontaneous, processes, the entropy of the system and its surroundings 
increases. Alternatively, all irreversible processes of isolated systems 
occur with an increase of entropy. 


Some of the importance attached to entropy, as a result of this 
deduction, can be seen by its position alongside energy in the famous 
maxim of Clausius: ‘‘The energy of the universe is constant; the 
entropy of the universe tends always toward a maximum.'’ Since all 
natural processes are spontaneous, they must occur with an increase 
of entropy, and therefore the sum total of the entropy in the universe 
is continually increasing. Recognition of this trend leads to some 
interesting philosophical discussions as, for example, Sir Arthur 
Eddington’s idea that ‘‘entropy is time’s arrow.”’ 

We are now ina position to summarize the results of this and the 
preceding section and thereby to indicate the use that can be made of 
the function called entropy. Suppose one wishes to investigate the 
possibility of a reaction, either chemical or physical, proceeding from 
one state a to another state 6. If one can calculate the entropy 
difference 


AS total = (S; oe Sa)total [33] 


where the subscript implies the system and any of its surroundings 
that might be involved, one can make use of the statements that result 
from our two entropy generalizations of this and the preceding section: 


Tf AS,ota ts positive, the reaction will tend to proceed spontane- 
ously from state a to state b. 

Tf AStota 1S Zero, the system is at equilibrium and no spontaneous 
process will occur. 

Tf AStota is negative, the reaction will tend to go spontaneously 
in the reverse direction, t.e., from b to a. 


These statements apply, it should be kept in mind, to AStota1, that is, 
to AS for a system which is isolated and for which, therefore, E is con- 
stant. Together with the definition of the state function entropy, they 
constitute a formulation of the second law of thermodynamics that is 
more applicable to chemical problems than the statements previously 
given. 

That these properties of entropy sum up our experiences with 
naturally occurring phenomena can be illustrated by the simple 
example of the flow of heat in Example 2 of Sec. 7-5. The entropy 
calculation given above shows that when heat flows directly from the 
hot end to the cold end, the entropy increases. This corresponds, 
according to the three italicized statements preceding, to a spontane- 
ous process and illustrates that these entropy statements are equiv- 
alent to the second law as stated by Clausius (Sec. 7-1). 

For the type of process used in this example it is certainly cum- 
bersome and unnecessary to introduce the entropy function; the 
Clausius statement of the law is itself adequate. On the other hand, 
when dealing with a chemical reaction 


Reactants — products 
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one would be greatly aided by a thermodynamic property that could 
be determined for the reactants and the products, and any surround- 
ings that are involved, and that would tell whether or not the reaction 
would tend to proceed spontaneously. 

The early thermochemists incorrectly assumed that all that was 
needed to be considered was the energy of a reaction and that the 
energy given out by a reaction was a measure of the driving force. 
We now see that in an isolated system, where energy cannot be gained 
or lost, the entropy change is the driving force. In amore general sys- 
tem, as we shall see in the next chapter, both the energy and entropy 
factors must be considered in order to deduce what processes will 
tend to occur spontaneously. By way of comparison, the student may” 
recall that the spontaneous processes and the equilibrium state of 
mechanical systems, such as weights and pulleys, can be calculated 
on essentially an energy basis. Chemical reactions are less simple, 
both entropy and energy factors being significant. A molecular inter- 
pretation of entropy will make understandable the role of an entropy 
factor as well as an energy factor in determining the spontaneity of 
chemical reactions. 


7-7. THE MOLECULAR BASIS OF ENTROPY 


In the development of thermodynamics it is quite unnecessary to 
attempt to reach any further ‘‘explanation”’ of entropy. The definition 
of entropy shows how changes in this function can be calculated, and 
the discussion of the previous section has shown, at least qualitatively, 
how entropy changes are related to the spontaneity of reactions. With 
this information one understands entropy as well, for instance, as one 
understands a familiar quantity like work. One might notice that one’s 
appreciation of work is pretty well limited to its definition as force times 
distance and to a familiarity with some of its qualitative features. 
Entropy differs only in that it is a less familiar function. 

It is very natural and, for our investigation of the molecular 
world, very profitable to attempt to find a molecular interpretation of | 
entropy. One can ask, for example: what is it about an expanded gas, 
which was treated in the third example of Sec. 7-5, which makes it have 
more entropy than the same gas when it is compressed? Or why is 
it that a vapor, which was treated in the first example of Sec. 7-5, has 
more entropy than it would have if condensed to a liquid? A more 
chemical question might arise if a reaction A —> B were investigated 
and it were found that the entropy of B was greater than that of A. 
One then not only can, but should, ask: what is it about the molecules 
of B that makes them have more entropy than the same number of 
molecules of A? In this section, qualitative answers to such questions 
willbe given. Itis convenient to leave a more detailed and quantitative 
explanation until the next chapter. 

It is not immediately obvious, as it was in the molecular study 


of internal energy, what molecular phenomenon is responsible for 
the entropy of a system. Some idea of what it is that should be cal- 
culated can be obtained by trying to discover a quantity that might tend 
to increase when an isolated system moves spontaneously toward the 
equilibrium position. A very nonchemical example will reveal such a 
quantity. 

Consider a box containing a large number of pennies. Suppose, 
furthermore, that the pennies are initially arranged so that they all 
have heads showing. If the box is now shaken, the chances are very 
good that some arrangement of higher probability, with a more nearly 
equal number of heads and tails, will result. This system of pennies 
has, therefore, a natural, or spontaneous, tendency to go from a state 
of low probability to one of high probability. The system can be con- 
sidered to be isolated since no heat is transferred, and the shaking 
process could almost be eliminated by using some other objects that 
could more easily turn over. The driving force that operates in this 
isolated system is seen to be the probability. The system tends to 
change toward its equilibrium position, and this change is accom- 
panied by an increase in the probability. Such an example suggests 
that the entropy might be identified with some function like the prob- 
ability. The next chapter will show in a more rigorous manner that 
the entropy is, in fact, closely related to the probability. 

No general definition of probability is necessary here. An 
example showing the probabilities of various arrangements of four 
pennies in a box will be sufficient to illustrate that a quantitative inter- 
pretation can be given to the term probability. (A more detailed dis- 
cussion of probability may already have been followed in the treatment 
of the Boltzmann distribution in Sec. 4-2. We shall return to such a 
treatment in a more quantitative discussion of the molecular basis of 
entropy in Sec. 9-4.) When a box containing four pennies is shaken, 
each penny has an equal chance of showing a head ora tail. Thenum- 
ber of ways, and therefore the probability, of getting a total of one, 
two, three, or four heads can be calculated as shown in Table 7-1. The 


———— a 


Or A t No. of 
Description rrangements Satan: 
en 
4 heads, 0 tails HHHH 1 
3 heads, | tail HHHT, HHTH, 4 

HTHH, THHH 


2 heads, 2 tails HHTT, HTHT, HTH, 6 
THHT, THTH, TTHH 


1 head, 3 tails TITH, TTHT, 4 
THTT, HITT 
0 heads, 4 tails THT ] 
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probability of getting two heads is seen, for example, to be six times as 
great as that of getting no heads. Ifa very large number of such boxes 
were shaken, the number of boxes showing two heads would be very 
nearly six times as great as the number showing no heads. The larger 
number of boxes showing two heads is due to the larger number of 
arrangements, or the greater probability of the two-head result, and 
does not depend in any way on an energy factor. 

The molecular equivalent of the number of arrangements that 
correspond to various numbers of heads showing is the number of 
quantum states that are available and that, when occupied, correspond 
to a given description of the system. The equilibrium of A and B in- 
which B has the higher entropy, for example, can be understood in 
terms of the fact that there are, for some reason, more available quan- 
tum states corresponding to B, and therefore more ways of distrib- 
uting the atoms in these states so that a molecule of the type B is 
formed than there are ways of arranging the atoms in the quantum 
states so that a molecule of the type A is formed. The tendency for 
A to change over to B, even if no energy driving force exists, is under- 
stood, therefore, to be due to the driving force that takes the system 
from a state of lower probability, i.e., of few quantum states and few 
possible arrangements, to one of higher probability, i.e., one of many 
available quantum states and more possible arrangements. The 
qualitative result from this discussion is: For states of equal energy, 
the state with more available quantum states has the higher prob- 
ability and therefore the higher entropy. On this basis, it is clear that 
for isolated systems the spontaneous process is that which moves to 
a State of higher entropy. 

A previous example showed that the isothermal expansion of a 
gas was accompanied by an increase in the entropy of the gas. It 
might be of interest here to show that this increase is understandable 
on the basis of the relation of entropy to probability. The isothermal 
expansion of an ideal gas, in a box fitted with a piston, affects only the 
translational energy levels of the molecules. The qualitative effect 
can be understood on the basis of the one-dimensional translational- . 
energy-level expression 


on =e Se eee [34] 


where a is the dimension of the container affected by the moving 
piston. Expansion corresponds to an increase in one of the dimen- 
sions of the container and therefore, according to Eq. [34], to a de- 
crease in the spacing between the available energy levels. The 
average translational energy remains $RT in each degree of freedom, 
and the occupancy of the available translational-energy states can be 
depicted for the compressed and expanded states, as in Fig. 7-7. It 
is clear that more energy levels are available for the molecules of the 
gas when the volume is large than when the volume is small. More 


ways of arranging the molecules, i.e., of distributing them throughout 
the levels, exist for the expanded volume, and it is therefore this state 
that has the higher probability and higher entropy. By a molecular 
treatment we have come, therefore, to the same qualitative conclusion 
as we did by the direct application of thermodynamics in Sec. 7-5. 
It is interesting to note that the expansion of gas, by the opening of 
the stopcock of Fig. 7-6, for example, occurs, according to this 
molecular interpretation, only because there are more available trans- 
lational energy levels for the larger volume. 

The molecular explanation of the entropy change in a process 
is basically quite simple. In practice, of course, it is not always easy 
to see which of two states has the more available quantum states, or 
energy levels. Thus, for the liquid-to-vapor transition, it was found 
that a large entropy increase occurs. The difficulties encountered 
in a molecular understanding of the liquid state make it very difficult 
to evaluate this entropy increase from the molecular model. A further 
complexity, about which more will be said in the following chapter, 
surrounds the ‘‘availability’’ of quantum states when their energy 
levels are at various energies above the ground state. In such cases, 
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FIGURE 7-7 
Translational energy- 
levels (schematic) for a 
one-dimensional com- 
pressed and expanded 
gas, showing the in- 
creased number of levels 
available and therefore 
the higher probability of 
the expanded state. 
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the Boltzmann distribution expression will have to be used to tell how 
available the higher energy states are. 

These difficulties in applying the molecular approach to entropy 
determinations are mentioned here so that this approach can be com- 
pared with the thermodynamic method. In Sec. 7-5, for example, the 
entropy changes were deduced for processes from other observable 
thermodynamic quantities, and no detailed investigation of the sys- 
tems was necessary. It is such deductions of thermodynamic quan- 
tities that characterize the pure thermodynamic method. The two 
approaches powerfully complement each other in that frequently a 
fuller understanding of the molecular nature of a system is obtained | 
as a result of attempts to calculate on a molecular basis some thermo- 
dynamic quantity that has been obtained by the pure thermodynamic 
method. 


7-8. THE UNATTAINABILITY OF ABSOLUTE ZERO 


The third and final of the great summations of our experiences with 
nature on which all the deductions of thermodynamics are based can 
now be introduced. Full use of thermodynamics can then be made in 
our subsequent studies of chemical systems. 

The second law of thermodynamics has introduced entropy, and 
this function has been shown to be important when the directions of 
spontaneous changes are investigated. The second law, moreover, 
shows how differences in entropy of two states of a system can be 
determined. The third law gives a method for obtaining the absolute 
value of the entropy of a system. As with the first two laws, the third 
is an expression of our experiences with nature. The basic experi- 
ences for this law come about from attempts to achieve very low tem- 
peratures. Such activity is not as readily undertaken as are the 
experiments that form the basis of the first and second laws, and for 
this reason the third law will appear to be a less general principle. All 
attempts that have been made to obtain lower and lower temperatures, 
however, lead to the general statement that the absolute zero of tem- 
perature is unattainable. It is this statement that can be used as 
a basis for the expression in the next section for the third law of thermo- 
dynamics. First, however, it may be of interest to mention briefly 
some of the steps that have been taken in the direction toward 
absolute zero. 

It is not the mere attainment of low temperatures that stimulates 
attempts to achieve such temperatures. It will be shown that the 
measurement of absolute values for entropies requires measurements 
at temperatures approaching absolute zero. Furthermore, as ab- 
solute zero is approached, the reduction of thermal energy leads to 
the appearance of a number of very interesting phenomena that are 
obscured or nonexistent at higher temperatures. Interest in such 
effects has led to the production of lower and lower temperatures. 


The principal refrigeration technique is based on the cooling 
resulting from a Joule- Thomson expansion, as discussed in Sec. 5-12. 
It will be recalled that, when a gas is below its inversion temperature, 
an expansion produces a cooling effect as a result of work being done 
by the gas to overcome the mutual attraction of the molecules of the 
gas. 

The countercurrent arrangement, introduced by Siemens in 
1860, whereby the expanded, and therefore cooled, gas is passed back 
over the compressed gas, leads to cooling which can be continued 
until condensation occurs. By sucha process liquid air can be formed. 
The liquid air so produced can be distilled to give oxygen, boiling point 
90°K, and nitrogen, boiling point 77°K. Liquid nitrogen can now be 
readily obtained commercially, and the attainment of a temperature 
of about 77°K presents no problem to the research worker. 

Still lower temperatures are obtained by performing such a 
Joule-Thomson expansion on hydrogen. This gas must first, however, 
be cooled below its inversion temperature of 193°K, by means, for 
example, of liquid nitrogen. Expansion then allows liquid hydrogen, 
boiling point 22°K, to be formed. Finally, liquid hydrogen can be used 
to cool helium below its inversion temperature, and subsequent ex- 
pansion produces liquid helium, which boils at 4°K. Temperatures of 
somewhat less than 1°K can be produced by reducing the pressure 
over the helium, but this technique is limited by the large amounts of 
vapor that must be pumped off. For many low-temperature research 
problems the temperatures reached by liquid hydrogen or helium are 
satisfactory and can be reached with commercially available liquid 
helium or a helium liquefier. 

Temperatures considerably below the 1°K obtainable with liquid 
helium can be attained by a magnetic cooling method, proposed in- 
dependently by P. Debye and W. F. Giauque in 1926 and known as 
adiabatic demagnetization. 

A brief description of the method and its molecular basis can be 
given. The method consists in cooling a salt, of a type called 
paramagnetic, to liquid-helium temperatures in the presence of a 
magnetic field. This type of salt is characterized by the presence of 
unpaired electrons. These spinning, unpaired electrons behave as 
little magnets, and in the presence of the magnetic field they line 
themselves up so that their axis of spin, which is the direction of their 
magnetic moment, lies in the direction of the field. At this stage it is 
convenient to think of the crystal as having a system consisting of the 
unpaired, spinning electrons, called the spin system, and the remain- 
der of the crystal, called the lattice system. When the electron spins, 
or magnets, are lined up all in the same direction, they are in a state of 
low probability, and therefore low entropy. Once the crystal has been 
cooled and magnetized, it is thermally isolated and the magnetic field 
is turned off. The crystal spontaneously loses its magnetism. This 
means that the electron spins are taking up random orientations as 
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they go over into more probable, higher-energy arrangements. For 
this spontaneous process to occur, the entropy of the spin system 
must increase, and therefore, according to Eq. [21], heat must be 
absorbed by the spin system. This heat is taken from the thermal 
vibrational energy of the crystal lattice, which results in a temperature 
drop of the crystal. By this technique temperatures within 10-7 deg 


‘of absolute zero have been obtained. 


Low-temperature, or cryogenic, work shows that temperatures 
very near absolute zero can be obtained. It appears, however, that 
in spite of the remarkably close approaches to absolute zero that have 
been achieved, absolute zero cannot be reached. In addition to direct 
attempts in this direction, one draws on other evidence, such as that 
provided by the molecular interpretation of matter, to support this 
generalization. 

The chemist’s interest in the unattainability of absolute zero 
stems primarily from the implication of this generalization on the 
entropy of crystals as the temperature approaches absolute zero. 


7-9. ENTROPY AND THE THIRD LAW OF THERMODYNAMICS 


In the magnetic-cooling method a difference in entropy is used to 
draw heat from the crystal lattice and so reduce its temperature. 
More generally, one could make use of any process that operates be- 
tween states with different entropies to perform such a cooling. 
Furthermore, if any such entropy differences existed down to absolute 
zero, and a process existed that could connect them, one might expect 
to be able to use these entropy changes to reduce the temperature to 
absolute zero. The generalization that absolute zero is unattainable 
means that it must be concluded that the entropies of all materials at 
absolute zero are the same, but this conclusion must be restricted to 
materials that are in the form and physical state that is the thermo- 
dynamically stable one for this temperature range. (One finds, for 
example, that many materials can be frozen into either a glassy or a 
crystalline state as the temperature is reduced. Whichever state is . 
formed may persist even as absolute zero is approached because of 
the slowness with which the crystalline form is obtained. The entropy 
of the glassy state could be different, in fact higher, than the crystalline 
form at absolute zero. Since no reversible process is available for 
connecting these two states, this entropy difference could not be used 
in attempts to reach absolute zero.) We can conclude, therefore, that 
the entropy of all perfect crystalline substances must be the same at 
absolute zero. Furthermore, to be consistent with the molecular inter- 
pretation of entropy, one takes the entropy at absolute zero to be zero. 
In this way we come to the chemically useful statement of the third 
law of thermodynamics, quoted from the classic thermodynamics 
text by G. N. Lewis and M. Randall: “If the entropy of each element in 
some crystalline state be taken as zero at the absolute zero of tem- 


perature, every substance has a finite positive entropy; but at the 
absolute zero of temperature the entropy may become zero, and does 
so become in the case of perfect crystalline substances.” 

The third law makes it possible to obtain absolute entropies of 
chemical compounds from calorimetric measurements. The differ- 
ence in entropy between 0°K and a temperature 7’ can be deduced 
from the defining equation for entropy: 


Sr — So = | Adrer [35] 
0 ff 

The third law states that the Sp can be assigned the value of zero for 

materials that form perfect crystals. The integral of Eq. [35] can be 

evaluated from measured heat capacities and heats of transitions. 

If a given phase is heated from 7; to T, at constant pressure, it gains 


Cp/T, CAL/ DEG? MOLE 


0 Ciara ~~ 300 
(a) T, °K 


15 T 


CAL/ DEG MOLE 


Cp, 


(b) LOG T 
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FIGURE 7-8 

Graphs of Cp/T versus 
T and Cp versus In T. 
(At T = 298, log T = 
2.475.) [Data of W. F. 
Giauque and J. O. Clay- 
ton, J. Am. Chem. Soc., 
55:4875 (1933).] 
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TABLE 7-2 
The entropy of nitrogen 


from heat-capacity data* 


* From W. F. Giauque and 
J. O. Clayton, J. Am. 
Chem. Soc., 55:4875 (1933). 


entropy according to the expression 


J = Sy = Je Coin 7 (36 


The integration can be performed if the necessary values for Cp are 
measured. The integration is usually performed graphically from 
a plot of either Cp/T versus T or Cp versus In T. In either treatment 
the area under the curve between two temperatures gives, according 
to Eq. [36], the entropy increment for that temperature range. The 
method is illustrated in Fig. 7-8. Since heat-capacity measurements 
are usually not taken down below about 15°K, attainable with liquid 
hydrogen, an extrapolation to absolute zero is necessary. (The basis 
for the extrapolation, which introduces a comparatively small term in 
the total entropy, will be given when the nature of solids is studied.) 
In taking a compound from near absolute zero to some tempera- 
ture such as 25°C, a number of phase transitions are generally en- 
countered. At each of these transitions the heat capacity will, for the 
most part, change abruptly, and heat will be absorbed. The entropy 
change corresponding to such transitions can be calculated from the 
measured enthalpy change for the transition by the expression 


AN: ee 
ASione — — trans 


trans 

The entropy obtained by adding up all the contributions from 
absolute zero is usually reported at 25°C. Table 7-2 shows the terms 
that go into such a determination for nitrogen, and Table 7-3 gives the 
results that have been obtained for a number of compounds. 

Such third-law entropy values are of interest to the chemist in 
two important areas. First, they provide the data with which molecular 
calculations of entropy can be compared. Second, along with values 
for the enthalpies of reactions, they constitute the thermodynamic 
basis for treating chemical equilibria. 

The following chapter will introduce one further, very important 
thermodynamic function defined in terms of entropy and enthalpy. 
This new function will allow chemical equilibria to be more conveniently: 


Cal/deg mole 


0-10°K extrapolation 0.458 
10-35.61°K (graphical integration) 6.034 
Transition 54.71 /35.61 1.536 
35.61-63.14°K (graphical integration) 5.589 
Fusion 172.3/63.14 2.729 
63.14-bp (graphical integration) 2.128 
Vaporization 1322.9/77.32 17.239 
Correction for gas imperfection 0.22 
Ideal gas 77.32-298.2°K (calculated, see Secs. 9-7 and 9-8) 9.37 


Entropy of ideal gas at 298.2°K and 1 atm 45.9 


studied and molecular explanations of thermodynamic quantities to 
be more quantitatively given. 


PROBLEMS 


1 Compare the theoretical efficiency of a steam engine operating at 5 atm 
pressure, at which pressure water boils at 152°C, with one operating at 
100 atm, at which pressure water boils at 312°C. The condenser in each 


case is at 30°C. Ans. 29 per cent at 5 atm, 48 per cent at 100 atm. 


2 A Carnot cycle uses 1 mole of an ideal gas, for which cy = 6.0 cal/deg 
mole, as the working substance and operates from a most compressed 
stage of 10 atm pressure and 600°K. It expands isothermally to a pres- 
sure of 1 atm, and then adiabatically reaches a most expanded stage at 
a temperature of 300°K. 

a Obtain numerical values for the heat and work of each stroke. 
Ans. Ww; = 2750; w2 = 1800; w3 = —1375; ws = —1800 cal; 


Substance s°(cal/deg mole) Substance s°(cal/deg mole) 
i 
SOLIDS 
rs 
Ag 10.20 Ip 27.16 
Al 6.77 Pb 15.51 
Ca 9:95 Li 6.70 
CaO 9.5 Si 451 
C(graphite) 1.37 Sn 123 
C(diamond) 0.6 NaCl 17.3 
Fe 6.49 

a  ——————— 
LIQUIDS 

eas 2 6 a 
Bro 36.4 Hg 18.17 
H20 16.73 

i ee 
GASES 
ee ee 
Clo 53.29 0) 47.20 
Fo 48.49 C02 51.08 
He 30.13 Methane 44.50 
Ho 31.21 Ethane 54.85 
Oo 49.01 Propane 64.51 
H20 45.11 Ethylene 52.45 
HBr 47.44 Acetylene 48.00 
HCl 44 64 Benzene 64.34 
No 45.77 Toluene 76.42 
NO 50.34 Cyclohexane 71.28 
NH3 46.01 
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TABLE 7-3 
Entropies for the stand- 
ard state at 298.15° K* 


* Mostly from G. N. Lewis 
and M. Randall, “Thermo- 
dynamics,” 2d ed. (rev. by 

K. S. Pitzer and L. Brewer), 
McGraw-Hill Book Com- 
pany, Inc., New York, 1961. 
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b What is the efficiency with which heat is converted to work in this 
engine? Ans. Eff = 50 per cent. 

c Repeat the calculation for a maximum compression of 100 atm at 
600°K and an expansion to 1 atm and then to 300°K. Compare the 
efficiency with that of the first calculation. 


Plot the Carnot cycle of Prob. 2 on a graph of P versus V. 


The net work of a Carnot cycle is the summation of {P dV for all strokes. 
Obtain this by graphical integration on the figure of Prob. 3, and compare 
with the value calculated in Prob. 2. 


Assume that an engine of a type different from the Carnot engine exists, 
which can operate between heat reservoirs at temperatures T;, and T; 
with greater efficiency than that calculated for the Carnot engine. 
Imagine this more efficient engine to be coupled to the Carnot engine so 
that one engine drives the other to make the second engine operate as 
a refrigerator. Show that the supposition of an engine with an efficiency 
greater than that calculated for a reversible engine operating between the 
temperatures T;, and T; leads to a violation of the initial statements of the 
second law of thermodynamics. 


On a graph of T versus S: 
a Sketch a typical Carnot cycle. 
b Sketch the Carnot cycles of Prob. 2. 


Since the relation dg = T dS holds for reversible processes, the net heat 
absorbed in a Carnot cycle is the cyclic integral pras. Obtain this 


value by graphical integration on the figure of Prob. 6, and compare with 
the value calculated in Prob. 2. 


Show the system and the surroundings that can be used to perform the 
reversible conversion of 1 mole of benzene from solid to liquid, the tem- 
perature staying constant at the freezing point of benzene, 5.4°C. What 
is the entropy change of the benzene and of the surroundings? (AHpusion 
of benzene is 30.2 cal/g.) 


What is the entropy of vaporization of: 


ee 


AN Shs 
Bp (°C) (kcal/mole) 
ee 
Argon —185.7 1.88 
Mercury 356.6 15.50 
Carbon tetrachloride 76.7 Tale 
Benzene 80.1 7.35 


—_— se 


Calculate the change in entropy of 5 moles of an ideal gas when the gas 
expands reversibly and isothermally from 2 to 1 atm pressure at 25°C. 
What would be the entropy change of the surroundings? What would 
be the entropy changes of the system and the surroundings if the expan- 
sion were performed adiabatically? Ans. AS,.; = 6.89 cal/deg. 


11 


12 


13 


14 


15 


16 


Ten grams of ice at 0°C is added to 20 g of water at 90°C in a Dewar flask. 
The heat of fusion of water is 1430 cal/mole, the specific heat of water 
can be taken as independent of temperature, and the heat capacity of the 
Dewar can be ignored. 
a What is the final temperature of the water? Ans. 33.5°C. 
b How could the process be performed reversibly, and what would the 
entropy changes of the system and of the surroundings then be? 
Ans. ASsystem = 0.70 cal/deg; AS aaroundings = —0./0 cal/deg: 
c¢ What is the entropy change of the system for the direct addition? 
Ans. 0.70 cal/deg. 
d What is the entropy change of the surroundings for the direct addition? 


A 276-ce gas bulb at 25°C holding 0.046 mole of hydrogen is connected 
by a tube with a stopcock to an evacuated bulb with a volume of 500 cc. 
Calculate the entropy change when the stopcock is opened. Assume 
that hydrogen behaves ideally. 


If the entropy of 1 mole of N2 at 1 atm and 25°C is denoted by S39, what 
would be the entropy of 1 mole of N2 at 1 atm and 150°C if the heat ca- 
pacity per mole could be taken to have the value 6.9 cal/deg? 


Calculate the increase in entropy of 3 moles of methane, CH4, when the 
temperature is raised from 300 to 1000°K, the pressure remaining con- 
stant at latm. The heat capacity is given in Table 6-5. 

Ans. 44.24 cal/deg. 


By a suitable graphical integration determine the entropy of metallic 
silver at 25°C from the following heat capacity per gram atom data, 
which have been reported by Meads, Forsythe, and Giauque [J. Am. 
Chem. Soc., 63:1902 (1941)]. 


SOT, Cp (cal/deg) SEN UG) Cp (cal/deg) 
15 0.160 170 5.644 
30 1.141 190 syste 
50 2.784 210 5.837 
70 3.904 230 5.911 
90 4.573 * 250 5.911 

110 5.010 270 6.050 

130 5.289 290 6.080 

150 5.490 300 6.095 


Assume that the heat capacity approaches absolute zero according to 
a T3 relation; that is, cp = (const)T%, and cp = 0 at T = 0. 
Ans. S$og.1 = 10.21 cal/(deg)(g atom). 


At 25°C and 1 atm the entropy of 12.01 g of diamond is 0.585 cal/deg 
and that of 12.01 g of graphite is 1.365 cal/deg. If equilibrium could be 
established in an isolated system, which implies that there be no heat 


of reaction, which form of carbon would result? 
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210 The heat of combustion of diamond is 94,502 cal/mole and of 
graphite is 94,052 cal/mole. If equilibrium could be established and 


Chapter 7 energy and not entropy considerations were important, which form of 
Entropy and the second 


and third laws of 
ae Massy 17 Calculate the heat capacity of Nz over the temperature range 77 to 
298°K. Only the translational and rotational contributions are signifi- 
cant at such temperatures. Using these heat-capacity data, calculate 
the entropy gained by 1 mole of N» as the temperature is increased from 
77 to 298° K, and compare with the value shown in Table 7-2. 
Ans. 9.41 cal/deg. 


carbon would result? 
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FREE ENERGY 
AND CHEMICAL EQUILIBRIA 


In the previous chapters two thermodynamic functions that have a 
bearing on the position of the equilibrium state in a chemical system 
have been considered. The supposition of the early thermochemists 
that the equilibrium position in a reacting system was always 
approached with a decrease in the internal energy of the system—a 
principle which applies to macroscale mechanical systems—has been 
shown to be inadequate for chemical systems. A more careful state- 
ment of the role of the internal energy, or enthalpy, is that in systems of 
constant entropy the equilibrium position is in the direction of lowest 
energy. The preceding chapter, furthermore, has shown that in sys- 
tems of constant energy, such as isolated systems, the equilibrium 
position is in the direction of highest entropy. 

In most chemical processes neither the energy nor the entropy 
of the system is held constant. It is now necessary to find some way 
of determining how the energy and entropy factors act together to 
drive a system to equilibrium. To do this, a new thermodynamic 
function is introduced. This function, as we shall see, shows the 
compromise that is struck when both energy and entropy change. To 
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limit the discussion, only the function that is particularly applicable 
to constant-pressure processes is introduced, and a similar function 
that is rather more convenient for processes at constant volume is 
not considered here. 


8-1. THE FREE-ENERGY FUNCTION 


The new function, called free energy, or Gibbs free energy, and denoted 
by G, is defined by 


G=H-—TS [1] 


Since H and TS are properties of the system, so also is G. 

The relation between the free-energy function and the equilib- 
rium state of a system can now be shown by deriving the free-energy 
change for a rather restricted process. First the defining equation of 
H is substituted in Eq. [1] to give 


G = 18 IP = US [2] 
For a general change in G one now has 
dGS=dE= Pav + VdP—Tds = Sar [3] 


These many terms can be reduced by considering a process occurring 
at constant temperature and pressure and under conditions that keep 
the system only infinitesimally away from a state of balance. These 
restrictions make T'dS = dg, SdT = 0, VdP = 0 and leave 


dG = dE + PdV — dq [4] 


The first law can now be used to replace dE — dg by —dw. Since it 
is important to remember that a balanced process has been stipulated 
and that for such reactions, as discussed in Sec. 5-6, a maximum 
amount of work is done by the system, the work term is written as 
AWmax. The free-energy change is then 


—dG = ditmax — PdV [5] 


Since P dV corresponds to the work ‘wasted’ against the confining | 
pressure and dwmax gives the maximum work that could conceivably 
be harnessed from the constant-pressure reaction, we recognize that 


—dG = AWusetul [6] 


where Wusetui is the net work that the system could provide over and 
above that of expansion. The result is obtained that, for the type of 
reaction considered, the decrease in the free energy during the process 
is equal to the useful, or net, work that might in principle be obtained 
from the process. 

This property of the free-energy change is very revealing. At 
least in principle, any process that tends to proceed spontaneously 
can be made to do useful work. In fact, this is, of course, usually 
impractical, but the presence of a drive to a new state can, in principle, 


be harnessed. Since the free-energy change measures the useful 
work that might be obtained from a process at constant temperature 
and pressure, it is a measure of the spontaneity of the process. We 
have the very important result that the decrease in free energy of a 
constant-temperature, constant-pressure process is the measure of 
the tendency of the process to proceed spontaneously. 

If a system undergoes a change which is accompanied by a large 
value of —AG, that is, if the free energy decreases, the reaction will 
tend to proceed spontaneously and work, in principle, could be ob- 
tained from the process. If there is no new state that could be reached 
with a decrease in free energy, no spontaneous process can occur 
and the system is ina state of equilibrium. If a process is considered 
and it is calculated that the process would be accompanied by an in- 
crease in free energy, the process will not proceed spontaneously in 
the direction considered. 

The qualitative relations, for constant-pressure processes, of 
free energy to spontaneity and equilibrium can be summarized as 
follows: For 


AG = —__ the process tends to proceed spontaneously 

AG =0 _ the system is at equilibrium 

AG = +. the process tends to proceed spontaneously in the 
opposite direction 


One should notice that in these statements the free-energy change Is 
that for the system, and the role of the surroundings need not be 
included. 

The statement that a system is at equilibrium means only that 
it is in equilibrium with respect to the reactions or processes that are 
being considered. For chemical systems there will frequently be re- 
actions which are thermodynamically possible but which will not occur 
for the particular conditions of the systems and therefore need not be 
considered. A careful statement will always say that a system is in 
equilibrium with respect to certain specified processes. 

For the chemist the free energy is probably the most important 
of the thermodynamic quantities. Many problems can be understood 
in terms of this function. Moreover, it will be found that frequently 
our interest in enthalpy and entropy is due to their appearance in the 
defining equation for the free energy. 

It will only be mentioned that, although the free-energy function 
G, the Gibbs free energy, is suitable for direct application to constant- 
pressure processes, another free-energy function is more convenient 
for constant-volume processes. This function, known as the Helm- 
holtz free energy, is represerited by A and is defined as 


A=E-TS 


A development such as is performed on G in this section would 
show that in a constant-volume process the decrease in A corresponds 
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to the driving force of the reaction. Thus H and G are functions that 
are convenient for constant-pressure processes, whereas # and A 
are more convenient for constant-volume processes. In the intro- 
duction to thermodynamics that is presented here it will be sufficient 
to develop the applications of H and G. 


8-2. SOME FREE-ENERGY CALCULATIONS 


The use of free energy can be illustrated by some simple examples. 


Example 1 Calculate the free-energy change for the process of con- 
verting 1 mole of water at 100°C and 1 atm to steam at the same tem- 
perature and pressure. 

We return to the defining equation for the free energy, 
G = H — TS, and calculate the free-energy change from the enthalpy 
and entropy contributions. For a constant-temperature process the 
change in free energy is given by 


AG =A = TAS [7] 


Since the process is carried out at constant pressure, the en- 
thalpy change is equal to the heat absorbed. This heat is the heat of 
vaporization AHyap, and thus 


AH = Atyap [8] 


The entropy change is also calculated from its defining equation, 
dS = ddyev/T. Since Tis constant and a heat reservoir at a tempera- 
ture just above 100°C can be imagined, the integration for the 
reversible process is simply 


Sale EeAH an 
AS = 7 [dq = “hee [9] 


and 
TAS = shu, ; [10] 
The free energy for the process is therefore 
AG = AHyap — AHyap = O [11] 


This result, in view of the previous discussion, could have been written 
down immediately. Since water and steam are in equilibrium at 100°C 
and 1 atm, the free-energy change for the conversion of one to the 
other must be zero. 

In the formation of steam from water at these conditions, the 
energy factor AH works to oppose the process, whereas the entropy 
factor T AS increases and favors the process. At 100°C and 1 atm 
these effects just balance, and water and steam are in equilibrium. 


The free-energy equation shows how the two factors reach a com- 
promise. 


Example 2 Calculate the free-energy change when 1 mole of water is 
formed from its elements at 25°C and 1 atm pressure. 
The reaction to be considered is 


He + 402 — H20(/) [12] 


Again we make use of the defining equation G = H — TS. In this 
reaction, as in that of the previous example, the constant-temperature 
feature eliminates any term like S dT or S AT from the expression for 
a change in G, and one has, for the process of the reaction, 


AG = AH — TAS 


The heat of this reaction, AH, is the standard heat of formation of 
water, which is given in Table 6-2 as —68,317 cal. The entropies of 
the three reagents are given by the third law of thermodynamics and 
are listed in Table 7-3. These values lead to 


AS = Suiow — $80. — SH, 
= 16.73 — (49.01) — Sil Bil 
— — 38.99 cal/deg [13] 


Substitution of these values gives 
AG = —68,317 — (298.15)(— 38.99) = — 56,690 cal [14] 


The calculation shows that the reaction proceeds with a large decrease 
in free energy, and this agrees with the known fact that the reaction 
tends to proceed spontaneously. The fact that mixtures of oxygen 
and hydrogen do not react appreciably until a spark or flame starts 
the reaction is a matter of the rate of the reaction and is of no concern 
in thermodynamics. Thermodynamics tells us that if equilibrium is 
established, it will be far over in the direction of the water. 


Example 3. Calculate the difference in free energy of n moles of an 
ideal gas at pressure Py and n moles of a gas at a lower pressure 1eby. 
The temperature remains constant. 

The necessary enthalpy and entropy terms are calculated with 
reference to a cylinder-and-piston arrangement that can take the gas 
reversibly from P; to P.. Since the temperature is constant, AH and 
APV are zero, and therefore so also is AH. Furthermore, as in the 


first example of Sec. 7-5, since ja Ho (Ok 


g=w= [Pd =nRTin 2 [15] 
1 1 


which, with PiVi = P2V2, gives 


ri 
a gk 16 
= nRT In P, [16] 


With this result for the heat of this isothermal reversible process, the 
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The free-energy change is now calculated as 


AG = AH — ATS 


— AH — TAS 
ef. Le 

= 0 — 2RT In P, 

x! Pe Leh 
= mRT Ins [18] 


Since P; is greater than P:, AG has a negative value. 

In the previous section it was shown that for a constant-pressure, 
constant-temperature process the value of —AG was a measure of 
the tendency of the process to occur. This criterion cannot be applied 
directly to the pressure-varying process of the expansion of a gas. 
We can, however, return to Eq. [3] and obtain, for a balanced reaction, 


dG = dE ~ dq + PdV + VaP 
or 
=dG = dina, — dPV [19] 


For the constant-temperature expansion of an ideal gas being dealt 
with here, dPV = dnRT = 0, and the decrease in free energy is 
equal to the maximum work that could be obtained from the system. 
It follows, therefore, that since AG for the isothermal expansion of an 
ideal gas is negative, the expansion will tend to proceed spontaneously. 
Again, a rather powerful method has been used to obtain an obvious 
answer. The value of such a method when applied to chemical sys- 
tems should, however, be apparent. 

It is convenient to recognize that this result (Eq. [18]) gives a 
quantitative expression for the fact that a gas at high pressure is 
capable of doing more useful work than one at low pressure. A gas 
at a high pressure has a high free energy, and spontaneous processes, 
with their accompanying decreasing free energy, can occur. This 
result will be mentioned again later in the chapter. 


8-3. STANDARD FREE ENERGIES 


The previous examples of free-energy calculations show that changes 
in free energies can be calculated and that these changes correlate 
with the tendency of the system to proceed to a state of equilibrium. 
In view of this fact, it would be very useful to have a tabulation of free 
energies of chemical compounds so that the free-energy change of a 
possible reaction could be easily calculated. 


Free energies, like any other energies, must have some reference 
point. The same procedure is followed as for enthalpies. A zero 
value is assigned to the free energies of the stable form of the elements 
at 25°C and 1 atm pressure. These, and the free energies of com- 
pounds based on these references, are known as standard free ener- 
gies of formation. The data can be determined from free energies of 
reactions in exactly the same way as were standard heats of formation. 
Example 2 of the preceding section, for example, gives the standard 
free energy of formation of liquid water as — 56,690 cal. Table 8-1 
shows the standard free energies of a number of compounds. 

A use of the data of this table can be indicated by applying them 
to the question of whether or not it would be worthwhile to look for a 
catalyst to promote the hydrogenation of ethylene at 25°C and 1 atm. 
One writes 


H»C—CH,2( g) + H2( g) ~ CH3sCH3( g) 
Ac3(25°C) + 16 282 0 —7860 [20] 


and calculates 
AG$og = —7860 — (+16,282) = — 24,142 cal {21] 


The large negative free-energy change shows that the reaction tends 
to proceed spontaneously, and if a way is found to make it proceed 
fast enough, i.e., if a catalyst is available, the reaction will occur. 


8-4. THE DEPENDENCE OF FREE ENERGY ON 
PRESSURE AND TEMPERATURE 


The standard free energies, such as appear in Table 8-1, allow pre- 
dictions to be made of the possibility of a reaction for the single con- 
ditions of 25°C and 1 atm. For these free-energy data to be of real 
use, a means must be available for calculating free energies at other 
pressures and temperatures. 

Since G is a state function, we can show its dependence on the 


AG 98 AG398 
Compound (kcal/mole) Compound (kcal/mole) 
H20(g) — 54.635 CH4(g) — 12.140 
H0(2) — 56.690 CoHe( g) —7.860 
NH3(g) — 3.976 CoH4( g) 16.282 
C0( g) — 32.808 CoHo( g) 50.0 
C02(g) — 94.260 CeHe( g) 30.989 
NO(g) 20.719 CeHo (2) 29.756 
N20(g) 24.76 NaCl(c) — 91.785 


NO2(g) 12.390 AgCl(c) — 26.224 
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Qb252Ce 


*From F. A. Rossini et al. 
(eds.), Tables of Selected 
Values of Chemical 
Thermodynamic Properties, 
Natl. Bur. Std. (U.S.) Cire. 
500, 1952. 
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variables P and T by writing the total differential 


may (ELE (<4) aT 22 
da = (<5) ap + aT) p [22] 


It is now necessary to discover relationships that will allow the partial 
derivative coefficients to be evaluated. 


The defining equation of G is 

G=H-TS [23] 
Combining this with the definition of H gives 

G= EF -PY —TS [24] - 
and for a general change, 

dG=dih + Pav V dP— TdS Sd. [25] 


If the process is reversible, dS = dq, and if no work other than that 
of expansion occurs, PdV = dw. The first-law expression dE — 
aq + dw = 0 cancels out three of the terms of Eq. [24] and leaves 


dG = VdP — SdT [26] 


Comparison with Eq. [22] now gives the desired relations involving 
the coefficients as 


(8),=¥ a 


These two results show how the free energy of a chemical compound 
depends on the pressure and on the temperature. For the present, 
only the pressure dependence is considered. 

If it is stipulated that the temperature is constant, the free- 
energy dependence on pressure can be written as 


dG = VdP ; [29] 


Since liquids and solids are quite incompressible, the free-energy 
change corresponding to an increase in pressure, AP, for some not 
too large pressure change can be written, according to Eq. [29] and 
the assumption of a constant volume, as VAP. Since the molar 
volumes of solids and liquids are relatively small, this change in free 
energy resulting from the application of ordinary pressures to liquids 
and solids is also relatively small, and for many purposes the free- 
energy change experienced by liquids and solids can be neglected. 

For gases the dependence of free energy on pressure is appreci- 
able and important. For an ideal gas, P and V are related by the 
ideal-gas law, and the integration of Eq. [29] can be performed to give 
the free-energy change when the pressure is changed from P, to Po. 


Thus 


\| 


G,— Gy = [vap = ner je 


II 

a] 
uv 
ca 
= 
. 


[30] 


This result is that obtained in Example 3 of Sec. 8-2, in which the 
separate enthalpy and entropy changes were calculated. 

Of particular interest is the way in which the free energy changes 
from its standard-state value when the pressure changes from 1 atm. 
If state 1 is the standard state, then 


P; = latm and Gy Ge 


State 2 now corresponds to some general pressure other than 1 atm, 
and the subscripts on state 2 can be dropped. 

With this notation for states 1 and 2, Eq. [30] can be rewritten 
for 1 mole as 


et enn a 
: [31] 


eater oh (ish tiny! 


where P must be expressed in atmospheres. This expression is 
strictly applicable to ideal gases, since PV = nRT was assumed for 
the P versus V relation in the integration of Eq. [30], but if the details 
of nonideal behavior are not treated, as by study of the following sec- 
tion, it can be used, and assumed to apply approximately, for all gases. 

Equation [31] shows that the free energy of a gas at pressure P 
is made up of the free energy that it has at 1 atm plus an additional 
term that is positive for P larger than 1 atm and negative for P less 
than 1 atm. 


8-5. THE PRESSURE DEPENDENCE OF THE FREE ENERGY 
OF NONIDEAL GASES: THE FUGACITY 


A straightforward treatment of nonideal gases would use a suitable 
equation of state, such as van der Waals’ equation, to allow the in- 
tegration of Eq. [29] to be performed. Such a procedure, however, 
results in an expression for AG that is a complicated and unwieldy 
function of P. Since the simplicity of the ideal-gas equations, Eqs. 
[30] and [31], will be found to lead to other important equations with 
a similar simple form, we avoid, for nonideal gases, the integration 
of Eq. [29] with an empirical equation of state and, instead, use what 
at first will seem a rather devious approach. 

A satisfactory procedure is the introduction of a new function 
called the fugacity, denoted by f. If G, and Gz are the molar free en- 
ergies of a gas at two pressures P, and P2, the fugacities f, and fo of 
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the gas at these pressures are defined so that 


Gp — @ = RTIn2 [32] 
fi 

This procedure insists on the free-energy equation having the con- 
venient form of Eq. [30]. The nonideal complications are hidden in 
the fugacity terms. Comparison of this defining equation for fugacity 
with the ideal-gas equation, Eq. [30], shows that for ideal behavior 
the fugacity is proportional and can be set equal to the pressure. For 
nonideal behavior we must expect the fugacity of a gas to deviate from 
its pressure. It is now necessary to show how the fugacity of a gas 
at a particular pressure can be deduced. : 

A number of manipulations are necessary. The thermodynamic 
equation for constant temperature, 


P» 
G.—-G= |" vaP [33] 
is valid for all types of systems and can be used here. The quantity 


RT/P can be added to and subtracted from the right side of Eq. [33] 
to give, for 1 mole, 


pee. fe (v - 22) ap 


=RTin=> + [ (v - At) aP [34] 


We now recall that pire are defined by Eq. [32] so that 
G — Gi = RT in 
fh 


Comparison of this expression with Eq. [34] gives 


RT In B RT n= 24 f" (v - >) 4 dP 
or 
RT In be = = i: (v = a) dP [35] 


Now it can be recognized that all gases tend to become ideal as 
the pressure approaches zero; that is, 


f 


If we let P; of Eq. [35] go to zero, f;/P, becomes unity. Furthermore, 
if P and fare written instead of P2 and f2 for the general pressure and 
fugacity in Eq. [35], we have 


if JPME 1ee4te 
rring = ["" (v — 82) ap [36] 


It is this expression that allows, if sufficient data on the values of v as 
a function of pressure are available, the determination of f/P, and 
therefore of f, at some pressure P. 

The use of Eq. [36] to obtain the fugacities of methane at 
—50°C and various pressures up to 1000 atm is shown in Table 8-2 
and Fig. 8-1. The v — RT/P data of Table 8-2 are plotted in Fig. 8-1, 
so that graphical integration from zero pressure up to that at which 


Pa. D Roel by 0 es Vi EP re RT fe at 
(atm) (liters/mole) (liters/mole) (liters/mole) Jo (v - *) gas P (atm) 
1 183 18.3 0 0.00 1.000 1.00 
10-1747 1.830 — 0.083 —0.41 0.980 9.80 
20 ~=—- 0.830 0.915 — 0.085 = 1a! 0.920 18.40 
40 0.366 0.458 — 0.092 =8y2]/ 0.835 33.40 
60 0.208 0.305 —().09/ ly ils 0.722 45.30 
80 ~=0.129 0.229 (il =e78 0.672 53.8 
100 0.092 0.183 —0.091 = 9335 0.600 60.0 
120 0.076 0.153 —0.077 ees 0.548 65.8 
160 0.064 0.114 — 0.050 — 13.49 0.479 76.6 
200 ~©0.0591 0.0915 — 0.0324 ily) 0.436 87.2 
300 §©0.0525 0.0610 — 0.0085 = sY/aIh) 0.393 118 
400 0.0491 0.0458 + 0.0033 = YAY 0.388 155 
600 0.0451 0.0305 +0.0146 5:30 0.432 260 
800 0.0427 0.0229 + 0.0198 — 11.89 0.522 418 
1000 0.0410 0.0183 +0.0227 =Y 0.661 661 
0.04 | 


0.02 


e682 
WwW 
= 
wl 

&10 —0.04 
| 
> 


—0.06 


1 


PRESSURE, ATM 


ie) 200 400 600 800 1000 


Pani 


Section 8-5 

The pressure 
dependence of the free 
energy of nonideal 
gases: the fugacity 


TABLE 8-2 
The fugacity of methane 
at —50°C* 


*Data from R. H. Perry, 
C. H. Chilton, and S. D. 
Kirkpatrick (eds.), “Chemi- 
cal Engineers’ Handbook,” 
3d ed., McGraw-Hill Book 
Company, New York, 1950. 


FIGURE 8-1 
Graph for the integra- 


tion of V — RT tor 
1p 


methane at —50°C. 
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the fugacity is to be determined can be performed. These integration 
results are shown in the fifth column of Table 8-2. Use of Eq. [36] 
then gives the values of f/P and f, also shown in the table. 

With PVT data such as those used in the methane example one 
can deduce, for any pressure, the fugacity of the gas. Then the 
dependence of the free energy on the pressure can be calculated, 
even if the gas shows nonideal behavior, by means of Eq. [32]. 

For gases for which molar-volume measurements have not been 
made, the law of corresponding states can be used, if data on the 
critical point are available, to estimate the fugacities at various tem- 
peratures and pressures. It will be recalled that this law states that, 
in terms of the reduced variables Pr, Vr, and Tp, all gases follow the 
same equation of state. This means that at the same value of Pr and 
Tr all gases have the same imperfection and therefore the same 
activity coefficient. Furthermore, the variation of the compressibility 
factor Z with the reduced pressure has been represented for various 
values of Tp in Fig. 1-8. These data are all that are necessary for the 
integration of Eq. [35]. Figure 1-8 gives values of 


IP 


Sig 


from which one obtains 


— AT, [37] 


and Eq. [35] can be written as 


Ji Ses "(2 Aa" 
RTIng = [ 2 — #2) ap 


or 


P dP | | 
= i (z — > [38] 


The data of z as a function of Pr for a given value of Tz then allow 
graphical integrations to be performed to give curves such as those 
of Fig. 8-2. 


8-6. THE STANDARD STATE FOR NONIDEAL GASES: 
THE ACTIVITY AND ACTIVITY COEFFICIENT 


The convenience of choosing standard states for which the properties 
of compounds can be tabulated has been mentioned, with respect to 
free energies, in Sec. 8-3, and the variation of free energy from the 
value for the standard state has been expressed for ideal gases, in 


Sec. 8-4, by the formula 
G=G6° + AT InP 


For ideal gases, it will be recalled, the standard state, for which the 
molar free energy is denoted by a’, is chosen as that of the gas at 
1 atm pressure. We now need a procedure for choosing a standard 
state for gases that do not necessarily behave ideally, and further- 
more, we need a convenient procedure for expressing the free energy 
of a nonideal gas as the conditions vary from this standard state. 
Since the fugacities of all gases become equal to the pressures 


3.0 T 


Siem i pov | | aba | 
2.6-—++ eae ae = iz | 
PAL = fT aes | f +——- 

2.2} 1 2 ee pula 4 =| 
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FIGURE 8-2 

The ratio f/P for gases 
as a function of the re- 
duced pressure Pr = 
P/P, and the reduced 
temperature Tp = T/T-. 
(a) At pressures and 
temperatures near the 
critical point. (b) At 
high temperatures and 
pressures. [From R. H. 
Newton, Ind. Eng. 
Chem., 27:302 (1935), 
and R. H. Perry (ed.), 
“Chemical Engineers’ 
Handbook,” 3d ed., 
McGraw-Hill Book 
Company, New York, 
1950.] 
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FIGURE 8-3 

A schematic representa- 
tion of the fugacity- 
pressure relation for a 
real gas and the relation 
that would exist if the 
gas behaved ideally up 


to a pressure of 1 atm. 


in the limit of very low pressure, where the gases behave ideally, it 
might seem suitable to choose the standard state as that of some low 
pressure, say, 10-5 atm. We could then assume that f°, the fugacity 
at this pressure, was equal to the pressure and could calculate the 
changes from the free energy at this pressure by means of Eq. [32] 
and fugacity data such as that of Table 8-2. Such a procedure, how- 
ever, would not approach that used for ideal gases when the gas under 
consideration showed negligible nonideality. 

A more satisfactory procedure is to choose the standard state 
as that at which the fugacity would be equal to one atmosphere if the 
gas followed ideal behavior from zero pressure up to this fugacity. 
This selection of a hypothetical state for the standard state of nonideal 
gases can be appreciated with reference to Fig. 8-3. 

Although the standard state is not one that is ever reached by 
the real gas, it is a state for which the free energy is perfectly well 
defined. If by some means, for example, the free energy G is known 
for the gas at some low pressure where ideal behavior is approached, 
the free energy of the standard state can be calculated by following 
the straight line of Fig. 8-3, i.e., by calculating 


1 atm 
P(low pressure) 


G° — G(low pressure) = RT In 


The free energy of the gas at some higher pressure, 1 atm, for 
example, where nonideal behavior may have set in, can also be related 
to the free energy of the standard state. The relation can be shown 
with reference to Fig. 8-3 by first following the curved line for the real 
gas back to very low pressures and writing 


G(1 atm press.) — G(low press.) = RT In fat 1 atm press.) 
f = Ptlow press.) 


e 
IDEAL GAS o° 
e 


ran 


REAL GAS 


FUGACITY, ATM ————> 


0) 1 
PRESSURE, ATM ————> 


Then G(low pressure) can again be related to the standard free energy 
by 


P(low pressure) 


G(low pressure) — G° = RT In 
1 atm 


Addition of the equations for these two imagined steps gives 


f(at 1 atm pressure) 


G(1 atm pressure) — G° = RT In 
1 atm 


By a similar equation the free energy at any other pressure could 
be related to that of the standard state if the necessary fugacity 
datum were available. 

Comparison of the equations 


Ge aGee— ini: for real gases 
GG — Fane for ideal gases 


suggests the introduction of a term to exhibit the nonideality of a gas 
by comparing f with P, or really f/fo with P/Po. The activity coeffi- 
cient, denoted by y and defined as 


=! 
1p [39] 
is introduced. 

With this factor the free-energy expression for real gases can be 
written as 


GG. — RE in ye [40] 


The special convenience of y is that it shows explicity the importance 
of nonideality. 

The activity coefficient for gases has already been tabulated as 
f/P for the example of methane in Table 8-2. Furthermore, the same 
ratio, which we here label as the activity coefficient, is given graphi- 
cally on the basis of the law of corresponding states in Fig. 8-2. 


8-7. QUANTITATIVE RELATION OF AG AND THE 
EQUILIBRIUM CONSTANT 


Methods are now available for the determination of the pressure 
dependence of the free energies of the reagents in a chemical reac- 
tion, and qualitative arguments have been given for deciding, on the 
basis of the free-energy change, whether a reaction will proceed in one 
direction or the other. Chemical experience tells us, however, that 
a reaction will proceed in a given direction only until the system 
reaches a state of equilibrium. It will now be seen that free energies 
can be used to show not only the direction in which a reaction tends 
to proceed, but also the equilibrium state to which this reaction carries 
the system. 

Consider a reaction involving four gases A, B, C, and D, which 
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now will be assumed to behave ideally, 
aA + bB—>cC + dD [41] 


where a, b, c, and d are the number of moles of each reagent involved. 
The free energies of a moles of A at a pressure P,, b moles of B at Pz, 
etc., can be written, in view of Eqs. [31], as 


Free energy of a moles of A = aGy = acy + aRT In Py 
Free energy of b moles of B = bag = bag + ORT In Pg [42] 


Free energy of c moles of C = cGce = cGe + cRT In Pc 
Free energy of d moles of D = dap = dap + ART In Pp 


Here G4, Gg, etc., and Gj, Gg, etc., are the free energies of 1 mole of 
the reagents A, B, etc. 

The free-energy change for the reaction, when the pressures of 
the four species are Py, Ps, Pc, and Pp, can now be calculated as 


AG Gpreducts me Geeactant 


= CGco + dGp — aG, — OGz 


(Pe)*(Pp)4 [43] 


= cG¢ + dGp — acy — bag + RT In (P4)*(Pg)® 


or 


AG 


ey (Po(Pp)! 
Ot EE apap 


This equation relates the free-energy change of the reaction for the 
reagents at the pressures Py, Pg, Pc, Pp to a term involving the free 
energies of all reagents at 1 atm pressure and a term for the free- 
energy pressure dependence. 

If the reaction system is allowed to proceed to a state of equilib- 
rium, with respect to this reaction, it will reach a position for which 
no further driving force is operative. The free energy will be a mini- 
mum, and any small change in the state of the system must be accom- 
panied by a zero free-energy change. For the reaction proceeding at . 
this equilibrium state, therefore, AG = O, and Eq. [43] can be rear- 
ranged to give 


° Pco)*(Pp)4 
AG? = —RT In hones 
(P.4)*(Pp)? equilibrium 


where the subscript ‘‘equilibrium’’ is added to remind us that the 
relation holds only when the pressures are those of the system at 
equilibrium. 

This expression constitutes a thermodynamic derivation of the 
familiar equilibrium-constant expression. Since AG® for a particular 
reaction at a given temperature is a fixed quantity, the exhibited 
pressure term must have some constant value that is independent of 
the individual pressures. It is customary to call this set of pressures 


[44] 


the equilibrium constant and to denote it by the symbol K or, since 
pressures are involved, by Kp. Thus 


(Pc)"(Pp)! 


=| = [== 45 
- ae es ee [ ] 
and Eq. [44] becomes, with this notation, 

AG° = —RT In Kp [46] 


This equation represents one of the most important results of thermo- 
dynamics. By it, the equilibrium constant of a reaction is related to a 
thermochemical property. The immediate and obvious value of the 
equation is that it allows the calculation of not only the direction in 
which a reaction will proceed but also the equilibrium state which the 
reacting system will finally attain. For many systems it is much easier 
to measure or calculate the thermodynamic property of free energy 
than it would be to measure the equilibrium constant. On the other 
hand, it is sometimes easier to determine an equilibrium constant 
and from it to calculate the free-energy change, which frequently is 
of interest for molecular-structure arguments. 

This quantitative relationship can readily be seen to be con- 
sistent with the previous qualitative statements about the significance 
of the free-energy change. If AG° is very negative, for instance, the 
argument of Sec. 8-1 leads to the expectation of a spontaneous re- 
action. Equation [46] confirms this by showing that the equilibrium 
constant would be a large positive quantity. The reaction therefore 
would proceed until a large concentration of products was built up. 

Confusion sometimes arises because Eq. [44] or [46] involves 
AG’, which corresponds to pressures of 1 atm, and K, which involves 
the equilibrium pressures. One might look at the equation as showing 
that the equilibrium state corresponds to pressures of the reagents 
that give a free-energy term that can balance the standard free-energy 
term. 

The above derivation applies strictly only to ideal gases. For 
nonideal gases the free energy, as shown in the previous two sections, 
does not differ from its standard value exactly according to the equa- 
tion G = G°? + RTInP. In the following section the effect of non- 
ideal behavior on the equilibrium relationship will be dealt with. Here 
no great error will be introduced by applying the present equations 
to most gaseous reagents at relatively low pressures. 

Furthermore, since many equilibria are studied in solution, it is 
very desirable to have a result that can be applied to the concentration 
of reagents in addition to one that treats gaseous reagents. Only a 
minor extension of the present treatment is needed to obtain the cor- 
responding equation with the equilibrium constant expressed in terms 
of concentrations. This will, however, be postponed to a later chapter. 

As an example of the use of the free-energy—equilibrium relation, 
the industrially important process of the formation of ammonia from 
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its elements can be considered. The reaction is 
No + 3H2— 2NH3 [47] 
and the standard free-energy terms are 
No AG598 = 0 
3H» 3 AG398 0) 
2NH3 2AGs0g = (2)(—3976) = —7952 cal [48] 


Thus, for the reaction, 


AG3o9g = —7952 cal [49] 
and Eq. [46] gives 


Gee 7952 = 5.85 
log Ke = — 5 303RT ~ (2.303\(1.987 (208) ~ 
and 
(Pra? _ 7.1 y 105 dt cone [50] 


Kp = ——S 
(PrP. 
It should be pointed out that if the reaction had been written as 
$No + $H2— NH3 [51] 


the value of AG59g would have been —3976 cal, and the equilibrium 
constant that would have been calculated from Eq. [46] would have 
been 


ge 3 
K,(Eq. [51]) = TE — 8.4 x 10? [52] 


This result is essentially that obtained previously, both sides being 
the square root of those of Eq. [50]. 

The synthesis of ammonia would seem to be indicated as cer- 
tainly feasible by the calculation. It turns out, however, that it is very 
difficult to get the reagents to react fast enough, i.e., to come to the 
calculated equilibrium position fast enough, to make the process 
feasible. To increase the speed of the reaction, it is usually run at’ 
higher temperatures, and it is necessary, therefore, that we be able to 
calculate the equilibrium constant at temperatures other than 25°C. 

Such an interest in reactions at various temperatures is suf- 
ficiently general so that it will be necessary to develop a method for 
finding the temperature dependence of the equilibrium constant. 

First, however, the ammonia-synthesis example can be used to 
indicate the need for calculations of the equilibrium pressures at high 
total pressures. Inspection of Eq. [50] or [52], or calculations such 
as those of Prob. 6, or even the qualitative arguments based on Le 
Chatelier’s principle indicate that the equilibrium percentage of 
ammonia in the reacting mixture, at any temperature, will be favored 
by high pressures. Under such conditions, however, when quantita- 
tive results are required, assumption of ideal behavior cannot be made. 


The way in which equilibria are treated in nonideal-gas systems, where 
the free-energy-equilibrium-constant relation cannot be developed 
from the ideal-gas relations (Eqs. [42]), will first be presented. The 
following section, like Secs. 8-5 and 8-6 on nonideal systems, could, 
however, be omitted, and the temperature dependence of the equilib- 
rium constant could now be studied. 


8-8. EQUILIBRIUM CONSTANTS FOR SYSTEMS OF REAL GASES 


The development of expressions comparable with those of Eqs. [44] 
to [46] in a way that allows for nonideal gas behavior begins with rela- 
tions of the type 


Ge G@=RTinf 


for each reagent. One then obtains, by treatment like that followed 
through for ideal gases, the result 


aG? = —RT in| Lotr toy" [53] 


( fa)™ fr)? kei 
Now the factor that must remain constant involves fugacities rather 
than pressures. Since the treatment here is thermodynamically exact 
(it will be recalled that f is defined so that G— G° = RT In f), the 
constant term will now be labeled as K;;; that is, 


Ky = [Vor for] 
( fa)2¢ fr)’ equilibrium 
This thermodynamically exact expression is more frequently used 
with the substitution, for each of the components, of the relation 
f = yP, which gives 


ree (ycPc)“(ypP pv)! 
(yaP4)%(ypPp) 


(ye)"(Yp)" 
~ (ya)"yB)? = [59] 
Only for ideal gases will all the activity coefficients be unity, and only 
then will K,, = Kp. Furthermore, the activity-coefficient term may 
well change as the pressure of the system or as the individual pres- 
sures change. Then only K;, can be expected to be a constant for 
any arrangement of pressures, and the pressure term Kp will be a 
nonconstant ‘‘equilibrium constant.” 
An illustration of the effects of nonideality on the equilibrium 
constant is provided again by the reaction 


No + $H3 = NHs 


[54] 


The reaction is generally carried out at high pressures and at a tem- 
perature of about 450°C. Oneis interested in knowing the equilibrium 
pressure of NHg for various pressures of No and He. 
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TABLE 8-3 
Equilibrium constants 
for the reaction 

+N, + #H2 = NH3 

at 450° C* 


*Data from A. T. Larson, 
J. Am. Chem. Soc., 46:367 
(1924). 


The data of Table 8-3 for the pressure expression Kp have been 
calculated from the measured partial pressures of the components at 
equilibrium. It is clear that at these pressures nonideal effects are 
important and that use of the ideal expression Kp is not satisfactory. 

For the individual reagents the activity coefficients can be cal- 
culated, as indicated in Sec. 8-6, from the critical data. In this 
way one can obtain the activity-coefficient expression listed in Table 
8-3 and the results for K;,. A considerable improvement in constancy 
is seen to result from the use of activities rather than pressures. 

The result at the highest pressure indicates that our treatment, 
as entered in Table 8-3, is still somewhat approximate. This does not - 
imply any approximation in the formation of K;,, but stems from the 
evaluation of the activity coefficients for the individual gases as if they 
were pure gases at the total pressure of the reaction system. Acorrect 
treatment would make use of PVT data on nonreacting gas mixtures 
so that the activity coefficients of the components in the mixture 
could be evaluated. The treatment illustrated in Table 8-3 is, however, 
satisfactory at all but very high pressures. 


8-9. TEMPERATURE DEPENDENCE OF THE FREE ENERGY 
OF A REACTION AND THE EQUILIBRIUM CONSTANT 


The free energy of each compound that is involved in a reaction is 
dependent on the temperature, according to Eq. [27], by the relation 


0G \ y= 
Ge) = 5 


For a chemical reaction it is the free energy of the products less 
that of the reactants that is of interest. Application of Eq. [27] to each 
reagent allows the expression 


286), = as sa 


to be written, where 


ING? = (Garoducts ea Grencents [57] 
ees Equilibrium pressures (atm) nee 
he 2 3/; 
a Nigh WSU Nbet =k BNL Eine 
————————— ee 
10 0.204 2.44 1235 0.0066 0.99 0.0065 
50 4.58 11.3 34.1 0.0068 0.94 0.0064 
100 16.35 20.9 62.7 0.0072 0.88 0.0063 
300 106.5 48.4 145 0.0088 0.69 0.0061 
600 322 69.5 208 0.0129 0.50 0.0064 
1000 694 76.5 229 0.0231 0.43 0.0099 


and 
N= Sproducts — Sreagents [58] 


An expression for the temperature dependence of AG that is easier to 
use results if AS is eliminated from Eq. [56]. 

At any given temperature the change of free energy for the re- 
action is related to the enthalpy and entropy change by 


AG = AH — TAS [59] 
which can be rearranged to 


AH — AG 


AS = 
rT 


[60] 


This expression can be used to eliminate AS from Eq. [56] to give 


ee) _ —AH + AG 


vie Sie i eH 


which, if constant pressure is separately stated, can be rearranged to 


dAG AG AH 
aT ie a: [62] 


The two terms on the left side of Eq. [62] can be verified to be equal to 


d (AG 
Pe (=F) 


since, on differentiation, this expands to 


pi (AG) 7 UdsG/dT) — AG _ ddG _ AG 
T? Fike ie 


GENE a 


With this expression, Eq. [62] becomes 


It is particularly convenient to write this result for all the reagents in 
their standard states. This is expressed as 


im [64] 


Finally, the relation between AG° and the equilibrium constant, 
Eq. [46] for ideal gas behavior or Eq. [55] if nonideal behavior is to be 
allowed for, can be inserted to give, on rearrangement, 


ain K) _ AH° [65] 

dT RT? 
This important formula is the goal of the derivation. The variation of 
the equilibrium constant with temperature is seen to depend on the 


standard heat of the reaction. 
It is sometimes more convenient to write the equation in the 
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FIGURE 8-4 

The temperature de- 
pendence of the equilib- 
rium constant for the 
reaction CO, + Hz > 
CO + H2,O. (From L. P. 
Hammett, “Introduction 
to the Study of Physical 
Chemistry,’ McGraw- 
Hill Book Company, 
New York, 1952.) 


form 


di/T)~ Rk I ITs ae ESOS 


dinK) _ _ AH® dlogK) _ _ _ AH” [66] 


The integrated form of these equations, on the assumption that AH° 
is essentially temperature-independent, is 


ATES + const [67] 


log K = — 5 303k F 


Both the integrated and differential forms show that a plot of log 
K versus 1/T should give a straight line with a slope equal to 
—AH°/2.303R. The linearity shown by good measurements can be 
judged by the example of Fig. 8-4. The straight line, furthermore, has 
been drawn with the slope AH°/R, with a value of AH® from the data 
of Table 6-2. 

One frequently uses a measured value of AH® to calculate the 
equilibrium constant at various temperatures. It is, of course, also 
possible to use measurements of the equilibrium constant at a number 
of temperatures to evaluate the heat of the reaction. 

When Ad is itself an appreciable function of temperature, the 
integration of the differential form of the temperature dependence 
must recognize this quantity as a variable. This dependence of AH 
on temperature has been treated in Sec. 6-9. For many purposes it 
is satisfactory to assume a constant value of AH that corresponds to 
an average value over the temperature range of the equilibrium- 
constant measurements. 


8-10. THE CHEMICAL POTENTIAL 


The derivation of the important equation AG° = —RT In K used the 
concept of the free energy per mole of each of the reagents involved in 


TEMPERATURE, °C 


1000 + 800 600 400 
1. T T T + 
(6) 
1.0 
< 
£& 
2.0 
3.0 
4.0 
8 ge Swgehirs - e 3 
s 8 8 8 8 8 S 
° ro) fo} fo) fo} fo} (2) 


1/T, °K—2 


the reaction. In this derivation we considered a closed system in- 
volving a moles of A, 6 of B, and so forth, and investigated the changes 
in free energy for the total closed system as a function of the extent 
of the reaction. 

In studies of open systems, on the other hand, one is interested 
in the free energy of the system as a function of added reagent. We 
have already seen, in Sec. 6-8, that in such situations, which generally 
are encountered in studies of solutions, partial molal quantities are 
convenient. These, it will be recalled, measure the volume, the heat 
content, and so forth, of 1 mole of the reagent in the solution of 
specified concentration and at the specified temperature and pressure. 

The free energy of a solution will generally be a function of the 
temperature, the pressure, and the number of moles of each of the 
reagents present. Since the free energy is a state function, we can 
write the total differential of the free energy for such systems as 


0G 0G 
aG = (55) (=) 
oP T.215M25 >.< ai c oT PMI eco fe 
AES dn, + (2) dng +--- [68] 
ON /P,T,n2,n3,... On2/P,T,ny,n3, .- - 


where ny, Nz, .. .are the number of moles of the various reagents. The 
partial differential coefficients of the first two terms have already been 
recognized in Sec. 8-4 to be equal to the volume of the system and the 
negative of the entropy. Substitution for these terms gives, for the 
dependence of the free energy on P, T, and the moles of the reagents, 
the expression 


aG 


dG = UPS Saha (<2) ar 
ony P;7,N2;73,-. 
+ (2) dng +++. [69] 
ON2/P,7,n1,n3, --- 


The partial molal free-energy terms are analogous to the partial molal 
volumes and partial molal enthalpies already discussed in Sec. 6-8. 
They play important roles in the thermodynamic treatment of solu- 
tions. Their use merits the identification of them, not only by G;, which 
is consistent with our practice for partial molal quantities in Sec. 6-8, 
but also, following common usage, by the symbol p, or pw; for the ith 
component, and the designation of them as chemical-potential terms. 
Thus the chemical potential of the ith component in a system is 


ae e P,T,nj G#i) 
We see now that the expression for the total differential is 
dG = VdP — SdT + 1 dn, + po dng + -:: [71] 


To illustrate some features, and their use, of the chemical 
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potential, the reaction 
BA as (HSS EO +e CID [72] 


can again be investigated. Now the chemical-potential notation will 
be used to develop an equation relating the equilibrium amounts to 
thermodynamic properties. A system at some fixed total pressure 
and temperature will be dealt with, and thus the total differential dG 
can be written as 


dG = ba dna + UB dng + Lo dng + Up dnp [73] 


To proceed, we must recognize that in this closed system the. 
relative number of moles of the reagents must vary, because of re- 
action, in accordance with the stoichiometry implied by Eq. [72]. One 
sees, for example, that 

dng <4 b dng =a 


c 
= =—-— —== 74 
dng a dn, a dn, ee 


dnp ae d 
a 


Elimination of dng, dnc, dnp by these relations converts Eq. [73] to 


dG = (ia + 2 us — £50 ~ 44) drs [75] 
Since the equilibrium position is such that the free energy must be a 
minimum with respect to variations in the number of moles of each of 
the reagents, the coefficient of the dn, term must, at equilibrium, be 
zero. We thus obtain the equilibrium expression 


aus + bug — cuc — dup = O [76] 


Use of this important expression can be illustrated by again 
deriving the equilibrium expression of Eq. [44]. This equation, it will 
be recalled, is based on the assumption that all reagents, and the gas 
mixture, behave as ideal gases. Then the chemical potentials of the 
component gases can be treated separately and expressed as if each 
component were a pure gas. Since the chemical potential for a single 
component in this ideal-gas mixture is nothing more than the free: 


energy per mole of the component, one can write, by comparison with 
CORY, [SSI] 


ee RINE [77] 


and so forth, where 4 is the chemical potential of gas A at 1 atm pres- 
sure. These expressions showing the dependence of the chemical 
potential, for ideal gas behavior, on the pressure can be inserted into 
Eq. [76], which, on rearrangement, gives 


Cf ° ° ° Le JP)" 
(cue + di — ay ~ bug) = —RT In | COPY) 
c + Ap be 7) CE) ean): lec tstipriand 


Thus we have again arrived at an expression that is equivalent to 
Eq. [44]. 


[78] 


It should be pointed out that no assumption with regard to ideal 


behavior had been made in obtaining Eq. [76]. We shall see that this 
equation is a convenient starting point for the treatment of equilibria 
in nonideal systems. 


PROBLEMS 


1 


The values of AH and AS for a chemical reaction are — 22.6 kcal and 
—45.2 cal/deg, respectively, and these values are not changed much by 
temperature changes. 

a What is AG for the reaction at 300° K? Ans. —9040 cal. 
b What is AG for the reaction at 1000° K? Ans. 22,600 cal. 


Calculate AH, AS, and AG when 1 mole of water is converted from liquid 
at 100°C and 1 atm to vapor at the same temperature and pressure. 
Discuss the influence of the entropy and energy factors on the sponta- 


neity of the reaction. 


What is the free-energy change when 4.50 g of water is converted from 
liquid at 25°C to vapor at 25°C and a pressure of 0.1 mm Hg? (The 
equilibrium vapor pressure of water at 25°C is 23.8 mm Hg, and the 
vapor can be assumed to behave ideally.) Will the process from liquid 
to this vapor tend to proceed spontaneously? Ans. — 850 cal. 


Express AH, AS, and AG for a system consisting of two large blocks, at 
different temperatures, and a process in which a small amount of heat 
q is transferred: 

a From the high-temperature to the low-temperature block. 

b From the low-temperature to the high-temperature block. 


Using data of previously given tables, confirm the value of the standard 
free energy given in Table 8-1 for CO at 25°C. 


Calculate the free energies at 25°C, based on the standard free energies 

of Table 8-1, of: 

a Ethylene at 10-° atm pressure. 

b Hydrogen at 10~° atm pressure. 

c Ethane at 10° atm pressure. 

What would be the free-energy change for the formation of ethane from 

hydrogen and ethylene if the reagents are at these partial pressures? 
Compare with the value obtained in Eq. [21], and comment on 


the spontaneity of the reaction in each situation. 


Calculate the free energies at 25°C, based on the standard heats of 
Table 6-2 and the entropies of Table 7-3, for C2H4, He, and C2H¢ at 
1 atm and at the pressures indicated in Prob. 6. Calculate AH, AS, and 
AG for the reaction H» + C2H4— C2He for the reagents at 1 atm pres- 
sure and for the pressure conditions of Prob. 6. Comment on the factors 


that affect the spontaneity of the reaction in the two situations. 


The standard heat of formation and the entropy of n-pentane, 


235 


Problems 


236 


Chapter 8 
Free energy and 
chemical equilibria 


10 


11 


12 


13 


14 


CH3CH.CH2CH2CHs3, at 25°C and 1 atm are —35.00 kcal/mole and 
83.40 cal/deg mole, respectively. The values for neopentane, (CH3)4C, 
are —39.67 kcal/mole and 73.23 cal/deg mole. 

a What is the free-energy difference for these compounds at 25°C and 
1 atm pressure? 

b What pressure would neopentane be taken to in order to have the 
same entropy as n-pentane has at 1 atm and the same free energy as 
n-pentane has at 1 atm? Ans. 6.0 x 1073 atm; 16 atm. 

c Anamount of n-pentane to produce | atm pressure is put in a reaction 
chamber with a catalyst that brings about equilibrium with neopen- 
tane. What are the pressures of the two isomers at equilibrium, the 
temperature being held at 25°C? 

Aisa Py entancr= 0. 059; ebncopentanci 10-94 aula. 


What is the equilibrium constant at 25°C for the formation of benzene 
from acetylene by the reaction 3(C2H2) > CgHe? What would be the 
equilibrium pressure in a reaction vessel which initially held acetylene 


at 1 atm pressure at 25°C? 


Assuming that AH for the reaction of Prob. 9 is essentially constant 
over the temperature range 25 to 500°C, obtain an expression for the 
equilibrium constant as a function of temperature in this range. What 
is the equilibrium constant at 500°C? Ans. Kp = 1.3 x 1023. 


Calculate the logarithm of the equilibrium constant at 25°C for the 
reaction CO2(g) + Ho( g) > CO(g) + H20(g), using the free-energy 
data of Table 8-1. 

Obtain an expression for the heat of the reaction as a function of 
temperature from the standard heats of formation and the heat-capacity 
data of Table 6-5. 

Deduce an expression for log K as a function of temperature in 
the temperature range 300 to 1000°K. Plot and compare with the ex- 
perimental results shown in Fig. 8-4 (note that Fig. 8-4 is in terms of 
natural logarithms). 


What is the equilibrium constant at 25°C for the reaction of oxygen 
and hydrogen to form water vapor? Equal volumes of oxygen and 
hydrogen are mixed and put in a constant-volume container. If the 
initial total pressure is 0.01 atm, what will be the pressures of all re- 
agents if a spark is passed through the mixture and equilibrium is 
established? 


At 3000°K the equilibrium pressures of CO2, CO, and Oz are 0.6, 0.4, 
and 0.2 atm, respectively. 

a Calculate the equilibrium constant for the reaction 2CO2—> 2CO + Oo. 
b What is the value of AG 9, for this reaction? Ans. 14,500 cal. 


The equilibrium constant at 400°C for the reaction 3H. + 4N2— NH; 
is 0.0129. 


a Calculate AG@73 for this reaction. 


e195 


*16 


SLT, 


*18 


=19 


*20 


b Using the standard heats of formation of Table 6-2 and the heat 
capacities of Table 6-5, obtain an expression for the heat of reaction 
as a function of temperature. 

c Deduce the equilibrium constant and AG® at 298°K. 

d With the result of (c) and the standard heats of formation of the 
reagents, calculate AS° for the reaction at 298°K. 

e Compare this value of AS° from the measured equilibrium constant 
and thermal data with the value given by the third-law results of 
Table 7-3. 


At not too high pressures the PV behavior of gases conforms to the 
equation PV = RT + BP. For 1 mole of oxygen at 25°C and for pres- 
sures up to about 1 atm, the expression becomes Pv = R(298) — 0.0211P 
liter atm. 

a Calculate the fugacity of oxygen at 1 atm. 

b At what pressure does the fugacity have the value 1 atm? 


Verify, by graphical integrations of Fig. 1-8, some points on the curves 
of Fig. 8-2. 


Explain, in terms of the source of nonideal behavior introduced by van 
der Waals, what might cause an activity coefficient of a nonideal gas to 


be greater than unity and what might cause it to be less than unity. 


The critical data for He, N2, and NH; are given in Table 1-2. Estimate, 
with the aid of Fig. 8-2, the activity coefficients of these gases at 1000 
atm and (a) 250°C and (6) 500°C. Calculate the activity-coefficient 
factor of the equilibrium-constant expression for nonideal gases, and 
compare with the value reported for 450°C in Table 8-3. 


At 800°K the following values are reported [Tables of Thermal 
Properties of Gases, Natl. Bur. Std. (U.S.) Circ. 564] for the density of 


steam: 


Pressure (atm) 1 10 20 40 80 
Density (g/cc) 0.00027464 0.027648 0.0055709 0.011312 0.023344 


Pressure (atm) 120 160 200 240 280 300 


237 


Problems 


Density (g/cc) 0.036184 0.049937 0.064724 0.08070 0.09803 0.1073 


What is the fugacity, and the activity coefficient, of steam at 800°K 
and 300 atm? Compare this value with those obtained from the critical 
data and Fig. 8-2. Ans. y = 0.799. 


The equilibrium constant for the reaction Hz + COz —> H20 + CO at 
986°C is 1.60 at rather low pressures, where all the gases behave 
essentially ideally. Estimate the value that the expression for Kp, ex- 
pressed in pressures, would have at a total gas pressure of 500 atm and 


the same temperature. 


*Based on material 
presented in side-rule 
sections. 


238 


Chapter 8 
Free energy and 
chemical equilibria 


REFERENCES 


See the general thermodynamics references listed at the end of Chaps. 5 and 7. There are, 
in addition, a number of books that deal extensively with calculations involving the concen- 
trations, or pressures, of the reagents of a reaction and the equilibrium constant for the 


reaction. Several of these are: 


BUTLER, J. N.: “Solubility and pH Calculations,’ Addison-Wesley Publishing Company, Inc., 
Reading, Mass., 1964. 


LAITINEN, H. A.: “Chemical Analysis: An Advanced Text and Reference,” MeGraw-Hiil Book 
Company, New York, 1960. 


DAY, R. A, and A. L. UNDERWOOD: “Quantitative Analysis,”” Prentice-Hall, Inc. Englewood 
Cliffs, N.J., 1958. 


ENTROPY, FREE ENERGY, AND 
CHEMICAL EQUILIBRIA: THE 
MOLECULAR APPROACH 


The preceding chapter showed that the position adopted by a chemical 
reaction when it comes to equilibrium is directly related to the thermo- 
dynamic function free energy. The free energy, in turn, can be related 
to the entropy and enthalpy factors. It has already been shown, in 
Sec. 6-10, that the enthalpy, or energy, of a chemical reaction can, to 
some extent, be understood in terms of the allowed energy levels of 
the molecules involved in the reaction. Now it will be shown that the 
position of the chemical equilibrium, and the free energy and entropy 
of chemical compounds, can be similarly understood. Although only 
relatively simple chemical systems can be handled satisfactorily by 
this approach, the insight into the molecular basis of the important 
thermodynamic quantities, the entropy and free energy, makes this 
study very valuable for all chemists. 


9-1. MOLECULAR INTERPRETATION OF EQUILIBRIA 


The great importance of free energy stems from its immediate relation 
to the equilibrium constant of a reacting system, as shown by Eq. [46] 


CHAPTER 
NINE 
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FIGURE 9-1 

The energy levels of the 
hypothetical molecules 
A and B. 


or [53] of the preceding chapter. Since it is a straightforward matter 
to determine, in principle, the equilibrium constant from molecular 
properties, it is convenient to do so and then to use the information 
so obtained to understand the molecular basis for free energy. 

Consider an equilibrium such as is established between two 
isomers of a compound. If the isomers are represented by A and B, 
the equilibrium is 


Arb 


To determine the equilibrium constant for an actual reaction 
from the molecular properties of the reagents, it would be necessary 
to have complete information on the allowed translational, rotational, 
vibrational, and electronic energy levels of each of the molecules. 
Before proceeding to a more general formulation that allows for this 
complexity, it is perhaps helpful to consider a simplified model system 
for which the simple sets of levels as in Fig. 9-1 apply. For the deter- 
mination of an equilibrium constant, as will appear, the essential 
features of the molecular-energy patterns are the spacings between 
the energy levels, represented here by e4 and eg, and the difference in 
the energy of the lowest available energy levels of the two molecules, 
represented by Aep. The second quantity, of course, has already been 
introduced in Chap. 6 as the molar lowest-level energy difference AEp. 
It is now possible, with the assumed energy-level patterns of Fig. 9-1, 
to show that the equilibrium constant for the reaction can be 
determined. 

On a molecular basis the question of the position of the equilib- 
rium between A and B is phrased in this way: If a large number of 
molecules are allowed to distribute themselves throughout the energy- 


fe, 
be, 
SE, 
3e, aoe 
3&_ 
2e, 
2E, ep 


Ae 


level pattern of Fig. 9-1, how many will end up in the A levels and how 
many in the B levels? The question is answered by application of the 
Boltzmann distribution expression. 

Let No+ be the number of molecules which, at equilibrium, 
occupy the lowest energy level. This happens, in the example of Fig. 
9-1, to be an A level. 

The total number of molecules Ny, in the A levels can be cal- 
culated from the numbers N;4 in the individual A levels as 


Nag = Nod + Ni4A + NoA + --- 
= Not + Notenca/kT 4+ Noden2ea/*T 4... 
SING ae caer ap re ea el Pe) 
or 


Na = Not >, e-ita/*? ~~ wherei= 0, 1,2,... [1] 
1=0 


In a similar way, the number of molecules that occur in the B 
levels is 


Ng = NoB + Ny + NoB® + eke 
or 


Ng = NoB(1 + em’? 4+ em 2en/kT 4... -) 
= No? >, e-tn/*T ~=— wherei = 0,1, 2,... (2] 
1=0 
Since equilibrium is established between the distribution throughout 
the A and B levels, the population of the lowest B level is related to 
the population of the lowest A level by the Boltzmann expression 


No® = Note 40 kT [3] 


and the total population of the B levels can be rewritten, from Eqs. 
[2] and [3], as 

Ng = No4e- 4 kD >) en ieg/kT [4] 

The equilibrium constant for the reaction of A to B might be 
expressed as the ratio of the pressure, or the concentration, of Btoa. 
For a fixed-volume system either of these terms will be dependent on, 
and proportional to, the number of moles, or molecules, of the two 
reagents. We can write, therefore, 


= Ns [5] 


The expressions for Nz of Eq. [4] and N,4 of Eq. [1] can now be 


substituted to give 
K = ensco/kr Zew*ee/kP [6] 


Sen iea/kT 
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If the difference in lowest-level energies is written in terms of 1 mole 
instead of one molecule, Aco is replaced by AEy andk by R. This gives 


Serics/kT 7] 


= Naya he 
K>e Senica/kT 


This important result shows that the equilibrium constant can 
be related to two types of molecular-energy terms. The first, AE, 
depends only on the difference in the lowest-level energies; the 
second type, involving €4 and eg, depends only on the spacings of the 
energy levels for the two molecules. Although the relationship of 
Eq. [7], showing the dependence of an equilibrium constant on the 
allowed energy levels of the molecules involved, has been obtained 
for the simple energy patterns of Fig. 9-1, the form of the expression 
is quite general. We shall see that equilibrium constants can be re- 
lated to a AEy term and to terms involving summations over the 
allowed energy levels. Before discussing this result further and apply- 
ing it to more realistic situations, it is convenient to introduce a 
simplification in notation. 


9-2. THE PARTITION FUNCTION 


The result of the previous section is more neatly written if a symbol is 
introduced for each of the summation terms. One sum of Eq. [7] can 
be recognized as a property of the compound B; the other is a property 
of compound A. Similar summations would have appeared even if 
a more realistic pattern had been used for the energy levels. Such 
summations over the energy levels of a molecule frequently occur in 
calculations of thermodynamic properties, and are called partition 
functions. The partition functions, denoted by Q, for the molecules 
A and B of Fig. 9-1 are defined as 


co 
r= » enies/kT 
i=0 


0 [8] 
Qn = SS enieg/kT 
i=0 
and with this notation the equilibrium expression becomes 
K = o-aco/k? @B 
0, [9] 


Again, if the lowest-level energy difference is expressed in calories per 
mole, that is, AZo, and R is expressed in calories per mole degree, one 
writes 


K = e7 4Lo/RT Qz 
Qa Un] 

Three further comments are necessary to make this result, 
derived for the simple energy patterns of Fig. 9-1, more generally 
applicable. 


It is sometimes important to recognize, as has already been dis- 
cussed in Secs. 4-1 and 4-2, that some of the allowed energy levels 
result from more than one quantum state, and such energy levels will 
then really consist of two, three, or more levels on top of each other. 
Such multiple levels, it will be recalled, are said to have a multiplicity, 
or degeneracy, of 2,3,4,.... The ith energy level, with a multiplicity 
of gi, corresponds to g; quantum states and will be populated g; times 
as much as if it were a single state. In view of such multiple levels, 
the Boltzmann distribution expression can be written as 


N; —! giNoe kT [11] 


Second, it must be recognized that in an actual gas-phase mole- 
cule, the energy levels—translational, rotational, vibrational, and 
possibly electronic—do not form anything like a simple equispaced 
pattern as in the illustrative example used here. The previous results 
are, however, completely applicable to a real system if the more gen- 
eral expression is used that designates the ith level as having energy 
¢; above the lowest level for the molecule. This notation has already 
been used in Eq. [11] and corresponds to a partition function for 
a molecule, 


oe SS gie-s/T [12] 
i=0 


Third, the fact that the energy levels involved in the system are 
not dependent on molecular interactions is implicit in the form of the 
energy-level expressions. The treatment and the summations over 
the levels that have been used apply only to systems where the energy 
can be expressed in terms of the separate energy-level patterns for the 
individual molecules. The resulting expressions will be applicable, 
therefore, to systems such as ideal gases, but not to nonideal gases 
or liquids. Although extension of the statistical treatment can be 
made so that such systems can be included, this will not be done, and 
we shall be content with developing a method for calculating thermo- 
dynamic properties of ideal-gas systems. 

The calculation of the change in any thermodynamic function 
for a chemical reaction can be shown to involve nothing more than the 
determination of the partition functions for the molecules involved and 
4 statement of the AE, value. It is important to notice that the parti- 
tion function of a gaseous molecule depends only on the energy-level 
spacing of the molecule and can, at least in principle, be calculated 
from a knowledge of the translational, rotational, vibrational, and 
electronic energy levels. For many systems, liquids, for example, 
where the quantum states and the allowed energy levels are insuffi- 
ciently understood for such a calculation, the molecular interpretation 
is helpful in that it provides a qualitative understanding of the thermo- 
dynamic properties in terms of a concrete model. 

A qualitative appreciation of the partition function is very help- 
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ful and can be easily acquired. A large value of Q will result, for ex- 
ample, if the g’s are large and if the energy levels are closely spaced. 
We deduce, therefore, that the partition function is a measure of the 
number of available energy levels. It follows, then, that the partition 
function is closely related to the probability. A molecule with a large 
partition function has, for example, a high probability. This general 
discussion of the partition function now permits the molecular expres- 
sion, Eq. [10], for the equilibrium constant to be further investigated. 

Thermodynamics has already revealed that the equilibrium con- 
stant for a reaction depends on two factors: an energy effect and an 
entropy effect. Two similar, but not exactly comparable, factors are 
also recognized in the molecular expression, where they enter in the 
energy term AE» and the probability term Qp/Q4. The equilibrium 
constant will tend to be large if the energy term favors the reaction, 
i.e., if AEy is small or negative, and if the entropy or probability term 
favors the reaction, i.e., if Qg is greater than Qu. 


9-3. MOLECULAR INTERPRETATION OF FREE ENERGY 


The molecular interpretation of the equilibrium constant, Eq. [10], can 
be compared with the thermodynamic relation between the free energy 
and the equilibrium constant, Eq. [46] of Chap. 8. The logarithm of 
Eq. [10] gives 


AEo at In Qe 


| = 
nk RT 0, 


which can be rearranged to 
_RT In K = AE — RT in [13] 
A 


Comparison with the thermodynamic relation AG° = —RT'In K leads, 
then, to the result 


ING? = IND = IRIF Iie Qp ; [14] 
Qa 
This molecular interpretation of the free-energy change for the 

reaction cannot be simply resolved into contributions from each of 

the components since in the formation of the difference term AG° 

some terms belonging to both A and B may have canceled out. One 

can begin by expressing AKo simply as the difference (Eo)g — (Eo) 

between the lowest energy levels of the two molecules. Then Eq. [14] 

can be rewritten as 


AG? = (Eo)B — (Eo) = (RT In Qe retain Qa) 
= [(Eo)z — RT In Qs] — [(Eo)s — RT In Qa] [15] 


The two terms in brackets do not, however, give correctly the expres: 
sions for Gi and Gg. As will be verified in Sec. 9-6, RT In N terms, 


which do not show up in the difference AG°, must be included in the 
individual free-energy expressions. Those, then, are 


Gi = (Eola — RT In Q, + RT In X 
= (Eo)a — RT In 24 
role 


and [16] 
GR = (Eo) Se Qs ae RT In %X 


= (K)p — RT In we 


These very important expressions show how the free energy Is 
to be understood in terms of molecular energies. For example, a com- 
pound can have a high free energy and tend to be reactive as a result 
of having a large value of Eo or a low value of Q. The reactivity can 
therefore stem from a high-energy base or a low probability. The 
energy and probability can, of course, work against each other. The 
free-energy function gives the net effect of these terms. Again, even 
if calculations cannot be made, these factors will operate, and recogni- 
tion of the energy and probability terms provides an understanding of 
free energy. 

The quantity that is calculated and frequently tabulated is 


ee fas -RTin@ [17] 
or the free-energy function 


G’ ~ Fo _ _Rin& [18] 


T Ot 


If such functions can be calculated for all the reagents in the 
reaction, one can calculate A(G° — Eo) for the reaction and write 


INGE = AEo + A(G* _— Eo) 


The temperature-independent term AE can be obtained from 
thermal measurements, as was discussed in Sec. 6-10. The calcu- 
lated values of A(G° — Epo) at various temperatures can then be used 
to obtain AG° and then the equilibrium constant of the reaction at 
these temperatures. 

The use of calculated free-energy functions G° — Eo can be 
illustrated by deducing the equilibrium constant for the reaction 


2CO(g) + O2(g) = 2C02( 8) [19] 


at two different temperatures. The free-energy functions that would 
be obtained from Eq. [17] are given for 298 and 1500°K in Table 9-1. 
We shall also need the fact that would be derived, as shown in Sec. 
6-10, from the calculations of H — E> for each reagent and from the 
heat of the reaction that for this reaction AE) = —133,530 cal. From 
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TABLE 9-1 

Values of G° — Eo, in 
cal/mole, as would be 
calculated from partition 


functions and Eq. [17] 


these data, the free-energy change for the combustion of carbon 
monoxide is obtained as 


AG 598 AEo + A(G° — Eo)298 
= —133,530 + 2(13,880) — 2(11,990) — 14,600 


— — 140,350 cal [20] 


II 


Now Eq. [46] of Chap. 8, which relates this thermodynamic value to 
the equilibrium constant for the reaction, can be used to obtain 


AG3 
In Koos = ar = P20 
From 
logKaee= seat = 96.8 
we have 
Koos —6 xs 1096 [21] 


Similarly, for 1500°K, from the value of AH, and the data of 
Table 9-1, 


AG‘500 => SOR SO 
and 
Kis00— 0: 3G LO [22] 


These results illustrate that the values of G° — Eg, which can be 
calculated from the pattern of allowed energy levels for the molecules 
involved in a reaction, can be used, if the one thermal quantity AEo 
for the reaction is known, to obtain the equilibrium constant for the 
reaction. Alternatively, one might have a value of K for a tempera- 
ture that allows the measurement of K to be made conveniently. 
This value can be used along with the calculated G° — Ko’s to give 
AE». Then, as in the example used here, one can readily obtain 
values for the equilibrium constant at other temperatures, perhaps 
very high ones, at which measurements cannot easily be made. 

The calculation of values for AG® and K for various tempera- 
tures either from one thermal result or from one measured equilibrium 
constant is a step of considerable practical importance. Something 
of the practical, as well as the conceptual, value of the molecular inter- 
pretation of thermodynamic properties should be apparent as a result 
of the above deductions. 


298° K 1500°K 
CO 11,990 77,670 
0. 14,600 82,780 


COs 13,880 86,920 


A very simple example involving highly artificial energy-level 
schemes can be used to illustrate the calculations, starting with the 
energy levels of the molecules. Consider now the molecules A and 
B each to have only one allowed energy level. That for A consists of 
a level of multiplicity 2, that for B, of multiplicity 3, as shown in Fig. 
9-2. Furthermore, the multiple energy level for B is taken as 300 
cal/mole higher than that for A; that is, AZo for the reaction Ato Bis 
300 cal/mole. The free-energy difference between A and B and the 
equilibrium constant for the system can be calculated at two tempera- 
tures, say, 25 and 1000°C. 

The partition functions are very simply calculated as 


Qa = (ge "7 ), = gote OF? = (2X1) = 2 


[23] 
Qzp = (2gie~#/"" zp = BoBe %/*? = (3X1) = 3 
Now Eq. [14] can be used to give 
AG39g =. 300 — (1.987)(298)(2.303) log $ 
= 300 — 240 
= 60 cal [24] 
and 
AG3o73. = 300 — (1.987)(1273)(2.303) log # 
= 300 — 1025 
= —725 cal [25] 


These values of AG° can be used with Eq. [46] of Chap. 8 to 
calculate the equilibrium constants at the two temperatures. Alterna- 
tively, we can start over again and calculate the equilibrium constant 
directly from Eq. [10]; i.e., 


K = e480 rr QB 
A 


300 CAL/MOLE 
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Illustration of the rela- 
tion between molecular 
energy levels and 
equilibrium constants 
for hypothetical mole- 
cules A and B. 
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Thus 
Kogg = e€7300/0.987)(298)(1 5) = 0.90 


[26] 
K4273 = e 300 (1.987)1273)( 1 5) = 1.34 


It is well worthwhile, even for this artificial example, to notice 
how the energy and entropy, or probability, factors combine to deter- 
mine the equilibrium constant. At the lower temperature, the energy 
term AE» dominates and leads to the favoring of A over B. At higher 
temperatures, this factor becomes less important, and the larger 
number of states that constitute B swings the equilibrium over to the 
side of B. : 


9-4. MOLECULAR INTERPRETATION OF ENTROPY 


The previous chapter gave the qualitative result that the entropy of a 
state is to be related to its probability. It is now possible to consider 
the quantitative result a little more. 

The standard free energy of one mole of an ideal gas is given 
both by the thermodynamic relation 


(Cp ee ee YEP [27] 


and the molecular expression of the previous section, 


Cane = RTin& 
NG 


[28] 
These two interpretations of G° can be equated and, with H° = E° + 
RT, rearranged to give 


o _ E° — Eo Q 
Ss a + Rin a + [29] 


This result provides a means by which the entropy of a chemical 
compound can be obtained from a knowledge of its energy-level . 
pattern. It has been shown in Secs. 4-8 and 5-15 that the term 
E° — Eo is just the thermal energy and that this can be calculated from 
the energy-level pattern. This difference E° — Eo can be obtained 
absolutely and is not, as E° itself is, dependent on an arbitrary choice 
of a reference energy. The RIn(Q/%) term has been shown in the 
previous section to be likewise calculable from the energy-level 
pattern. Thus Eq. [29] leads to the conclusion, which also stems from 
the third law of thermodynamics, that entropy, unlike the various 
energies, can be assigned an absolute value. 

Some appreciation of the molecular interpretation of entropy 
that is given by Eq. [29] can be reached by first considering two states 
of a system that happen to have equal thermal energies or are such 
that they both have zero thermal energies. For such special states 


A and B, the entropy difference is simply 


ASS S) = Rin [30] 
Qa 

It was shown in Sec. 9-2 that the partition function was to be inter- 
preted as a measure of the number of available quantum states. 
Equation [30] leads again, as did our qualitative discussions of Sec. 
7-7, to the understanding of entropy in terms of the number of avail- 
able states. Now, furthermore, one sees that the relation is 
logarithmic. 

A more thorough interpretation of the molecular basis of thermo- 
dynamic functions than has been given here chooses as a starting 
point the statement that the entropy is the logarithm of the probability. 
Such an approach is given in the following section and builds on the 
discussion of probability that was introduced in Sec. 4-2. It is well, 
however, for a chemist to emphasize the importance of free energy and 
to look to the equilibrium-constant expression (Eq. [10]) and the 
closely related free-energy expressions (Eqs. [16]) as the basis for 
molecular interpretations of free energy and entropy. 


9-5. MOLECULAR INTERPRETATION OF THE THIRD LAW 


These molecular deductions of the preceding section have led to the 
same conclusion as that stated in the third law of thermodynamics, 
namely, that an absolute value can be assigned to the entropy of a 
chemical compound. The absolute values obtained from considera- 
tions of the details of molecular energies are compared with those 
from calorimetric third-law measurements in Table 9-2. Itis apparent 
that some discrepancies exist between the third-law entropy values 
and the calculated values and that these disagreements are outside 
the experimental error of about 0.2 cal/deg. These discrepancies 
arise because not all materials form perfect crystalline materials—a 


Entropy (cal/deg mole) of the ideal 


Gas gas at 1 atm and 298°K Deviation 
A nce enc Ee, eee UE eee 
Clo 53.31 53.3 0.0 

CO 47.31 46.2 Nis 

HCl 44.62 44.5 0.1 

HBr 47.48 47.6 0.1 

H»0 45.11 44.3 0.8* 
N20 42.58 51.4 lle 

NO (at 121.4°K) 43.75 43.0 0.8* 
CH4 44.50 44.3 0.2 
CoHy 52.45 52.5 0.0 


ee 
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TABLE 9-2 

Comparison of entropies 
calculated from 
molecular properties 
with their third-law 


values 


*Accounted for by disorder 
at absolute zero. 
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requirement for the third law stated in Sec. 7-9. A molecular inter- 
pretation of the third law shows the source of the difficulties that enter 
when nonperfect crystals are dealt with. Attempts to provide a 
molecular understanding of entropy have led to the identification of 
entropy with the logarithm of the probability of the state of the system. 
Although for solid and liquid systems it is usually not possible to cal- 
culate a value for the entropy, crystals near absolute zero present a 
situation that is particularly simple. 

For a molecule of a crystal, a set of allowed energy levels will 
exist which can be described qualitatively as related to the twistings 
and the vibrations of the molecule about its equilibrium position. The 
quantitative aspects of the entire energy-level pattern are generally 
not Known. As the temperature approaches absolute zero, it will be 
true, however, that no matter what the energy pattern is like, the 
molecules will occupy only the lowest available energy level. If there 
is only one available lowest energy state, as is usually the case, the 
assignment of each molecule to that state corresponds to forcing the 
system into a state of very low probability. (There are, it should be 
mentioned, a variety of states due to nuclear behavior in a molecule, 
but these generally contribute equally at absolute zero and all other 
temperatures and can be left out of consideration.) The situation at 
absolute zero can be compared with that of requiring all the pennies 
in the box of Sec. 7-7 to show heads. More quantitatively, the expres- 
sion for the entropy obtained in the previous sections, that is, 
s = R|n Q@ when E — £p Is zero, can be used to show that, since Q 
approaches unity for a perfect crystal at absolute zero, the entropy 
must approach zero. It is the perfectly ordered state of the crystal, 
with all the molecules in the same lowest energy level, that is the 
molecular basis for the third-law result that the entropy is zero at 
absolute zero. 

(The positive values for the entropies of all compounds at tem- 
peratures above absolute zero result from the fact that, as the tem- 
perature is raised, more and more energy levels become available to 
the molecules. The entropies at such temperatures are, of course, 
very characteristic of the individual molecule since each molecule, 
particularly in the solid or liquid state, will have its own particular 
energy-level pattern.) 

The reason for the discrepancies between the calculated and 
third-law entropies of Table 9-2 can now be given. 

The molecule CO, for example, shows a third-law entropy which 
is 1.11 cal/deg less than the value calculated molecularly. Such 
a discrepancy would result if the entropy of carbon monoxide at ab- 
solute zero was not, in fact, zero, but had a positive value of about 
1 cal/deg. This would imply that the state of the crystal at absolute 
zero is not perfectly ordered, i.e., does not have the lowest possible 
probability. 

The explanation for the disorder of such a crystal at absolute 


zero is that the two ends of the molecule are very similar and a crystal 
might form, not with the perfect order (CO CO CO _ =.--) but 
possibly with a disordered pattern, such as(CO CO OC CO ..--). 
A crystal formed in this way will have insufficient energy at very low 
temperatures to reorient the molecules. Since the probability of each 
molecule occupying a site in the crystal and being correctly oriented 
is unity, the probability of a molecule occupying a site and having 
either orientation is twice that. The entropy of such a crystal might 
be expected to be greater than the generally expected value of zero by 
Rin 2 = 1.38 cal/deg. The discrepancy found for CO, as shown in 
Table 9-2, is approximately this value. 

Other types of disorder can now be expected to persist at ab- 
solute zero and to lead to apparent discrepancies in the third law. A 
glassy material at absolute zero, for example, will not have the neces- 
sary molecular order to guarantee an entropy of zero at absolute zero. 
In view of difficulties such as these, the third-law statement must 
include the restriction that only perfectly ordered crystalline materials 
have zero entropy at absolute zero. 


9-6. THE STATISTICAL BASIS OF ENTROPY 


In Sec. 9-4 it was shown that the entropy of a substance could be re- 
lated to its thermal energy and to its partition function. This depend- 
ence can also be derived from a simple basic equation that relates the 
entropy to the probability. If W denotes the probability, which has 
already been discussed in Sec. 4-2, in enough detail for this derivation, 
the equation that leads to an entropy function identical with that in- 
troduced thermodynamically is 


s=kinw [31] 


Let us now start with this important statistical equation and see 
that the relation of Eq. [29] for the entropy of a mole of a substance, 
which was obtained in Sec. 9-4 by a rather roundabout method, can be 
reached. 

Reference to Sec. 4-2 will show that the probability of an arrange- 
ment of l particles in a set of allowed energy levels, with multiplicities 
gi, led to Eq. [5] of Chap. 4, which, with summation notation, is 


In W = Inu + =Ni(1 + In £) [32] 

In the derivation of this result, however, there was the assump- 
tion that the particles, or molecules, were distinguishable. Although 
such an assumption can lead to satisfactory distribution results, such 
as the Boltzmann distribution, it is not consistent with the idea that 
like molecules, or other atomic-sized particles, must be considered to 
be indistinguishable. As one can readily verify by writing a set of 
numbers, say, 1, 2, and 3, ina line in various orders, there are N!, in 
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this case 3!, ways of arranging distinguishable terms like numbers. 
These arrangements are significant, however, only if the items are 
distinguishable. If the items must be considered to be indistinguish- 
able, O O O, for example, the number of arrangements is less by 
a factor of N! 

To proceed to a correct calculation of the entropy of a collection 
of St molecules, we must therefore divide the probability expression 
of Eq. [4] of Chap. 4 by 9U. This corresponds to subtracting In 9U 
from Eq. [32], to leave 


ime ENi(1 +n &| [33] 
N; . 
To proceed, we must specify the way in which the particles are 
distributed throughout the available states; i.e., we must have a distri- 
bution expression relating N; to g; and «;. Within certain limitations 
the Boltzmann distribution 


N; = gi Noesi/*T [34] 


can be used. 

The limitations stem from two sources. The first is that, as 
has already been pointed out, the Boltzmann expression is derived 
for particles that are distinguishable, whereas fundamental particles, 
atoms, and molecules must be recognized as essentially indistinguish- 
able. We shall not attempt here to develop a distribution expression 
for indistinguishable particles and shall be content with the fact that 
the probability expression derived for distinguishable particles can 
be corrected to allow for their indistinguishability, as was done in Eq. 
[33], and that for most of the systems with which we shall deal the 
distribution expression of Eq. [34] is acceptable. 

The second source of limitations on the applicability of Eq. [34] 
stems from the fact that it applies strictly only to systems in which 
any number of particles can behave in a particular manner, i.e., have 
the same set of quantum numbers. In fact, certain fundamental 
particles do not have such freedom. Electrons are particles for which 
we have already had to recognize that there is a limit of two particles 
per quantum state. Other fundamental particles, in fact those with 
half integral spin, are subject to the same restriction and these are 
said to follow Fermi-Dirac statistics. It should be apparent, and this 
will be important in considerations of metals in Chap. 17, that in a 
system of such particles the distribution at low temperatures will con- 
sist of two electrons in each of the lower energy states. Under these 
circumstances the Boltzmann distribution will clearly not be followed. 
Other fundamental particles, those with integral spin, are said to fol- 
low Bose-Einstein statistics and at low temperatures where the 
particles are crowded into the lower energy states the distribution will 
again not be that given by the Boltzmann expression. Most systems 
that we deal with in the calculation of thermodynamic properties will, 
it turns out, have very many more available quantum states than 


particles. In such situations most of the states will be unoccupied, 
the special features of ‘‘fermions”’ or ‘‘bosons’’ will be of no conse- 
quence, and the Boltzmann distribution will be effectively followed. 
Only when we deal with the electrons of metals will we have to recog- 
nize special restrictions. 

The distribution whose probability we are seeking can, there- 
fore, be taken as that of Eq. [34], which, after rearrangement to 


Bb aan 
NONE el 


can be used to eliminate g;/N; from the expression for In W. 
This substitution converts Eq. [33], after logarithms are taken, 
to 


SSA Cine 
InW= =Ni(1 +35 — In No} [36] 


The final, In No, term can also be eliminated by use of the 
Boltzmann expression. One first sums over all the levels that the 
total of XU molecules occupy, to obtain 

SNe OC— No peices! 
and then rearranges to 


Nee eee (37] 


Lgie % kT 
At this stage it is convenient to recall the definition of the partition 
function and to use this to write the equation as 
NM 
Q 
The entropy expression, which started as k In W, has now been 
developed into 


No = 


s—kinw 


REN, (1 + — in) 
7 ( kT Q 


1 Se 
eee ee) 38 
pe oe n 9 [38] 


The remaining summation will be recognized as giving the familiar 
thermal energy which we have been representing by E— Eo. The 
last term can be rearranged and presented so that we reach the desired 
result 
pee Sie OI ie ea [39] 
i I 
This more satisfactory derivation of Eq. [39] will allow us to com- 


pare the value of the entropy that is calculated from this equation, 
which has its basis in s = kIn W, with the entropy obtained thermo- 
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dynamically, which is based on dS = dqyey/T and the third law. Then 
we shall have demonstrated the convergence of the two distinct but 
complementary approaches to entropy. 


9-7. THE TRANSLATIONAL ENTROPY OF AN IDEAL GAS 


It is particularly important to obtain a qualitative understanding of the 
molecular basis for entropy and energy and, furthermore, an apprecia- 
tion of how these factors determine the free-energy difference and the 
equilibrium constant for reacting species. It is, however, satisfying 
also to see that the molecular expressions that have been obtained 
here in a rather simple manner can lead to quantitative values for 
thermodynamic functions. In particular, it can be shown that a value 
can be calculated for the entropy of an ideal gas and that such cal- 
culated values agree with the thermodynamic third-law values. It 
should be pointed out that in this and the following several sections 
the treatment of a number of complications that are present is 
avoided. The more detailed treatment of the molecular interpretation 
of thermodynamic functions depends on a more thorough discussion 
of probability. Advanced texts on statistical mechanics or statistical 
thermodynamics can be consulted for this material. 

The calculation of entropy from molecular properties makes use 
of Eq. [39]: 


pe Bop eee e 
= a aaah Nl a 

The translational energy of an Avogadro’s number of molecules 
has been shown on both classical and quantum-mechanical grounds 
tobe RT. This value can be substituted for the first term of Eq. [39] 
to give 

° 5 rans 

Sims = SR + Rin Sisoas [40] 

The partition-function term involves a summation over the 
allowed translational energy levels. Fora particle of mass m in a cubic 
container of dimension a, the allowed energy levels, which were ob- 
tained in Sec. 3-12, are given by 


€= (n,? + n,? + 77) [41] 


8ma? 


where n,, ny, and n, are the quantum numbers for the 3 translational 
degrees of freedom. The partition function for such a set of levels is 


Oran = s eng? +n,2+n,2)h2/8ma2kT 


Nz Ny,Ne=1 


( en N,2h/8mazkT @-M,2h2/8mazkT 
mall n=l 
I 
x (> cece) [42] 


n,=1 


(Note that, although the allowed energy levels have multiplic- 255 
ities, gi, greater than unity, the summation procedure used here sums 
over all states and not over these energy levels.) Since the transla- 
tional energy levels are very closely spaced, as shown in Sec. 3-11, 
each summation can be replaced by an integration. Thus the first 
summation of Eq. [42] becomes 


Section 9-7 
The translational 
entropy of an ideal gas 


ee) 
i e7Nr2h2/8ma2kT dn, 


The substitution 


A n,2h2 


= = BmakkT 


rearranges the integral to 
2 8mkT)V? |e dz 
h 0 


This definite integral (Appendix 1) has the value \/7/2, and the entire 
translational partition function is obtained as 


2 3 
Qtrans = [aoe | [43] 
Substitution (of a3 = v) gives the result 
3/2 
Qtrans = Gomi [44] 


Now this expression for the translational partition function can be 
inserted into Eq. [40] to give 

Sinan = R| + in Gam | [45] 
This equation was obtained by Sackur and Tetrode by an early and 
rather unsatisfactory derivation. It has now been frequently checked 
against third-law entropies and can be relied on to give the transla- 
tional contribution to the entropy of an ideal gas. 

The experimental third-law entropy of argon gas at 1 atm pres- 
sure and 87.3°K, its normal boiling point, has been reported as 30.85 
cal/deg mole. The values necessary for the calculation of Stans from 


Eq. [45] are 
m = 6.63 x 10° g fi — 6.62 < 1052" efg-sec 
k = 1.38 x 10716 erg/deg 873 
T = 87.3°K v= 373 (22,400) = 7160 cc 


The calculated entropy is therefore 


s° = R[$ + 2.303 log (4.61 x 10°5)] 
= 1.987(2.500 + 13.045) 
= 30.89 cal/deg mole [46] 
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The calculated value agrees nicely, therefore, with that based on the 
third-law calorimetric method. 

Such agreement of calculated and third-law entropies can be 
taken as support either for the molecular postulates of Schrédinger 
and Boltzmann or for the thermodynamic choice of a zero entropy at 
absolute zero. 


9-8. THE ROTATIONAL ENTROPY OF THE 
DIATOMIC MOLECULES OF AN IDEAL GAS 


As was pointed out in Sec. 4-6, a rotating molecule has a set of allowed 
rotational energy levels. For a diatomic, or any linear, molecule, the 
allowed rotational energies of a molecule of moment of inertia J will 
be shown in Chap. 12 to be given approximately by 


JI(J + 1)h? 

ee = EOE = 01,2... [47] 
Furthermore, the rotational energy level corresponding to a given 
value of J will be found to have a multiplicity of 2.7 + 1. These fea- 
tures of the rotational-energy patterns allow the rotational partition 
function and then the rotational contribution to the entropy to be 
obtained. 

It is first necessary to see that when there are both translational 
and rotational contributions to the partition function, the total parti- 
tion function @ that appears in Eq. [39] is to be written as 


Q= QtransQrot [48] 


This follows because the energy of the molecule is treated as separable 
into translational and rotational components; i.e., 


€ = trans + rot [49] 


Furthermore, for given allowed translational and rotational energy 
levels, the total multiplicity of the level will be the product of the 
multiplicities of the translational level and the rotational level; i.e., 


&§ = Strans rot [50] 


It follows that the general expression for the partition function 
becomes 


Q = Dgiewei/*T 
a Ltrans rote (trans +e rot)/kT 
= (2Btrans@7 ‘trans KT (Sgt €r0" KP) 
= QtransQrot 


Recognition of the way in which the translational energy and the 
translational partition function separate from internal energies and 
internal partition functions, as given above for rotation, allows the 


entropy expression of Eq. [39] to be rearranged to show the separate 
contributions to the total entropy. One writes, for translational and 
rotational contributions, 


0 _ E—E° Q 
— r + Rin X AL gs 
f (E _ Ba irane (E = Ero Qirane 
= 7 + T Rin + elt Gra 
= (E a E® trans Qtrans (E a E* rot 
= |S =F + Rin~s +R a ae 
ar R In Qrot| 
et Site tale [51] 


We see that the rotational contribution to the entropy, which must be 
added to the translational contribution as calculated in the previous 
section, is given by 


8 E — E°)r 
Srot = (2 Bot Str Rin Qrot [52] 
The partition function for rotation is the summation 
Qrot = St gers 
J=0 


= SS (2F + Let Dh2/8a2TkT [53] 
J=0 
The rotational energy levels, except for molecules with very low mo- 
ments of inertia, are sufficiently close together so that this summation 
may be replaced by an integration to give 


ee [oe 4 Le Ut pne/8a2tkT GJ [54] 


This integral can be put in a recognizable form by writing £8 for the 
terms h2/872IkT and introducing the variable z fond @i-= 1)s hus 


z=AJ+1) and dz= (23+ 1)dJ 


With this notation the integral is simply 


ae [Fas | il 
be dz = ——e a 
(; & a ge i B 


The value of this definite integral is therefore 1/B = 8r2IkT/h2. The 
desired result for the rotational partition function is therefore 


(This result, it should be mentioned, is correct only for hetero- 
nuclear diatomic and for unsymmetric linear polyatomic molecules. 
For molecules such as Hs, Ne, COz, and acetylene, H—C=C—H, the 
symmetrical nature of the molecule does not allow some of the rota- 
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tional states whose energy levels are given by Eq. [47]. The rotational 
partition function is then somewhat different from that obtained here. 
We need not, however, become involved in this complexity.) 

The rotational energy of an Avogadro’s number of molecules was 
shown in Sec. 4-6 to be 4RT per degree of freedom. Fora linear mole- 
cule, which has just 2 rotational degrees of freedom, the value of 
E — Eo for rotation is therefore RT. With this result and Eq. [52], the 
rotational entropy of a heteronuclear diatomic molecule or unsym- 
metric linear molecule can be written as 


E° — Eo)r 
Srot = o —Badrot ar Rin Qrot 


Ba2IkT 
a R(1 # inSee ) [56] 


For CO, as determined by the method of Sec. 12-1, the bond 
length is 1.128 A and the moment of inertia is 14.48 «x 1074° g cm?. 
The rotational-entropy contribution at 25°C can therefore be calcu- 
lated as 


Srot = RU + 2.303 log 107.5) 
= R(1 + 4.680) 
11.29 cal/deg mole [57] 


For comparison, the translational entropy of CO at 1 atm and 
298°K can be calculated from Eq. [45] as 


Strang = 35.75 cal/deg mole [58] 


The much greater translational-entropy contribution as com- 
pared with the rotational-entropy contribution can be understood in 
terms of the much closer spacing of the translational energy levels 
and, therefore, the much larger number of translational states 
throughout which the molecules are distributed. 


* 9-9. THE VIBRATIONAL ENTROPY OF THE 


DIATOMIC MOLECULES OF AN IDEAL GAS 


The vibrational energy levels for a diatomic molecule form, as dis- 
cussed in Sec. 4-7, a pattern with nearly equally spaced energy levels 
given approximately by the expression 


€vib = (U + de [59] 


where « is the spacing between adjacent levels. The quantum state 
corresponding to the quantum number u is therefore at an energy ve 
above the state with v = 0. The partition function is then simply 


Quin = a e-ve/kT 


D0 
or 


Qi = le e€-M4T + 62 BT a as [60] 


Unlike the translational- and rotational-energy summations, the 
vibrational-energy summation presents discrete terms since the levels 
are generally appreciably spaced compared with R&T; this series cannot 
therefore be replaced by an integral. The series can be summed, 
however, by the trick used in Sec. 4-7. Thus multiplication of Eq. [60] 
on the left and on the right by e~</*7 gives 


Qyvive-< kT — @ne kT ote e2e kT au e 3/kT SG pcrag [61] 


Subtraction of Eq. [61] from Eq. [60] leads, after term-by-term cancel- 
lation of the series terms, to 


One St 


or 
Qiv = 
Vibi 1 — e-/kT [62] 


The vibrational contribution to the entropy separates from the 
translational and from the rotational contributions in the same way 
that was shown in the previous section for rotation. Thus one adds to 
the translational and rotational contributions the term 


Sip = Em Fob + Rin Quin [63] 


The partition-function term can be calculated if the vibrational- 
energy-level spacing is known. The vibrational energy has been 
shown in Sec. 4-7, Eq. [52], to be 


Ne 


E — Eo = euk? — 1 = 


Thus Eq. [63] gives, for each vibrational degree of freedom, 


Sep = care + Rin —a [64] 

For CO, for example, the vibrational levels are found to be 
spaced by 2168 cm=!, or 4.31 x 107 erg. The vibrational contribu- 
tion to the entropy at 25°C can then be shown, by substitution of 
values in Eq. [64], to be insignificant. 

Qualitatively, it can be recognized that such a small fraction of 
the molecules are in vibrational states other than the lowest available 
vibrational level that the entropy contribution from the vibrational 
states is, in this example, effectively zero. In general, the vibrational- 
entropy contribution is small but, except for wide vibrational spacings 
as in CO, not negligible. 

It follows, therefore, that the total entropy of CO at 1 atm and 
298°K is calculated, according to the expression given here, as 


S° = Strans + Srot + Svib + Selec 


35.75 + 11.29 + 0.00 + 0.00 


= 47.04 cal/deg mole [65] 
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Calculations that allow for the fact that the rotational-energy term 
E — Ep is not exactly the classical value give the calculated result 
47.31 cal/deg mole. 

The third-law value of 46.2 is expected, in view of the discussion 
of Sec. 9-5, to be too small by the amount R In 2 = 1.38, because of 
residual randomness at absolute zero. Thus the corrected third-law 
result of 47.6 is in satisfactory agreement with the value obtained 
from molecular properties. 

The calculation of the entropy of CO is an example of the results 
that can be deduced for thermodynamic functions from a knowledge 
of molecular properties. For larger gas-phase molecules, the proce- 
dure is usually limited by the difficulty in deducing the energy-level: 
spacings for the 3n — 6 vibrational modes. For liquids and solids, 
so little is known about the allowed energy-level patterns that it is not 
generally possible to perform the summations over energy levels and 
obtain values for thermodynamic properties. 


PROBLEMS 


1 Calculate the free-energy differences and the equilibrium constants at 
25 and 1000°C for hypothetical molecules A and B such as in Fig. 9-2, 
but with A having a single level and B having a doubly degenerate one 
500 cal/mole higher than that of A. 

ANns. G59g = 89; Gjo73 = —1255 cal. 


2 Consider a hypothetical molecule which, instead of having real trans- 
lational, rotational, and vibrational energy levels, has only two allowed 
energy levels, these levels being separated by an amount 600 cal/mole. 
Over the temperature range 0 to 2000°K, plot: 

a The thermal contribution to the internal energy. 

b The thermal contribution to the free energy. 

c The entropy. 

d The heat capacity. 

Comment on the low- and high-temperature limiting values of each 


function. 


3 Calculate AH, AS, AG, and K at 298 and 1500°K for the reaction forme 
ing 1 mole of B from 1 mole of A. A molecule of A is characterized by 
a series of levels spaced by the constant amount 1000 cal/mole, and 
a molecule of B by a similar series with a constant spacing of 2000 
cal/mole. The lowest B level is 200 cal/mole above the lowest A level. 
(The series that must be summed can be handled by a term-by-term 


numerical summation.) 


4 Show by substitution of the summation expression for the partition 
function that the internal-energy function E — Eo can be related to the 
partition function by the equation E — ky) = RT2(dIn Q/dT)). 


5 If the translational, rotational, and vibrational energies of a molecule 


can be written as separate terms, the sum of which is the total energy, 


+6 


So 


3} 


=9 


*10 


show that the total partition function is the product of the partition 
functions for each type of energy. Show further that the entropy as 
given by Eq. [39] can be written as the sum of the translational, 


rotational, and vibrational contributions. 


Calculate the entropy of helium at 25°C and 1 atm pressure. Compare 
this result with the third-law entropy value of 29.8 cal/deg mole. 


Plot the entropy contribution to a molecule from a vibrational degree 
of freedom as a function of the vibrational-level spacing. Prepare plots 
for 298 and 1500°K. (Vibrational levels are found spectroscopically to 
be spaced by energies up to about 4000 cm~!.) 

Compare these curves with the qualitative statement that the 


entropy increases as the number of available states increases. 


Plot the entropy contribution to a molecule from a rotational degree of 
freedom as a function of the moment of inertia of the molecule. Pre- 
pare plots at 298 and 1500°K. (Moments of inertia of relatively simple 
molecules to which the equations developed here apply are in the range 
3 x 10-49 to about 1000 x 10-49 g cm?.) 


Calculate the entropy of N2O at 25°C and 1 atm pressure. The mole- 
cule is linear and has a moment of inertia of 66.9 x 10-49 g cm?. The 
four vibrational modes have spacings 2224, 1285, 589, and 589 cm™!. 
Compare the calculated value with the third-law result, corrected for 
R In 2 residual entropy at absolute zero, of 52.6 cal/deg. 


Helium atoms with mass number 3 have a spin of 3 and obey Fermi- 

Dirac statistics; i.e., no more than two atoms can occupy a given state. 

A mole of He? can therefore be used to investigate the degree to which 

a particular system of fermions follows the Boltzmann distribution. 

Consider the gas to be in a cubic container of volume 22.4 liters. 

a At low temperatures the distribution will approach that in which 
states of low energy will each contain two atoms. Refer to Fig. 4-5 
and calculate the value of n, where n? = n,2 + n,? + n,2, below 
which the states will all be occupied at very low temperatures. 

b Calculate the energy corresponding to the value of n of part a. 

c At 25°C the thermal translational energy is }RT. Compare this 
energy with that of part b, and also calculate the number of states 
below the energy $RT and compare this number with the result of 


part a. 


d Comment, after the comparison of part c, on the importance of the 


limitation of two particles per state for He® at STP. 
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INTRODUCTION 

TO THE THEORY 

OF 

CHEMICAL BONDING 


The subject of atomic and molecular structure has been introduced in 
Chap. 3 only in sufficient detail to allow a molecular interpretation to 
be given to the thermodynamic functions. A further direct look into 
the molecular world will now be taken. 

One of the most exciting endeavors in man’s investigation of 
the world in which he lives has been his attempts to understand the 
basic units of matter that make up the material world. For the 
chemist the basic units are the molecules and the atoms of which they 
are composed. Even when these particles have been identified, the 
questions of why and how atoms are held together into molecules 
remain. Some of the long-sought-for answers to these questions can 
now be given, and in this respect the description of the nature of 
chemical bonding represents the culmination of one aspect of man’s 
efforts to unravel the secrets of matter. 

An attempt will be made here to present the approaches used 
in current theoretical studies of molecular structure. It should be 
mentioned that not only is the scope of the present chapter limited to 
a few simple molecules, but the present state of the theory itself is 
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likewise limited. Few and only very simple molecules can be consid- 
ered to have yielded to quantitative theoretical analyses. One must 
at times, however, allow oneself to be impressed by the fact that the 
source of attraction between, for example, two hydrogen atoms to 
form a hydrogen molecule has been discovered, for it is this calcula- 
tion that reveals the nature of chemical bonding. A tremendous in- 
crease in our understanding of all chemistry results. The awkward- 
ness with which the theory tackles this example and other molecules 
should not minimize this triumph. 

It is not necessary for us to become involved in the mathemati- 
cal complexities to which molecular theory inevitably leads. The goal 
of the chapter will be to provide an appreciation of the modern 
approaches to molecular structure. Such an appreciation will provide 
a foundation for further studies of molecular theory and will also pre- 
sent the necessary information and attitudes for its more qualitative 
use in other branches of chemistry. It should be pointed out, further- 
more, that the understanding of molecular structure and bonding that 
results from the approaches of this and the following chapter has been 
in a large measure responsible for tremendous advances in many 
branches of chemistry and biochemistry since 1900. It now is neces- 
sary to have at least a qualitative appreciation of molecular theory to 
keep up with the developments in any part of chemistry and related 
fields. 

This chapter deals with theoretical approaches to molecular 
bonding. The following chapter considers some of the extensions 
that have been made to larger molecules. The complementing ex- 
perimental studies are treated, beginning in Chap. 12. 

The theory of molecular bonding is so dependent on that of 
atomic structure that it is first necessary to extend atomic theory 
beyond the stage reached in Chap. 3. 


ATOMIC STRUCTURE 


10-1. THE SOLUTION OF THE SCHRODINGER EQUATION 
FOR THE HYDROGEN ATOM 


The previous introduction to wave mechanics, as represented by the 
Schrodinger equation, pointed out that it provided a method of solving 
for the electronic energy and the electron position in a system of 
atomic or molecular dimensions. The use of the equation was illus- 
trated only by very simple potential-energy functions. Problems in- 
volving such functions, however, are representative of many applica- 
tions of the Schrédinger equation. It is well, at first, to keep in mind 
that, although the mathematical details of an atomic problem are more 
complicated, the procedure of the calculation is just that followed in 
secs. 3-10 to 3-12. 


One might have felt that all problems in atomic and molecular 
structure were solved when the Schrédinger equation was suggested 
and accepted. They are solved ‘‘in principle’ according to the famous 
statement by the physicist Dirac. It is true, however, that only the 
very simplest atomic and molecular systems can be handled in a 
straightforward and reasonably exact manner. Molecular systems 
that interest chemists are usually of such complexity that the Schro- 
dinger equation serves as little more than a guide to a semiempirical 
understanding. The basis of almost all quantum-mechanical studies 
of atoms and molecules is the description of the hydrogen atom pro- 
vided by wave mechanics. For this reason it is not possible to over- 
emphasize the importance of appreciating the qualitative aspects of 
the wave functions deduced for the electron of a hydrogenlike atom. 

The Schrédinger equation can be set up for the electron moving 
in the electric field of the nucleus. If the nuclear charge is +Ze, 
where Z is the atomic number, and the electronic charge is —e, the 
potential energy of the electron at a distance r from the nucleus is 
—Ze2/r. Substitution of this potential-energy function in the three- 
dimensional Schrédinger equation (Sec. 3-12) gives 


he ce ay ev) Ky 1) 


~ 8r2m\eax2 * ay? 0z? Ti 


The spherical symmetry of the potential-energy function about 
the nucleus suggests that solutions will be more readily found if the 
equation is written in the polar coordinates shown in Fig. 10-1. 
The three coordinates in this system are r, 0, and. These are related 
to the cartesian coordinates, as can be seen by inspection of Fig. 10-1, 
by the equations 


x=rsin@cos¢ 
y=rsin@sing [2] 


z=—rcos@ 
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space by polar coordi- 


nates. 
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TABLE 10-1 
Quantum numbers for 


electrons in atoms 


The mathematical steps by which Eq. [1] is transformed to 
polar coordinates and solutions are found for the resulting equa- 
tion are rather lengthy and will not be followed through here. It is 
sufficient for our purposes to recognize that the problem is the same, 
in principle, as that which was worked through in Sec. 3-12 for a par- 
ticle in a three-dimensional square-well-type potential. It is found 
that solution functions exist for the spherical-coordinate form of 
Eq. [1] only for energies given by the expression 


e = — 2r'metZ? where n = 1, 2, 3,... [3] 
h2n2 

The Schrédinger-equation approach therefore leads to exactly the 

same allowed energies as those previously deduced from the Bohr 
model of the atom. 

The functions that solve the Schrodinger equation, like those 
found for the three-dimensional square potential in Sec. 3-12, can be 
written as the product of three functions, each function involving only 
one of the three coordinates r, 8, and ¢. The solutions can therefore 
be represented as 


W(7,4,6) = ROP) [4] 


The solutions represented by Eq. [4] contain three quantum 
numbers; i.e., a given solution is designated by assigning three 
integers to the general solution function. These quantum numbers 
are also analogous, and appear in an analogous way, to those of the 
particle-in-a-box problem. 

One of the three quantum numbers is represented by n, and 
only this quantum number shows up in the energy expression for the 
free atom (Eq. [3]) as well as in the wave function. It plays a role very 
similar to that of the rather arbitrarily introduced Bohr-atom quantum 
number. It determines the electronic energy and, as will be shown, 
is primarily responsible for determining the average distance of the 
electron from the nucleus. 

Two other quantum numbers also appear in the Schrédinger- 
equation solutions. The symbols, names, possible values, and prin- 
cipal properties of all three quantum numbers that the Schrédinger 
equation introduces are listed in Table 10-1. An additional quantum 
number, the spin quantum number, which will be discussed in Sec. 
10-3, is included to complete the table. 


——————_______eeeoeoeeeeee 


Property principally 


Symbol Name Allowed values s 

determined 
———————— ee 
n PrincipalaeemlpZ eons Size and energy of orbit 
l Azimuthal 0,1,2,...,n—1 Shape of orbit 
m Magnetic —J,—2+1,...,0,...,2—1,2 Orientation of orbit 
Ms Spin 2,—2 Spin of electron 


—_————>:._n_n ees a 


The azimuthal quantum number 7 and the magnetic number 
m determine the angular factors of the wave function. These two 
quantum numbers, like the principal quantum number n, introduce 
themselves in just the same way as did the quantum numbers in the 
solutions of Secs. 3-10 and 3-12 for the particle-in-a-box. The quan- 
tum numbers 7 and m are different from the number n, however, in 
that, for the hydrogen atom, they specify the wave function that 
describes the position of the electron but they do not occur In the ex- 
pression for the energy of the electron. 

The significance of the quantum numbers is better appreciated 
by considering the wave functions that the Schrodinger equation pro- 
duces as descriptions of the positions that an electron can assume 
when it is held to a nucleus of charge Ze. 


10-2. THE HYDROGEN-ATOM WAVE FUNCTIONS 


The mathematical forms of some of the wave functions that are solu- 
tions to the hydrogen-atom wave equation are shown in Table 10-2. 
The inclusion of variable nuclear charge Z makes these wave functions 
appropriate to any one electron system, and they are therefore ‘‘hydro- 
genlike’’ wave functions. Again, one should remember that these ex- 
pressions represent the same kind of results as did the trigonometric 
functions of the particle-in-a-box problem. In particular, the square 
of these functions gives the probability of the electron being in a 
volume element at some position designated by 7, 6, and @. The 
values of ¥ and w? implied by the functions of Table 10-2 are best 
shown by diagrams that give separately the radial and the angular 
parts of the wave functions. 

The radial distribution of the wave functions is controlled pri- 
marily by the quantum number n. The principal factor affecting the 
radial extent of a wave function, or orbital, is the exponential factor, 


oo 


Wave-func- 
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(ao = 0.529 A. Zis the 
effective nuclear charge, 
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FIGURE 10-2 

(a) The square of the 
radial part of the wave 
function for the hydro- 


gen atom. (b) The 


radial distribution func- 


tion r?R2(r) for the 
hydrogen atom. 


which has the form e-27/n2, where Z is the atomic number of the 
nucleus and ap is the collection of constants that equals 0.529 A and 
is called the Bohr radius. This exponential term is such that for 
larger values of the principal quantum number n, the wave function 
falls off less rapidly with the distance from the nucleus. With the 
larger nuclear charges, which will be encountered when atoms other 
than hydrogen are considered, the fall-off is more rapid and the elec- 
tron is held more closely to the nucleus. The radial part of the wave 
function and the square of this function are shown for the three lowest 
energy orbits n = 1, n = 2, and n = 3 in Fig. 10-2a. The detailed 
form is seen to depend on J, but the overall extension, on n. 

A better picture, for some purposes, of the radial distribution 
of the electron orbits is obtained by showing the relative probabilities 
of the electron being at various distances from the nucleus rather 
than, as in Fig. 10-2a, being in unit volumes at various distances. 
A distinction exists because the volume of an annular element, a dis- 
tance r from the nucleus, is proportional to the area 4zr? of a sphere 
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of radius r. The probability of the electron being at a distance be- 
tween r and r + dr from the nucleus is therefore given by 4zr? dr 
times the probability of its being in a unit volume at a distance r from 
the nucleus. Figure 10-26 shows the radial distribution functions 
that include the 7? factor. It is interesting to note that the distance 
of the electron from the nucleus at the maximum in the radial-distribu- 
tion curves for 1s, 2p, 3d, etc., where there are single maxima, is 
exactly equal to the radius of the corresponding orbit calculated by 
the Bohr theory. 

The actual wave function for the electron of the hydrogen atom 
is given by the product of the radial part and the two angular parts 
as shown in Eq. [4]. It is now necessary to show the effect of the 
angular parts of the wave function. For the present it is important 
to visualize the forms of the 7 = O and / = 1 wave functions. The 
wave function with 7 = 0 is known as an s orbital, and that with / = 1 
is known as a p orbital. 

As the wave functions of Table 10-2 show, the s wave functions, 
i.e., those with 7 = 0, m = 0, have no dependence on either of 
the angles. The wave function varies in the same way for all direc- 
tions from the nucleus, and the radial-distribution curves of Fig. 10-2 
are therefore complete descriptions. The constancy of the angular 
factor can, however, be represented as the sphere of Fig. 10-3, so that 
the total wave function is the radial function times a factor that is 
independent of the angles. 

The p wave functions, i.e., those with / = 1, can have m = Jil, 
m = 0, or m = —1. Inspection of the mathematical expressions of 
Table 10-2 shows that the shape of the orbital is determined by the fact 
that 7 = 1, whereas the orientation of this orbital is dependent on the 
value of m. Consider first the wave function with J = 1 and m = 0. 
The absence of dependence on ¢ shows that for all positions around 
the z axis the function is the same; i.e., it is symmetric about this 
axis. Consideration of a few values of @ will lead to the recognition 
that the angular part of this 7 = 1, m = O wave function has the form 
of a dumbbell extended along the z axis. The complete wave function 
will also have large values, i.e., will project most, along the z axis, as 
indicated in Fig. 10-3. It is for this reason that the p function with 
m = Ois labeled pz. 

The dependence of the remaining two p orbitals on 8 and ¢ can 
likewise be found by inspection of the expressions of Table 10-2. 
These two orbitals, labeled p, and p,, are found to have the same 
dumbbell shape but to project along the x and y axes. 

The origin of the name magnetic quantum number attached to 
m can now be appreciated. When an atom is in a magnetic field, the 
energy of the atom depends on how the orbital of the electron lines up 
with the magnetic field in much the same way as the energy of a small 
magnet depends on its orientation in a magnetic field. Thus, in a 
magnetic field, the pz, Py, and p- orbital, which correspond to different 
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FIGURE 10-3 

The angular part of the 
hydrogen-atom wave 
functions for l = O(s) 
and | = 1(p) orbitals. 
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values of m, could have different orientations with respect to the 
magnetic field and could have, therefore, slightly different energies. 
In the absence of a magnetic field, the orientation of the orbital in 
space is of no consequence, and the p,, Py, and p, orbitals have the 
same energy as is indicated by the absence of m in the energy expres- 
sion (Eq. [3]) for a free atom. 
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The quantum number / has been described as giving the shape 
of an electron orbital. For some purposes, as in the discussion of the 
effect of a magnetic field on the energies of the allowed states, it is 
important to recognize that J also gives the angular momentum in 
terms of \/I( + 1) multiples of h/27, because of the ‘‘orbiting’’ elec- 
tron in an orbital with that value of 7. Thus ans electron has zero or- 
bital angular momentum, and a p orbital has \/1(2) h/2z units of or- 
bital angular momentum. The corresponding interpretation of the 
quantum number m is that it measures, also in units of h/27, the com- 
ponent of angular momentum along any defined direction. The three 
p orbitals p,, py, and p- result, therefore, from the fact that the orbital 
can be oriented in space so that its orbital angular momentum of 
\/2(h/2m) gives the components of +//27, 0, or —h/27 along a speci- 
fied direction. In a similar manner an electron in a d orbital has an 
angular momentum of \/2(3)(h/27) = \/6(h/27). The five values 
that m can take on for a d orbital correspond to angular-momentum 
components along a direction in space of +2h/27, +h/2n, OQ, Sofa, 
and —2h/2z. 

It should be pointed out that the angular-momentum features 
of the electrons of an atom were recognized long before the Schro- 
dinger equation was available for the calculation of the wave functions 
for these electrons. Studies of atomic spectra led to the characteriza- 
tion of states of an atom, or of the electrons of the atom, in terms of 
their angular momentum. Such background, in fact, helped lead 
Bohr to his postulate that allowed orbits are those having angular 
momenta that are integral multiples of h/27. It furthermore became 
customary to represent the angular momenta by vectors, and in this 
way the vector model of the atom was developed. It remains a very 
convenient method for representing some features of atomic behavior. 
For example, the angular momentum of a p electron can be repre- 
sented by a vector of length \/1(2)(h/27), or more simply, of length 
\/1(2), and if the atom is in a magnetic field, the angular-momentum 
vector must be oriented in such a way that the component in the direc- 
tion of the field has a vector of length +1(h/27), 0, or S(/2m) 
The three possible orientations of the angular-momentum vector, 
shown in Fig. 10-4, correspond of course to the three different direc- 
tions in which a p orbital can be drawn. We shall find that at times the 
shape and direction of an orbital are of value in a particular discussion, 
whereas in other connections the angular momenta of the electrons 
in these orbits may be a better basis for the discussion. 

It must always be remembered that Figs. 10-2 and 10-3 are in- 
tended to show the two parts, radial and angular, of the wave function 
and that the wave function is given by the product of these two parts. 
The diagram of the angular factor, for instance, does not imply an 
abrupt boundary to the wave functions. These descriptions of the 
behavior of the electron of an atom produced by the Schrodinger equa- 
tion must be understood. Quantitative developments in atomic and 
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FIGURE 10-4 

The vectors associated 
with the orbital angular 
momentum of an elec- 
tron in ap orbital. The 
solid vector arrows have 
length \/2h/27; the 
dashed vector arrows 


have length (I)h/2r. 


molecular theory make use of these functions to describe more com- 
plicated systems. Furthermore, in all branches of chemistry it is now 
customary to explain the behavior of molecular systems on the basis 
of wave functions of the hydrogen atom. 

It will be necessary to assume that even in larger atoms with 
many electrons the electrons behave according to combinations of 
wave functions of the type obtained by wave mechanics for the one- 
electron atom hydrogen. This procedure is, of course, an approxi- 
mate one in that it generally ignores the mutual interactions of the 
electrons. The increase in the nuclear charge of the atom over that 
for the hydrogen atom can, however, be allowed for. The wave func- 
tions of Table 10-2 have been written for a nuclear charge of Z to allow 
for the extension of these functions to other atoms. In practice, itis 
found advantageous, in treating the outermost electrons of anatom, 
to assume that they ‘‘see’”’ an effective nuclear charge. This quantity 
is somewhat less than the actual nuclear charge and allows for the 
fact that electrons in inner orbitals shield the nuclear charge from the 
outer electron. More will be said about this subject when many-elec- 
tron atoms are treated in more detail. 

One further aspect of the general behavior of electrons in atoms 
must, however, be considered before the Schrodinger-equation results 
for a one-electron atom can be extended to many-electron atoms. 


10-3. ELECTRON SPIN AND THE PAULI EXCLUSION PRINCIPLE 


The description of an electron of an atom provided by the three quan- 
tum numbers introduced by the Schrdédinger equation is not quite 
a complete one. Spectroscopic evidence, for example, shows that 
each of the allowed energy levels of some atoms that are calculated 
as single levels by the Schrédinger equation is, in effect, split into two 
levels. An explanation for such additional splittings was given by 
G. E. Uhlenbeck and S. Goudsmit. They proposed that, in addition to 


the usual properties ascribed to an electron, as by the Schrédinger 
equation, it is helpful to consider the electron itself to have an intrinsic 
angular momentum which is called a spin angular momentum. The 
spectroscopic results are explained by associating with the electron a 
spin angular momentum of \/s(s + 1)(h/27) with s = 4. The contri- 
bution of this spin angular momentum along a direction in space is 
taken to be m,(h/27), where m,, the spin quantum number, can have 
only the values of + 4or —4. An energy level of an electron, previously 
described by n, J, and m, now may have slightly different values, de- 
pending on whether m, is +4 or —4. The quantum state of an elec- 
tron of an atom is therefore determined by the values assigned to the 
quantum numbers n, J, m, and ms. 

Now that the states available to the electrons can be described, 
it remains to find a rule for assigning the electrons to these states. 
A rule that satisfactorily explains the electron structures of atoms in 
a manner that is consistent with their chemical behavior, i.e., with 
their place on the periodic table, was stated by W. Pauli. This rule, 
known as the Pauli exclusion principle, states that in a single atom, 
no two electrons can have the same values for the four quantum 
numbers n, l,m, and m,. We have already mentioned a consequence 
of this principle in Sec. 9-6, where particles such as electrons were 
said to obey Fermi-Dirac statistics and to be restricted to one per 
quantum state, or two, if the electron spin is not used in characterizing 
the states. On the basis of this statement and the wave functions of 
the preceding section, it is possible to give an approximate description 
of the electronic structures of many-electron atoms. Since electronic 
energy levels are generally rather widely spaced, the Boltzmann dis- 
tribution operates to require that the electrons be in the lowest allowed 
energy levels at ordinary temperatures, and it is these ground-state 
configurations that will be developed. 


10-4. ELECTRONIC STRUCTURE AND THE PERIODIC TABLE 


Electrons can now be assigned to the available orbitals, i.e., quantum 
numbers can be assigned to the electrons, of each of the elements of 
the periodic table. The electronic structures so obtained will be used 
later as a basis for theories of how atoms bind themselves together to 
form molecules. 

The principle followed is that electrons are placed in the lowest 
available energy levels in a way that is consistent with the exclusion 
principle of Pauli. The energy levels of the one-electron atom treated 
by the Schrédinger equation form the basis for the assignments, but 
modifications of these energies must be made for many-electron 
atoms. 

The single electron of the hydrogen atom is expected, normally, 
to occupy then = 1 state, which is that of lowest energy. The values 
of land mare then both necessarily zero, and the Spin quantum num- 


273 


Section 10-4 
Electronic structure and 
the periodic table 


274 


Chapter 10 
Introduction to the 
theory of chemical 
bonding 


FIGURE 10-5 

The effect of inner shells 
and increased nuclear 
charge on atomic energy 
levels. (a) Effect of com- 
pleted inner shells. (b) 
Effect of increasing the 


nuclear charge. 


ber m, can be +4 or —4. Both the electrons of the helium atom can 
be accommodated in the n = 1 level, frequently called the K shell. 
One electron will have n = 1, 1 = 0, m = 0, m, = +4; the other, 
the valuesn = 1,1 = 0,m=0,m, = —}. At this stage the K shell 
is filled since no more than two electrons can be assigned n = 1 with- 
out violating the exclusion principle. Such a completed shell, as is 
assigned to the helium atom, is resistant to chemical reaction, as is 
shown by the inert nature of helium. 

A convenient notation for the electron configurations is illus- 
trated by writing 1s! for the hydrogen atom and 1s? for the helium 
atom. The first number gives the principal quantum number; the 
s indicates that the electrons have / = 0; and the superscript tells how 
many electrons are in this state, which in this example is the 1s state. 

Before assigning the electrons to the available orbitals of atoms 
of the second row of the periodic table, it is necessary to point out the 
effect of the inner shells of electrons. For atoms with more than two 
electrons, the nuclear charge will be shielded from the outer electrons 
by the two K-shell electrons.. The effect of this completed K shell of 
electrons is to make the energy of an orbital dependent on the quan- 
tum number J, as well as on n, in a manner indicated in Fig. 10-5a. 
This dependence on / can be attributed to the fact that s electrons, for 
instance, penetrate near the nucleus within the inner shell, as Fig. 10-2 
shows, and are therefore less effectively shielded from the nuclear 
charge. They experience more of the full unshielded effect of the 
nuclear charge. 
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EFFECT OF COMPLETED EFFECT OF INCREASING 
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(a) (b) 


On the basis of a lower energy for the 2s electrons than for the 
2p electrons, lithium can be assigned the structure 1s?2s!, and beryl- 
lium the structure 1s22s2. At this stage the 2s level is filled and 
further electrons must be added to the 2p orbitals. Thereis here, with 
1 = 1,achoice of m = +1,m =0,orm = —1. Fora free atom the 
orientation of the orbital in space does not affect the energy, and the 
three values of m therefore correspond to equal energy states. In- 
cluding the two spin-quantum-number possibilities for each value of 
n, l, and m, there are a total of six p states, which can be diagramed 
as follows: 


(1) — Dia Mm; = ++ Dez 
(2) eal m= +1 Wy Ses Pex 
(3) ee m= —l m, = +4 Py 
(4) fa m=-—l i, = —> Dy 
(5) t=1 m= 0 m= +4 Dz 
(Ge, a1 m= 0 ee 


All these states have the same energy, but once an electron is 
added to the p, orbital, for example, another electron will preferentially 
go in the p, or the p- orbital. Thus electron repulsions result in the 
lowest energy state being that in which the electrons distribute them- 
selves throughout the available orbitals in a way that does not require 
them to pair up their spins. 

The six elements following beryllium can be described as 


1s22s22p1 
1s22s22p? 
1s22s22p3 
1s22s22p4 
1s22s22p° 
Ne 1s22s22p 


1 (CP ae, (Ceo (OO 


At this stage, all the possibilities in the n = 2, or L, shell have been 
used up. The closed shell corresponds, furthermore, to another 
noble gas, neon. 

The remainder of the elements can be assigned electron con- 
figurations as shown in Table 10-3. For the elements from sodium to 
argon the 3s and 3p orbitals are filled in a manner analogous to that of 
the 2s and 2p orbitals. A noble-gas configuration is again reached at 
argon, even though the possibility of putting electrons in the / = 2, or 
d, orbitals exists for the n = 3, or M, shell. 

One further complication in tabulating the electron configura- 
tions now appears. As the structures of elements 19 to 28 show, it 
is apparently energetically favorable, at first, for two electrons to go 
into the 4s shell and only then for electrons to complete the 3d level. 
The explanation given for this order, as illustrated in Fig. 10-58, is 
that at potassium and calcium the energy of the 4s orbital is lower than 
that of the 3d. The increased nuclear charge of the next elements, 
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Electronic configurations of the elements as free, gaseous atoms* 
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278 however, is such that the 3d level is pulled down and can then be filled. 
Similar behavior is shown at higher atomic numbers by both the d and 


cnenter dD f (i = 3) orbitals. The further comment should be made that, when 
Introduction to the . , ; , 

theory of chemical available orbitals with nearly equal energy levels exist, the electron 
bonding configuration will not be easily decided, and sometimes not even 


easily deduced from spectroscopic evidence. 


10-5. RELATION OF ELECTRONIC STRUCTURE TO THE 
CHEMISTRY OF THE ELEMENTS 


The relation of the chemistry of the elements to their electronic struc- - 
ture and position in the periodic table is not usually included in the 
scope of physical chemistry. One aspect, however, seems sufficiently 
close to the present discussion of atomic structure to warrant com- 
ment. 

An atomic quantity of great importance in chemistry is the 
tonization potential. This is a measure, usually expressed in electron 
volts (1 ev/molecule = 23.06 kcal/mole), of the energy required to 
remove an electron from a neutral atom. It is the energy that is 
absorbed in reactions such as 


Na(g) > Na*(g) + e(g) 


Values for the ionization potential are most often obtained from spec- 
troscopic studies, where, in effect, the limit to which an electron can 
be excited before ionization occurs is determined. Table 10-4 shows 
the ionization potentials of some of the lighter atoms. One should 
particularly notice the close relation between these numbers and the 
electronic structure, or the position in the periodic table of the 
atoms. 


TABLE 10-4 


oe Ionization potential izati 
(aon eee ae Fay ont p noe Ionization potential 


First Second . First Second 


of some atoms* (in ev) 


*Mostly from C. E. Moore, 
Atomic Energy Levels, Nat. 
Bur. Std. (U.S.) Circ. 467, 
1949, 1952, and 1958. 


A second chemically important atomic quantity is the electron 
affinity. This is the energy, also usually expressed in electron volts, 
with which a neutral atom binds another electron. It is therefore the 
energy given out in reactions such as 


F(g) + e-(g) > F(8) 


or to make the quantity more comparable with the ionization potential, 
it is the energy absorbed in reactions such as 


F-(g) > F(g) + e(g) 


There are only a few atoms, in the gas phase, that bind an extra elec- 
tron tightly enough so that the electron affinity has an appreciable, 
positive value. It is, moreover, a matter of considerable difficulty to 
deduce values for the electron affinity. Mass-spectrometer studies 
of the equilibrium between atoms and their negatively charged ions 
have, however, yielded some values, as shown in Table 10-5. 

The qualitative aspects of the variation of ionization potential 
and electron affinity and all the chemical consequences that these 
quantities imply can be understood in terms of the shielding of the 
nuclear charge by the electrons other than that being removed from 
the atom or added to the atom. The chemistry of fluorine and sodium, 
for example, shows that the former readily gains an electron whereas 
the latter readily loses one. In this way, they both achieve a com- 
pleted outer octet of s and p electrons. The tendency of atoms to 
form such completed octets must now be explained. 

The outer, n = 3, electron of a neutral sodium atom is shielded 
from the nucleus by the other electrons of the atom, all of which are 
in inner orbits, i.e., have values of n less than 3. Such electrons are 
effective in shielding the charge of the nucleus, and the outer electron 
is quite easily removed from the atom, as the data of Table 10-4 show. 
The situation is very different in fluorine. An available position exists 
for an extra electron inthe n = 2 level, and an electron in this position 
would be effectively shielded from the nucleus only by the twon = 1 
electrons and relatively slightly shielded by the other seven n = 2 
electrons. Fluorine, therefore, can strongly hold one electron more 
than it has as a neutral atom, and it too tends to go to the 
completed octet configuration. It is, furthermore, clear that neon 
with a filled L shell can neither easily gain nor easily lose an electron. 
An added electron would have to go in the n = 3 level and would be 
effectively shielded (and therefore loosely held) by all the 10 electrons 
inthe n = 1 andn = 2shells. Likewise, the electrons of the normal 
atom are tightly bound because they are shielded from the nucleus by 
only two inner-shell electrons and less effectively by the other elec- 
trons in the same shell. 

Atomic structure has now been treated in sufficient detail to 
permit the study of the more chemically interesting subject of molecu- 
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TABLE 10-5 

Some atomic electron 
affinities* (values of the 
energy, in electron volts, 
released in the process 
atom + electron > 


negative ton) 


Electron 

Element affinity 

0.747 
F 3.45 
Cl 3.61 
Br 3.36 
| 3.06 
0 1.47 
S 2.07 
C 1.25 


*For some other elements 
rather unreliable values are 
available. Most such values 
are small, less than 1 ev, 
and some are negative. 
SOURCE: Compilation by 

H. B. Gray, “Electrons and 
Chemical Bonding,” W. A. 
Benjamin, Inc., New York, 
1964. 
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lar structure. It will be apparent, as the development of the current 
ideas of molecular structure is unfolded, that the basic material on 
atomic structure that has been presented is a necessary basis, often 
referred to. 


MOLECULAR THEORY 


The principal subject of this chapter can now be dealt with. An 
understanding of atomic structure and of the methods of wave 
mechanics provides the means for tackling one of the fundamental ; 
questions of chemistry: what are the forces that bind atoms together 
into molecules? This question has existed since the beginnings of 
chemistry, and a clear answer would be a culmination of much of the 
theoretical work of chemistry. The current solution will be illustrated 
by the simplest covalent molecule, Hy. It will be seen that molecu- 
lar bonding is at present treated only with considerable awkwardness 
and that our knowledge of wave mechanics, rather than terminating 
the study of chemical theory, leads to many new and exciting 
problems. 

In this section of the chapter, the quantum-mechanical ap- 
proach to covalent bonding will be shown by a consideration, except 
for the evaluation of some integrals, of the bonding in the hydrogen- 
molecule ion and the hydrogen molecule. From these very simple 
systems it will be possible to extend the theory of chemical bonding 
in a semiquantitative and semiempirical way to molecular structures 
of more chemical interest. It is this extension which has become a 
basic and necessary part of the approaches and language in all 
branches of chemistry. 


10-6. THE BEGINNINGS OF BONDING THEORY 


The introduction of the modern view of matter as made up of atoms 
and molecules by Dalton in 1808 led immediately to questions as to 
the nature of the forces that hold the atoms together when they are 
combined into a molecule. At that time the contemporary studies of 
the effect of an electric current on chemical compounds by Davy 
probably contributed to the dominating theory of Berzelius that chem- 
ical union stems from an electrical attraction between particles of 
opposite charge. This electrovalent theory persisted, in part at least, 
because of the lack of any alternative theory. The recognition of 
molecules such as Hz and Ng and similar difficulties with many organic 
compounds led to the use of a schematic representation of chemical 
bonding and a tendency, particularly in the rapidly developing subject 
of organic chemistry, to a bypassing of the question of the source of 
chemical affinity. 

It will be recalled that in the latter half of the nineteenth century, 


although no adequate theory of chemical bonding was available, the 
synthesis and structural studies of organic compounds rapidly pro- 
ceeded. The theory and representation of aromatic systems by 
Kekule and the recognition of the tetrahedral carbon atom by Le Bel 
and by van’t Hoff show the achievements that were made. Not only 
could compounds of very considerable complexity be synthesized and 
analyzed, but a representation of the geometric arrangement of all 
the atoms of the molecule could often be made. The development of 
this structural theory of organic compounds and the organization of 
the immense body of facts of organic chemistry must be ranked as 
one of the greatest accomplishments of science. 

A similar development in inorganic chemistry occurred toward 
the end of the century in the work of Alfred Werner. His introduction 
of the idea of coordination number brought to inorganic chemistry 
a system that allowed for the same progress as structural theory had 
made possible for organic chemistry. 

All these developments took place with little understanding of 
the chemical forces that, for instance, caused the four hydrogen atoms 
to arrange themselves tetrahedrally about a carbon atom in methane. 
These chemical developments occurred before what logically would be 
prerequisite information had been unraveled. The chemists’ curiosity 
about the nature of the chemical world could not wait for the work, 
around 1900, of J. J. Thomson and Rutherford to provide the logical 
starting point: an understanding of simple atomic structure. 

The investigation at the turn of the century of the basic chemical 
units of matter, the electron and the nucleus, and their arrangement 
in atoms led to a renewed interest in the nature and source of 
the ‘‘affinities’’ exerted by atoms that were so successfully repre- 
sented in structural theory. Knowledge that atoms consist of a 
nucleus with some outer arrangement of electrons was quickly coupled 
with the implications of the periodic table and led to some primitive 
but still valuable ideas on atomic and molecular structure. At this 
stage it is convenient to treat separately the two different types of 
chemical bonding that came to be recognized. 


10-7. THE IONIC BOND 


The detailed interpretation of the electronic structure of the periodic 
arrangement of the atoms was not available in the early 1900s. The 
special stability of the inert gases, however, led to the idea that an 
outer shell of eight electrons was particularly stable. That electrons 
of atoms might be transferred from one atom to another so that they 
both could achieve inert-gas configurations was suggested at an early 
stage by J. J. Thomson and was developed by W. Kossel in 1916 into 
a theory of the ionic bond. Once the tendency for electrons to be 
transferred was postulated, the original theory of Berzelius could be 
resurrected to explain the binding of the ions that results. In Sec. 
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FIGURE 10-6 
Calculated and experi- 
mental potential energy 
versus internuclear dis- 
tance curves for an 


essentially ionic bond. 


10-5 it was shown how our present knowledge of atomic structure 
leads to the expectation, for instance, that the sodium atom will 
easily lose an electron and that a chlorine atom can add one. In this 
way, although completely theoretical quantitative calculation of the en- 
ergies involved can be made only with some difficulty, one can expect 
that the NaCl gas-phase molecule will consist of the two ions Na* and 
CI- since each species would have completed outer shells with inert- 
gas configurations. The idea of transferring electrons to achieve 
such configurations leads to the understanding of many of the 
observed ionic species. 

The ionic bond is most easily understood with reference to a gas- 
phase molecule, such as NaCl. At internuclear distances not far from ~ 
the equilibrium distance it appears to be satisfactory to treat the 
molecule as an Na* ion bound to a Cl ion by the coulombic attraction 
of the opposite charges. 

If the charges on the ions are q; and qd» (for NaCl the value of 
qi is +e and that of gz is —e), the electrostatic attraction leads to a 
potential-energy term, shown in Fig. 10-6, of gige/r, where r is the 
internuclear separation. The effect of this term is to draw the ions 
together; i.e., the system tends toward the position of low potential. 

An opposing effect exists in the form of a repulsion between the 
nuclei and, for ions with inner shells, a more important repulsion be- 
tween the inner-shell electrons of the two ions. The form of the 
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variation of this potential-energy contribution with internuclear dis- 
tance, also shown in Fig. 10-5, has been empirically shown by Born 
and Meyer to be satisfactorily represented by an equation of the form 


Ce = be-a [5] 


where a and b are empirical constants. Furthermore, to a quite good 
approximation, the constant a can be taken to be the same for all ionic 
molecules and is equal to 3.3 x 108cm~!. The total potential-energy 
function for an ionic bond can then be written as 


ja — 4 be-@B.3x108)r [6] 


For molecules such as NaCl, the expression is 
2 
U = — & + be-@-3x108)r [7] 
= 


The value of the remaining empirical constant 6 can be assigned, for 
a given molecule, so that the total potential-energy curve constructed 
from Eq. [7] will have a minimum at an internuclear separation equal 
to the experimentally determined equilibrium internuclear distance. 
Both the attractive and repulsive components of the potential energy 
and the net potential calculated from Eq. [7] are shown in Fig. 10-6. 

The pure ionic or electrostatic bond, as reference to the previous 
tables of ionization potentials and electron affinities shows, cannot 
provide a complete description of the bonding in gas-phase molecules 
such as NaCl. At very long internuclear distances, i.e., for separate 
free sodium and chlorine particles, the energetically favored species 
are the atoms Na and Cl rather than the ions Nat andCl-. Thus, for 
gas-phase reactions, 


Na — Nat + e7 AH = 118.8 kcal 
Cle ca Cla AH = —83.7 kcal 


and therefore 
Cl + Na > Nat + Cl- AH = 35) kcal [8] 


The equilibrium position is to the left, where the energy is lower. 

At finite nuclear distances the coulombic energy that can be re- 
leased from the coming together of ions, rather than atoms, makes the 
ionic description preferable, until, at relatively short internuclear dis- 
tances, such as the equilibrium internuclear distance, the ionic de- 
scription is of dominant importance. 

An experimental potential-energy curve for the NaCl molecule 
can be deduced by methods to be discussed in Chap. 12, (lis Xe 
perimental curve is shown in Fig. 10-6, for comparison with that de- 
duced on the basis of a completely ionic system. This comparison 
shows that although the ionic description is adequate at short dis- 
tances, it should go over into some atomic description at very long 
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distances if it is to represent the energy of the fragments of dis- 
sociation. 

The nature of the forces that hold two atoms like Na and Cl 
together is, however, essentially understandable in terms of an ionic 
bond. Such bonding depends on a small energy effect for an electron 
to be transferred from one atom to the other and on the electrostatic 
interaction of the resulting ions. 

It is now necessary to investigate the source of attraction that 
is responsible for the stability of molecules such as Hz, where this 
electron transfer and an ionic description are not feasible. 


10-8. INTRODUCTION TO THE COVALENT BOND 


Bonding in molecules such as Hs, No, and so forth, and in most organic 
molecules could not be reasonably treated as resulting from the for- 
mation and subsequent attraction of oppositely charged ions. Fur- 
thermore, even with the initial ideas on atomic structure and the inert- 
electron configurations, it was not immediately clear how atoms could 
be held together in such molecules. The Bohr theory that had such 
a remarkable success in explaining the behavior of the hydrogen atom 
seemed of no help in explaining even the hydrogen molecule. Simul- 
taneously with the more physical developments that led to the Bohr 
theory, G. N. Lewis, at the University of California, was developing a 
theory of the covalent bond from a more chemical point of view. 

Lewis was led to explain covalent bonds as resulting from the 
sharing of pairs of electrons in such a way that the participating atoms 
all achieved the stable noble-gas configuration. It is interesting to 
look back at the now-primitive-looking model of the atom on which his 
theory was based. The special stability of an outer shell of eight elec- 
trons suggested to Lewis that the electrons might occupy corners of 
a cube about the nucleus. Although this model is no longer accepted, 
the ideas of Lewis and the diagrams he developed to represent the . 
arrangement of the outer shell of electrons are still invaluable in 
chemical theory. 

Lewis diagrams illustrate the role of the electrons of the outer 
shell of an atom. Both the inner shells and the nucleus are repre- 
sented by the symbol of the element. The sharing of the outer elec- 
trons to form chemical bonds can then easily be depicted by writing 
a pair of electrons between the bonded atoms. This pairing, accord- 
ing to Lewis, should lead to a noble-gas configuration about each 
atom. Thus each hydrogen atom should have a share in two elec- 
trons, and most other atoms a share in eight electrons. In some cases 
the sharing of two or three pairs of electrons in a bond is necessary to 
give the desired configurations. A few examples will illustrate these 
useful diagrams; for covalent compounds 


-C- + 4H: SH:C:H 


H 
=O: Je 2ip\o s :0:H 
H 
| eae 
Os a 4:Cl- = :Cl:C:Cl: 
:Cl: 


2-C- 26 2s)? vials 3Galal 


and for ionic compounds, where electron transfer leads to the desired 
inert-gas configurations, 


Na: + :Cl: > [Na}* + [:Cl:F 


Lewis diagrams and the bonding arrangements represented by 
these diagrams represent a considerable advance over the earlier 
representation of molecular formulas, in which a line was drawn to 
represent the bond between bonded atoms. The Lewis theory, for 
example, allows the number of covalent bonds, or shared pairs of 
electrons, associated with an atom to be understood on the basis of 
its atomic number or its position in the periodic table. 

Lewis diagrams are still used as the most convenient and fre- 
quently, but not always, as an adequate representation of the electron 
configuration in a molecule. The sharing of electrons in covalent 
bonds as proposed by Lewis, however, is only a step in the direction of 
explaining the covalent bond. After Lewis’ theory, published in 1916, 
it remained to show how the electrons were arranged in space about 
the atom or molecule, and particularly to do this in a way consistent 
with Bohr’s theory of the hydrogen atom. Also left unanswered was 
the original question of why covalent bonds form, or, following Lewis, 
why covalent bonds form and, in most molecules, why the sharing of 
a pair of electrons is involved. 

Many attempts by Lewis and others to answer such fundamental 
questions were made in the years following 1916. With the appear- 
ance of the Schrédinger wave equation in 1926 and its immediate 
success in dealing with atomic problems, all attempts to understand 
more clearly the covalent bond were turned to this new approach. 
Within a year the results of Heitler and London threw new light on the 
nature of the covalent bond. 

The complexity which develops when the Schrédinger equation 
is applied to molecular systems means that only simple systems can 
be adequately treated. An understanding of the important example 
of the H» molecule, however, allows the chemist to extend quantum- 
mechanical approaches in a qualitative manner to many chemical 
systems. It is therefore very worthwhile to appreciate the quantum- 
mechanical theory of the covalent bond as illustrated by the hydrogen 
molecule. Methods such as that of Heitler and London for handling 
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this problem introduce a number of concepts that are now of general 
use in chemical theory. These concepts are used along with the Lewis 
theory to give greater insight into many chemical systems. Before 
this quantum-mechanical approach to the covalent bond can be indi- 
cated, it is necessary to recast the Schrodinger equation into a form 
more suitable for handling chemical systems. 


10-9. THE USE OF APPROXIMATE WAVE FUNCTIONS 


The Schrédinger equation was introduced in Chap. 3. There the 
particle-in-a-box problem illustrated how the equation is used to solve - 
for the electron position, in terms of ~?, and the electron energy in a 
system of atomic dimensions. It was, furthermore, pointed out in 
Sec. 10-1 that the Schrédinger equation can be solved for the hydro- 
gen atom. It is clear, therefore, that if the energy and electron dis- 
tribution of the hydrogen molecule can also be calculated, a theoretical 
treatment of at least the simplest of covalent bonds will have been 
achieved. 

For the particle-in-a-box problem, it will be recalled, the Schro- 
dinger equation was set up with the appropriate potential-energy 
term, and solutions to the resulting differential equation were sought. 
It was not difficult to solve the equation, i.e., to see that a trigonomet- 
ric function would be a solution. In the hydrogen-molecule problem, 
which has two electrons moving in the potential field of two nuclei, one 
can again insert the appropriate coulombic potential-energy terms 
and again arrive at a differential equation. This equation, however, 
has no readily apparent solution. It is, in fact, very unlikely that any 
reasonably simple expression exists that solves this differential equa- 
tion. To proceed with the hydrogen-molecule problem it is necessary 
to have some way of finding an approximate solution to the equation. 
In almost all molecular applications of quantum mechanics a similar 
situation arises, and the technique of using approximate descriptions 
for chemical systems has become a basic part of modern chemical 
theory. Most often these approximate solutions or descriptions are - 
based on the hydrogen-atom wave functions, which were given in 
Table 10-2. 

The Schrédinger equation can be written in a compact form that 
allows approximate solutions to be more easily used. For one electron 
in a three-dimensional system the Schrédinger equation is 

h2 (op op arp 
872m Ce Oy? : az? 


) + UKy2y = (9] 


It is now necessary to put this equation in a form so that a value of 
the energy « can be obtained for a given potential function U(«,y,2) 
when the equation is such that an exact solution function cannot be 
found. In such cases it can be assumed that a function that is 
a reasonable approximation to the expected solution can be invented. 


The set of differentials is conveniently abbreviated as 


a2 2 72 
C ae Cc a C [10] 


Ve = 
0x2 oy? ez2 


and this abbreviation allows the Schrédinger equation to be written as 
h2 > 
- Gan + Up=e4 (ii) 


where U is now understood to be a function of the three coordinates. 
The symbol V2 is known as an operator and is said to operate on y. 
(In a later connection it will be important to recognize that an operator 
does not in general commute with the function it operates on; that is, 
V2y is not the same as the meaningless quantity yV?.) 

The convenient operator notation can be extended if the symbol 
s, known as the Hamiltonian, is introduced for the terms: 


ar h2 
K= — j2 
Bae V2 +U [12] 
With this notation the Schrédinger equation is very compactly written 
as 


JQp = ab [13] 


One should recognize that nothing but a change of notation has been 
introduced up to this point. 

Now this compact equation can be multiplied on the left by the 
function w that is expected to approximate the correct wave function 
for the system to give 


WIG) = vey [14] 


Since « is nothing more than a number giving the calculated energy 
of the system, it commutes, and Eq. [14] can be written as 


yop = ef? [15] 


(Care is being taken here because %, by comparison, does not com- 
mute and Ja) 4 WK.) Equation [15] can be rearranged to give 


[16] 

Equation [16] would yield a value of « at each point in space for 
the trial function y. The average value of the energy of the system 
that is appropriate to the trial function is obtained by integrating over 
all space. The average energy that is calculated for some approxi- 
mate function y is therefore calculated as 


a Lt [17] 


where dr is the element of volume in whatever coordinate system 
is used. 


ee 
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FIGURE 10-7 


Calculated and experi- 
mental potential-energy 


curves for the hydrogen- 


molecule ion. 


It is this forrn of the Schrédinger equation, which gives « in terms 
of and vy, that allows the use of approximate wave functions. For 
a given system the potential-energy function can usually be written 
down, and therefore so can the Hamiltonian operator 3, defined 
according to Eq. [12]. If a well-behaved expression that is expected 
to approximate the true wave function for the system can be con- 
structed, it can be inserted in the right side of Eq. [17]. The neces- 
sary mathematical operations of differentiation and integration can 
be performed, and a value of ¢ will be obtained. In this way an 
approximate energy for the system can be calculated if a function that 
approximates the true wave function can be thought up. : 

This method of calculating the energy of a system would, how- 
ever, be unduly hazardous If no way existed for checking the reliability 
of such energy calculations. An important theorem, known as the 
variation theorem, provides the desired criterion. 

The theorem is stated, without proof, as showing that the value 
of « obtained from an approximate wave function is less negative, i.e., 
the system seems less stable, than the value obtained from the true 
wave function. The best value of « that can be obtained from various 
approximate wave functions is therefore the lowest value yielded by 
Eq. [17]. The approach, then, is to guess a wave function and to 
calculate a value of «. Variations on this wave function that improve 
it will produce, when inserted in Eq. [17], a lower and better value of 
e. The lowest value of « that can be obtained is the best theoretical 
value for the energy of the system. 

This approximate procedure seems rather devious and unsatis- 
factory. Although such criticism is justified, there is at present no 
fundamentally better way of applying the Schrédinger equation to 
systems of any complexity and in this regard the H»2 molecule is 
already a complex system. 
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The dependence of chemical theory on this approximate ap- 
proach will be apparent as specific examples are treated. 


10-10. THE HYDROGEN-MOLECULE ION 


The simplest, though certainly not the most familiar, example of a 
covalent chemical bond is provided by the H2* ion. Some properties 
of this ion, consisting of two protons held together by a single electron, 
can be deduced from spectroscopic observations of highly excited He 
molecules. The equilibrium bond length of this molecule ion and the 
variation of its potential energy with internuclear distance derived 
from such spectroscopic measurements and from refined theoretical 
calculations are illustrated by the dashed curve in the potential-energy 
diagram of Fig. 10-7. Now we must see if we can reach some under- 
standing of the source of the binding energy of this system. A number 
of approaches are available, and the one to be used here is chosen be- 
cause it leads most naturally into the methods used for other mole- 
cules. 

We can begin by making use of our knowledge that for an elec- 
tron bound to a proton the lowest-energy wave function is designated 
as a ls orbital. If A designates one of the two nuclei with which we 
now deal, this function, as shown in Table 10-2, will have the form 


= C1 a\" —r4/ao i 
tee ale e [18] 


The corresponding wave function centered on nucleus Bwill be 


ie a) [19] 

A suitable trial function for the behavior of an electron associ- 
ated with two nuclei, as represented in Fig. 10-8, can be based on 
these two mathematical functions. We can combine the descriptions 
for the electron in the two separate nuclei to give an expression that 
may be a satisfactory approximation for the system involving both 
nuclei and the one electron. A linear combination, as will be checked, 
turns out to give an expression of the right form. We can write the 
trial function 


1 
= == (ls ls [20] 
Y [2 4 + 1sp) 
where the factor 1/\/2 normalizes the function to the extent that, for 
large separations between nucleus A and nucleus B, the total prob- 
ability of the system containing one electron is unity. [One sees this 
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ie SIG) dr 
re Sv? dr 


$((1sa + Isp) (— eo ae 


from 


Mohr = Viator ce hye) eco ling Ge 
2 : 


Since in the limit of infinite separation between A and B the functions 
ls, and 1sg will not have appreciable values in the same region, the 
term 1s41sg will vanish. Furthermore, 1s4 and lsg are normalized 
ls wave functions and the integrals of each of the first two terms over 
all space give unity for each term. It follows that as r4g— oo, the 
wave function of Eq. [20] is normalized. ] 

To proceed to the use of Eq. [17] to calculate an energy corre- - 
sponding to the trial function, we must first write down the Hamiltonian 
Jc. In view of the potential-energy interactions, which can be recog- 
nized in Fig. 10-8, and leaving the nuclear repulsion to be included 
later, }Ccan be written as 


ar h2 e2 e? 
= 2s na 21 
872m x ip JAR ad 


Now the variation-method energy can be calculated from 


Jas Breede 


822m iP rp 


af(1s4 + 1sg)? dr 


h2 


Sisa(- 8 


2 2 
mn v)ls, aeailcs (- “) We aie se (ile (- £) legas 


h2 . e2 
oe S1s4 (- Bm V ) isp dt + Sls, (- <) lsp dr 


eg + Sls, (- £) ls, dr + f1s, (- 


1 + fls4lsg dr 


h2 e2 
872m Ta 


1 + fls4lsg dr [22] 


In the final steps use has been made of the equivalence of 1s, and lsg 
to pair up and reduce the total number of terms. 

The evaluation of the remaining integrals presents some diffi- 
culty, and such difficulties, which are most severe in the case of the 
‘‘two-center’’ type of integrals that involve quantities measured from 
nucleus A and nucleus B, are typical of the situation encountered in 
studies of larger molecules. Here we shall not follow through this 
purely mathematical step, but will simply state the results. When the 
nuclear repulsion e?/r4z is subtracted from the energy given by Eq. 


[22], a potential-energy curve for the H2t-molecule ion is found that 
does have a minimum. This minimum occurs at an internuclear dis- 
tance of 1.32 A and has a depth of 1.77 ev. Comparison with the 
experimental curve of Fig. 10-7 shows that although the approach has 
some success, it is not able to provide energies in good agreement 
with the experimental potential-energy curve. 

The variation approach can now be followed to see if the simple 
trial function of Eq. [20] can be altered so as to approximate more 
closely the behavior of the electron of the H2* system and therefore 
lead to better agreement with the observed equilibrium bond length 
and bond energy. The simplest procedure that can be followed con- 
sists in treating the nuclear charge as a variable parameter which 
must be adjusted at each internuclear distance to give the lowest 
possible energy. When this is done one finds that the lowest binding 
energy occurs at an internuclear distance of 1.06 A, at which distance 
the effective nuclear charge is 1.23, and that the dissociation energy 
is 2.25 ev. Substantial improvement has occurred. 

A further type of modification that is important in many modern 
calculations depends on the recognition that the atomic orbitals used 
in the trial function need not be restricted to those of lowest energy 
for the atoms; i.e., the trial function need not be based on 1s functions. 
It should be clear from Fig. 10-9 that the addition of p, contribution to 
the s orbital functions will alter the basic atomic functions in a way 
that might lead to an improved approximation to the behavior of the 
electron in the H2+ system. One could, in principle, add in contribu- 
tions from the complete set of atomic orbitals, relying on the variation 
theorem to decide how much of a contribution leads to an improved 
wave function. One then could approach the true wave function, and 
the observed dissociation energy, as closely as desired. Such calcula- 
tions become, of course, increasingly difficult as the number of terms 
increases. 

We have seen now that the simplest covalently bound system 
can be treated by an approximate method, making use of trial func- 
tions that are ‘‘linear combinations of atomic orbitals’’ (LCAO). Al- 
though in its simplest form this LCAO method leads to results that are 
in rather poor agreement with the observed binding energy, methods 


a(1s) + 
b(2pz) 


1s 2pz 
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FIGURE 10-9 

A diagrammatic indica- 
tion that the inclusion 
of a p-orbital contribu- 
tion along with the 

s orbital will provide 

a new function which 
can be used in place of 
1s, and 1sz in the trial 
function of Eq. [20]. In 
this way the basic trial 
function can be modified 
to give an improved 
representation of the be- 
havior of the electron in 


the molecular system. 
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FIGURE 10-10 
Coordinates of the elec- 
trons of the hydrogen 


molecule. 


are available for improving the wave function and therefore the agree- 
ment with observed properties. 


10-11. BONDING IN THE HYDROGEN MOLECULE: 
THE HEITLER-LONDON METHOD 


Within a year after the publication of the Schrédinger method, a treat- 
ment of the H2 molecule was presented by W. Heitler and F. London. 
Their calculation accounted for an appreciable part of the binding 
energy in the Hz molecule, and their approach made a considerable 
impact on our views, and terminology, of chemical bonding. 

Their treatment, like that presented for H2* in the preceding sec- © 
tion, used atomic orbitals, i.e., made use of the LCAO method. Now, 
as Fig. 10-10 shows, we must not only label the nuclei with A and B, 
but also the two electrons, designated by 1 and 2. The 1s wave func- 
tions, used by Heitler and London as the basis of their trial function, 
are written, for example, as 


1 1 Vs = 
1 A 1) = === ((. "14/00 
sa(1) vac e 


and so forth. Here 1s4(1) implies a wave function involving the 
separation ry, of electron 1 from nucleus A; 1s4(2) involves r24, the 
separation of electron 2 from nucleus A; and 1sg(1) and 1s,(2) involve 
rip and rez. the separation between nucleus B and electrons 1 and 2, 
respectively. 

The simplest, but as we shall see unsatisfactory, combination of 
these atomic orbitals that could be tried as a trial function is based 
on the idea, like that used for the Hy* system, that the Hz molecule 
might be described in terms of one electron, say, electron 1 on nucleus 
A and the other electron, electron 2, on nucleus B. The correct form 
of the trial function to represent this arrangement for this two-electron 
system is 


Y = 1s4(1)1s2(2) [23] 


Let us now verify that a product of two one-electron functions is - 
the correct form for a trial function for a two-electron system. This 
can be done by using Eq. [23] with the variation method, Eq. [17], for 
the two nuclei infinitely apart, where, we know, the system will consist 
of two hydrogen atoms and will therefore have an energy 2eq. 

Substitution of w from Eq. [23] into Eq. [17] gives 


Sflsa(1)1s—(2)K1 s4(1)1s—(2) dry dre 
(fsa )1sa(2)2 dry dro 


where dr, and dr2 represent the volume elements, in whatever coor- 
dinate system is used, for electrons 1 and 2. To proceed we must 
recognize that the Hamiltonian has the form shown in Eq. [12], and 
for this example we shall have one of the second-derivative terms for 
each electron, i.e., a Y,2 term indicating differentiation with respect to 
the coordinates of electron 1 and V2? indicating differentiation with 
respect to the coordinates of electron 2. Similarly, the potential- 
energy term, for infinitely separated hydrogen atoms, will consist of 
the term e?2/7,4 for electron 1 and e?/rog for electron 2. Thus St can 
be represented as 3; and ‘2, where JG and ‘i, are the Hamiltonians 
for individual hydrogen atoms. Furthermore, ‘4 involves only the 
coordinate 7,4 and therefore operates only on 1s,4(1). Similarly, SG 
operates only on 1s,(2). It follows that the previous expression for 
the energy of two separate hydrogen atoms, based on Eq. [23] as 
a trial wave function, is 


SflsaC1)1sx(2)GG_ + Ke)1s4(1)1s9(2) dri dre 
Sf{1saT1)1sa(2)? dri dre 


_ fflsi(1)1sx(2)G1s4(1)1sp(2) dri dre 
a Tf [isa 1sx(2)2 dry dro 
, Sflss)1sa(2)Xolsa(1)1s(2) dr dre 
Ffllsa(D1sa(2)P dri dro 
_ f[1sg(2)2 dro flsa(1)9G1s4(1) dri 
a Sf[1ssC1.)1sa(2)P dri dre 
f[1sa(1)2 dri f1sn(2)Ko1sp(2) dre 
SF [1ss(1)1sp(2)}? dri dre 
_ flsa(1)Krlsa(l) dtr, f1sp(2)S@1sx(2) dre 
~  f[lsa()P dri S(1sa(2)P dre 


+ 


= €H + &H 


The final identification of the integral terms with eq follows from the 
fact that , and ‘ are the correct Hamiltonians for the hydrogen 
atoms and 1s4(1) and 1s,(2) are the correct wave functions for these 
atoms, that is, 


Wy1s4(1) = eq1s4(1) flsa()exls4(1) dry = enf[1s4(1)P dri 


and similarly for electron 2. 

We thus see that the product 1s,4(1)1s,(2) is the correct wave 
function for two separated hydrogen atoms. At closer approach of 
the two atoms, furthermore, it can be used as a suitable approximate 
trial function. At such internuclear distances the calculation pro- 
ceeds as above, except for the fact that additional terms involving the 
electrons and the nuclei they do not ‘‘belong”’ to and a repulsion term 
between the electrons occur. When the energy calculation of Eq. [17] 
is now performed and the energy due to the repulsion of the two nuclei 
is subtracted, the net energy versus internuclear distance shown in 
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FIGURE 10-11 

The binding energy of 
the H» molecule based 
on the approximate 
wave function 


Y = Isa(1)1s5(2) 


Fig. 10-11 can be constructed. A slight minimum in this curve, in- 
dicating some bonding, is observed, but the energy of the ‘“‘bound”’ 
molecule is, in this treatment, calculated to be only slightly less than 
that of the separate hydrogen atoms. The potential-energy curve for 
the hydrogen molecule, drawn from experimental data, is also shown 
in Fig. 10-7. Comparison of the two curves shows that the trial func- 
tion 1s,4(1)lsg(2) has not been a sufficiently good approximation to 
the behavior of the electrons in the molecule to lead to anywhere near 
the actual bonding energy. 

Heitler and London showed that a better trial function, along 
the lines of Eq. [23], could be constructed for the electrons of the | 
hydrogen molecule and that most of the bonding energy of the mole- 
cule could then be accounted for. Their treatment made a significant 
step in the long-sought-for theoretical interpretation of the chemical 
bond. 

The basic difference between the treatment of Heitler and 
London and that based on Eq. [23] stems from the recognition that 
the two electrons of the hydrogen molecule cannot, in fact, be dis- 
tinguished. It is not in accord with our knowledge of the system, 
therefore, to suppose, as is implied by Eq. [23], that one electron can 
be recognized as electron 1 and that it is known to remain about 
a nucleus called nucleus A. Heitler and London pointed out that the 
approximate wave function for the molecule should recognize this 
indistinguishability of the electrons, and they suggested an approxi- 
mate function which allows both arrangements of the electrons. Their 
approximation to the wave function for the electrons of the hydrogen 
molecule is 


y = + [1s,(1)189(2) + 184(2)152(1)] [24] 
V2 
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where 1/,/2 is a factor that ensures that the wave function is normal- 
ized at infinite r4p. 

When this trial function is used in Eq. [17] and the repulsion of 
the nuclei is allowed for, the potential minimum, as shown in Fig. 
10-12, is found to be 72 kcal/mole below that of the independent hy- 
drogen atoms. Furthermore, this minimum occurs at an internuclear 
distance of 0.80 A. Comparison of these results with the correspond- 
ing experimental values of 109.5 kcal/mole and 0.740 A shows that 
the relatively simple Heitler-London wave function has been success- 
ful in accounting for much of the observed bonding. 

In this approach the chemical bond can be largely attributed to 
the fact that the electrons are not confined to one or the other atoms 
of the bond, as they are in the less satisfactory function 1s4(1)1s,(2), 
but rather, as is said, can exchange. In the variation treatment with 
the Heitler-London function, one sees, in fact, that it is integrals of 
terms such as f1s4(1)341s,(1) dr, that contribute to the energy of 
the bond. Such integrals, for obvious reasons, are known as 
exchange integrals. 

One might notice that another function that is also suitable as 
a trial function for the Hs molecule can be constructed by subtracting, 
instead of adding, the two terms of Eq. [24], to give 


be 4; [1s4(1)1sK(2) — 1s4(2)1sp(1)] [25] 
ae 


This function, however, does not lead to a bond between the two nuclei 
but gives rather a potential-energy curve for the molecule with no 
minimum, as shown by the top curve of Fig. 10-12. We shall see later 
that the wave function of Eq. [25] does have some significance and 
does correspond to a possible high-energy, excited state of the He 
molecule. 
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FIGURE 10-12 

The binding energy of 

the H» molecule based 

on the Heitler-London 

wave function 

y = (1/V2)ftsa()1s8(2) 
+ 184(2)1sp(1)]. 


296 


Chapter 10 
Introduction to the 
theory of chemical 
bonding 


10-12. THE HYDROGEN MOLECULE: 
THE MOLECULAR-ORBITAL APPROACH 


An alternative procedure for constructing trial functions so that the 
electrons are both free to move throughout the molecule consists in 
combining suitable delocalized functions for the individual electrons. 
The descriptions of the electrons can still be based on hydrogen-atom 
wave functions, and in this way the wave functions for electron 1 of 
the hydrogen molecule can be written as 


Wl) = vglisa(l) + 1s(1)] [26] ° 
and the wave function for electron 2 is 


(2) = <glisa(2) + 1s(2)] [27] 


The wave function for the pair of electrons in the molecule is then 


Y= V1)Y(2) 
= a[lsa(1) + Ise) ][1s4(2) + 1s2(2)] 
= Hlsa(1)1s4(2) + 1sp(1)1sa(2)] + a{1sa(1)1sa(2) 
+ 1s4(2)1sa(1)] [28] 


The terms have been collected in the expanded form to show the com- 
parison with the Heitler-London function dealt with in the preceding 
section. The final two terms are just those used by the Heitler-London 
function. The first two represent the possibility of both the electrons 
being on the same atom at the same time. Although it seems reason- 
able that such configurations should be allowed for, further calcula- 
tion shows that this approach, in giving them equal importance with 
Heitler-London terms, rather overdoes it. 

This is particularly clear in the limit as r4g approaches infinity. 
Then the ‘‘ionic’’ terms, which give a probability of both electrons 
being on the same nucleus, should not occur in the description of the 
system. A better approximation, of course, could be obtained by in- . 
serting variable coefficients before the two factors of the last form 
of Eq. [28] and using the variation method to evaluate, at each inter- 
nuclear distance, the relative importance of the two terms in the total 
wave function. 

The molecular-orbital procedure has a very useful feature, com- 
pared with the Heitler-London method, in which two-electron functions 
are constructed, of forming orbitals that can be filled, subject to some 
important restrictions that will be treated in the following section, with 
the available electrons of the system. Thus, for Hs+, one electron 
occupies the (1s, + lsg) molecular orbital, whereas for H», two 
electrons are placed in this orbital. 

In some circumstances it is important to have a more complete 
set of molecular orbitals than the bonding molecular orbitals so far 


constructed. Just as a negative sign can be written in the Heitler- 
London expression, so also can molecular orbitals be written with a 
subtraction between the two atomic orbitals. Thus one can write 


y= iiss — 1sg) 
and can use this orbital expression, in the equation for the energy by 
the variation method, to obtain the energy of the system. Again one 
finds that the minus sign leads to an antibonding orbital and that at 
all finite internuclear distances the energy of the system, He, for ex- 
ample, is calculated as greater than for two separate hydrogen atoms 
if such orbitals are used. We shall see later that such antibonding 
orbitals play an important role in some aspects of chemical-bond 
theory. Here, however, we shall go no further than Fig. 10-13, which 
suggests the shapes and energies of the bonding and antibonding 
molecular orbitals that could be constructed from 1s functions. It 
would be possible, it should be mentioned, as described in the discus- 
sion of the H2* system, to add in p-orbital character to improve these 
functions. 
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FIGURE 10-13 
Representations of the 
low-energy, bonding 
orbital and the high- 
energy, antibonding 
orbital that can be con- 
structed to suggest the 
molecular orbitals that 
can be formed by the 
overlap of atomic 


s orbitals. 
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Finally, by way of summarizing the conclusions to be drawn from 
the valence bond and molecular orbital treatments of the H2* and Hz 
examples, some comments can be given regarding the basis of the 
covalent bond. A characteristic of any treatment that yields a satis- 
factory bond energy is the use of a wave function that allows the elec- 
tron, or electrons, of the bond to be distributed over the whole mole- 
cule, and particularly in the region between the bonded nuclei. 
Difficulties arise, which are not yet cleared up, if we try to go further 
than this and attribute the binding energy to a particular feature of 
the wave functions or a particular type of term in the energy expres- 
sion. One cannot yet say that the chemical bond is due to some fea- | 
ture that can be described verbally, and it seems better at this stage 
to notice the type of wave functions, or probability functions, which, 
when used as approximation functions, lead to energies in satisfactory 
agreement with those observed. 

It should perhaps also be mentioned here that much more 
elaborate calculations than those mentioned in this and the preceding 
section can be done. Perhaps the most noteworthy are those per- 
formed by James and Coolidge [J. Chem. Phys., 1:825 (1933)] on the 
hydrogen molecule. They constructed trial wave functions that con- 
tained terms of various types and included terms with variable parame- 
ters. With a function containing 13 terms and with the parameters 
adjusted to give the lowest energy, they calculated a potential mini- 
mum depth of 108.8 kcal/mole and an equilibrium internuclear dis- 
tance of 0.741 A. The agreement with the experimental value of 
109.6 kcal and 0.740 A is seen to be quite good. 


10-13. ELECTRON SPIN FUNCTIONS 


In the treatment of bonding in the hydrogen molecule, and in the 
implications of this problem for covalent bonding in other molecules, 
no mention has been made of the spin properties of the electrons in- 
volved in the bonding. That this factor can be ignored, to this extent, 
indicates that the spins of the electrons are not a factor in determining 
the energy to which a given wave function corresponds. We shall see - 
now, however, that the relative orientation of electron spins is impor- 
tant in determining the type of wave functions that can be used to 
describe the behavior of the electrons in any particular situation. 
One can approach the role of the electron spin by recognizing 
that, since the interchange of any two electrons in an atom or mole- 
cule, i.e., having electron 1 play the role of electron 2, and vice versa, 
does not in any way affect the properties of the system, it follows that 
the wave function that describes the system must be such that it 
reflects this indifference to electron exchange. A closer investigation 
shows that, since it is the square of the wave function that determines 
the probability function for the system, it is sufficient to have a wave 
function that remains unchanged, or at the most changes sign, when 
any two equivalent particles are interchanged. The wave function 


that must conform to this requirement is the orbital description with 
which we have been dealing. Now we must consider the spins of the 
electrons and their role in the imagined process of the interchange 
of two electrons. 

Since the spin angular momentum of an electron is a fixed 
quantity, the only flexibility allowed for in the construction of wave 
functions that describes the spin is that the spin angular momentum 
can be oriented in one direction, say, up, which we shall designate by 
a, or in the other direction, down, designated by 8. Thus, if there 
are two electrons, both with spins pointing up, we should indicate this 
by the function a(1)a(2). If both electrons have spins pointing down, 
the representation is 6(1)8(2). Both these spin factors are symmet- 
ric; |.e., they are unchanged by an interchange of the numbers 1 and 2. 
A third symmetric spin function can also be constructed by means of 
the combination a(1)8(2) + B(2)a(1). Another spin function that is 
important is the antisymmetric function a(1)8(2) — B(2)a(1), which 
can be seen to change sign when the electrons are interchanged. 

The nature of the complete orbital and spin wave function, which 
has the form 


Y = orbital) Y(spin) 


can now be considered. One sees immediately from the form of the 
trial orbital functions of the previous section and the form of the spin 
functions written above that we can construct total wave functions that 
are either symmetric or antisymmetric with respect to the interchange 
of electrons. The Pauli exclusion principle enters, in a slightly dis- 
guised but more generally applicable form than that used in Sec. 10-3, 
to state that the behavior of systems involving electrons is given by 
wave functions that are antisymmetric, 1.e., change sign, with respect 
to the interchange of electrons. (It can be mentioned that it is this 
restriction that was hinted at in the consideration of distributions in 
Sec. 9-6. Electrons are particles for which an interchange must 
change the sign of the total wave function, and this requirement 
restricts the ways in which they can be assigned to quantum states. 
Electrons provide an example of particles that are said to obey Fermi- 
Dirac statistics. On the other hand, neutrons, for example, must be 
described by functions that are symmetric with respect to exchange of 
equivalent neutrons, and they thereby provide an example of particles 
that are said to obey Bose-Einstein statistics.) 

The Heitler-London orbital wave function of the previous section 
can be used to illustrate the effect of spin and the restatement of the 
Pauli exclusion principle. An acceptable total wave function, which 
has the required antisymmetry, can be written as 


W = [1s4(1)1sp(2) + 1s4(2)1sa(1)Me(1)B(2) — o(2)BO)] [29] 


It follows that, for a pair of electrons to occupy this type of orbital, 
they must have their spins oppositely directed; i.e., for two electrons 
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to form a bond, they must be “‘paired.’’ An identical result would be 
obtained with the bonding molecular-orbital trial function, or any other 
function that is an adequate approximation to the electron behavior 
in a ground-state Hz molecule. 

Other functions, acceptable to the extent that they have the 
correct antisymmetry, can be developed from the antibonding func- 
tions of the preceding two sections. A minus sign in the orbital part 
produces an antisymmetric factor which must be coupled with a 
symmetric spin function. Thus one has, for the Heitler-London 
function, 


a(1)a(2) ? 
b = [1s4(1)1sa(2) — 1s4(2)1sa(1)] ) eC) B2) + a(2)B0) [30] 
BL) B(2) 


and similarly for the antibonding molecular orbitals. Now, because 
of the spin factor, three different functions are proper, and Eq. [30] 
is said to represent a triplet state in contrast to Eq. [29], which repre- 
sents a singlet state. The triplet character can also be recognized to 
result from the net spin angular momentum of the two electrons, 
which can, in the presence of a field, be aligned to give a component 
of 1, 0, or —1 unit along the direction of the field. The singlet state, 
which corresponds to the ground-state electronic arrangement of He 
molecules, on the other hand, has zero angular momentum due to 
electronic spin, and thus this state cannot be split into components by 
the application of a field. 


PROBLEMS 


1 If the outer electron of Na can be treated approximately as if it were in 
the n = 3 orbit of a Bohr atom with nuclear charge Z, what would the 
value of this effective nuclear charge have to be to account for the 


observed ionization potential? Ans. 1.84. 


2 Plot the relative probabilities of the electron being at various distances 
from the nucleus for the 1s wave function for the hydrogen atom, and 
see graphically that the most probable distance is the same as that 
obtained by the Bohr theory. 

Confirm by differentiating the probability function that this 


maximum is at do. 


3 The differential-volume element at a distance r from the nucleus is 
4rr? dr. By a suitable integration find the average distance of a 1s elec- 
tron of the H atom from the nucleus. 


ive) 
xse* dx = 6 
ih Ans. $ao. 


4 Show by differentiation that the maximum in the radial-distribution 
curve for the 2p orbital occurs at the same radius as given by the simple 


Bohr theory for an n = 2 orbit. 


10 


11 


12 


13 


Plot, on the same graph, the electron density along the x axis and along 


a line at 45° to the x axis for the p, orbit for n = 2 of a hydrogenlike atom. 


From the expression for 0® of a p, orbit given in Table 10-2, prepare 
graphs showing the values of ©® and (@®)? in the xz plane and in the 
xy plane. 


Show by a suitable integration that the 1s wave function of Table 10-2 


is normalized. 


Explain the trends found in the second-ionization potentials of Table 10-4 


in terms of the electronic shielding of the nucleus. 


Assuming that the potential-energy function of Eq. [7] is satisfactory: 
a Evaluate the constant 6 for KCl so that the minimum in the potential- 
energy curve occurs at the observed equilibrium internuclear distance 
of 2.8 A. Ans. 0.915 x 1078 erg. 

b Prepare a plot of this potential versus internuclear separation. 

c What energy does this potential function predict for the separation 
of KCl from its equilibrium internuclear distance into the ions Kt and 
Cin? Ans. 106 kcal/mole. 

d According to the ionization-potential and electron-affinity values of 
Tables 10-4 and 10-5, how much energy is required for the reaction 
K + Cl— K+ + Cl for infinitely separated particles? Ans. 13 kcal. 

e What are the energetically favored products of the dissociation of KCI? 

f Compare the value calculated for the dissociation to stable products 
from the results of (c) or (d) with the observed value of 4.42 ev = 102 
kcal/mole. Ans. 93 keal. 


Use Eq. [17] to calculate the energy of the lowest allowed state of an elec- 
tron in a 10-A one-dimensional square-well potential function. Guess 
that a good wave function is the solution function of Sec. 3-10; that is, 
wv = A sin (7x/a). 


A well-behaved function that goes to zero at x = 0 and at x = aand that 
might be used as an approximate solution to the square-well problem (if 
the exact solution could not be found) is Bx(a — x), where B is some con- 
stant. Calculate the energy of the electron in the 10-A potential well 


on the basis of this approximate function. 


Consider the nature of the terms that arise when Eq. [20] and Eq. [21] 
are inserted in Eq. [17], and see that as r4g approaches infinity, the 
energy becomes ¢€y, and therefore that the trial function of Eq. [20] is 
the correct function for separated nuclei and thus an acceptable trial 


function for finite separations. 


Calculate, using the approximate function of Eq. [20], the probability 
of the electron of the H»* molecule ion being in unit volumes at various 
positions along the internuclear axis for r4g = 1.06 A. Show these results 
by a plot of these probabilities as ordinates, with the nuclei located along 
the abscissa. Also plot the probability 4(W4? + Ws?) that would corre- 
spond to two nearby hydrogen atoms unperturbed by one another. 
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302 14 Verify that at infinite nuclear separation the Heitler-London trial func- 


tion written in Eq. [24] is normalized. 
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Introduction to the 15 Plot the probability function for the electrons of the Hz molecule along 
theory of chemical the internuclear axis for the functions of Eqs. [23], [24], and [25] for the 
bonding 


internuclear separation of 0.740 A. Comment on the type of electron 


distribution that corresponds to the bound state of the molecule. 


16 An adequate trial function for the electrons of a helium atom is the func- 
tion 1s(1)1s(2) if the 1s functions allow for the increased nuclear charge. 
Combine this orbital function with a spin function, and see that this re- 
sult is the same as that used previously in building up the electronic 


structures of the atoms. 
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CHAPTER 
ELEVEN 


THE NATURE 

OF THE BONDING 

IN 

CHEMICAL COMPOUNDS 


11-1. BONDING IN HOMONUCLEAR DIATOMIC MOLECULES 


The general ideas developed in the previous chapter with regard, 
principally, to the bonding in the Hy molecule can be extended to other 
homonuclear diatomic molecules. To do this, one first recognizes - 
that one must investigate linear combinations of the orbitals of the 
two atoms that will give orbitals for the molecule. In the jargon of 
quantum mechanics, we want to use the MO-LCAO method, i.e., mo- 
lecular orbitals constructed from linear combinations of atomic 
orbitals. Once these orbitals that provide approximate descriptions of 
the behavior of the electrons in the molecule are constructed, the elec- 
trons are assigned to the orbitals in a way that is consistent with the 
Pauli exclusion principle. 

Let us first redo the Hz problem in a way that will allow direct 
extension to other molecules. It is convenient to indicate the atomic 
orbitals corresponding to infinite separation of the two atoms at the 
opposite sides of the diagram as in Fig. 11-1. We now add plus signs 
to the orbitals, since, in constrast to other orbitals, the mathematical 


function for the 1s orbital is completely positive (refer to Table 10-2). 
Furthermore, we can add an arrow to each diagram to represent the 
spin of the electrons and to show that each hydrogen atom has one 
electron. When the atoms approach one another, the orbital that 
forms, now a molecular orbital, corresponds either to the one that 
is constructed by adding the two atomic orbital functions or to the one 
obtained by subtracting the two atomic functions. (One should recall 
that we are merely constructing approximate functions by taking 
linear combinations of atomic orbitals. The two different ones that we 
can construct are, however, significant and correspond to proper wave 
functions.) The resulting molecular orbitals are shown in the middle 
of the diagram and are arranged so that the lower orbital corresponds, 
as follows from the discussions in the preceding chapter, to the one 
which will give the pair of electrons the lower energy. One sees again 
from this diagram that the overlap of the two atomic orbitals leads to 
a lower-energy orbital, called a bonding orbital, that can accommodate 
the two electrons of the hydrogen molecule. The higher-energy 
antibonding orbital need not, for this molecule, be occupied. 

For contrast, the situation for two helium atoms is shown in 
Fig. 11-2, and there one sees that, in order to accommodate all four 
electrons, two must be assigned to the antibonding orbital as well as 
two to the bonding orbital. It follows, since there are no more bond- 
ing than antibonding electrons, that there will be essentially no net 
gain in energy and a covalent bond will not be formed. 

In Figs. 11-1 and 11-2 the molecular orbitals formed from 
s atomic orbitals are designated as o orbitals since there is general 
agreement to use corresponding Greek letters for molecular orbitals. 
Furthermore, it will be recalled that an electron in an s atomic orbital 
makes no angular-momentum contribution. The o molecular orbital 
is comparable in that an electron in such an orbital makes no orbital- 
angular-momentum contribution along the molecular axis. It is 
customary, furthermore, to indicate the high-energy antibonding 
orbital by an asterisk. 

In a similar way one can describe the bonding in a molecule like 
Lio. Now there are inner shells of electrons, the 1s shells, and as Fig. 
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FIGURE 11-1 

The molecular orbitals 
formed by adding and 
by subtracting two 1s 
atomic orbitals. When 
a bond is formed be- 
tween two hydrogen 
atoms the two electrons 
will normally occupy the 
lower-energy bonding 


orbital. 
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FIGURE 11-2 

The two molecular or- 
bitals that would be 
formed by adjacent 
helium atoms and their 
occupation by the four 


electrons of the system. 


FIGURE 11-3 
The occupation of mo- 
lecular orbitals in the 


Liz molecule. 


11-3 shows, these do not contribute any net bonding electrons. The 
single 2s electron that each lithium atom contributes, however, goes 
into the bonding orbital and forms the covalent bond. 

A new feature enters when the atomic orbitals that overlap to 
form molecular orbitals include p orbitals. The types of situations 
that can occur when p orbitals overlap are shown in Fig. 11-4. One 
must now recognize, as is clear from the mathematical form of the 


va o* (ANTIBONDING ORBITAL) ase 


1s ls 


He He 


“nn 


functions for p orbitals given in Table 10-2, that the two lobes of the 
orbitals have opposite sign. Furthermore, the overlap can occur with 
p orbitals that are pointing at each other, in which case the molecular 
orbital is labeled with o as shown for the p, orbitals at the bottom of 
the figure; or with orbitals that are oriented parallel, as are the p, and 
the p- orbitals, in which case the orbital is labeled with a 7. Again, 
the Greek symbol for the molecular orbital carries with it the implica- 
tion of an amount of orbital angular momentum corresponding to that 


=} 
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FIGURE 11-4 

The ways in which p or- 
bitals can overlap to 
form bonding and anti- 
bonding o and 7 mo- 


lecular orbitals. 
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FIGURE 11-5 

The occupation of mo- 
lecular orbitals in F5. 
Note that there are 
equivalent bonding and 
antibonding electrons 
except for the pair in 
the o(p) orbital, and it is 
this pair that leads to 
bonding in Fo. 


of the atomic orbitals from which it arises. Thus an electron in 
a « molecular orbital contributes one unit, that is, 1(A/27), of angular 
momentum along the axis of the molecule just as an electron of a p 
atomic orbital has a total angular momentum of \/1(2)(h/2z7), or for 
the p, and p, orbitals of Fig. 11-4, an amount 1(A/27) along the 
direction of the molecular axis. 

Both o- and z-type overlap of atomic p orbitals can occur so as 
to give bonding or antibonding molecular orbitals. The relative 
energies of the different bonding and antibonding orbitals are not 
easily determined, but for most cases the order seems to be that used 
in the Fz example in Fig. 11-5. One should note that, of the three | 
p orbitals of an atom, only one can overlap to form a o orbital and two 
are oriented so that they can form = orbitals. 

This discussion of p-orbital overlap allows the orbitals involved 
in the bonding of a molecule like Fz to be described. This is done in 
Fig. 11-5, where it is clear that there is one more pair of electrons 
occupying bonding rather than antibonding orbitals. Thus there re- 
sults, from this description, the recognition that there is a bonding 
pair of electrons in Fz, which, of course, would have been obtained by 
assuming that only the odd electron of each fluorine atom would be 
involved in bonding. 

In a similar way the bonding in Ne is described in Fig. 11-6, and 
there again the conclusion that is reached is consistent with the simple 
formulation, such as N=N. 
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The value of this molecular-orbital approach is that it keeps 
track of the roles of electrons in systems that are not as easily 
described. Some indication of this is gained by the example of Os. 
For this case, as solution of Prob. 11-1 will show, the two electrons 
that must be placed in the orbital of highest energy can occupy either 
of the equal-energy antibonding z orbitals. They therefore need 
not pair up. We shall see in a later chapter, when some experi- 
mental methods of studying molecules are taken up, that Oz is one 
of the few molecules with an even number of electrons that has 
a magnetic moment due to the presence of unpaired electrons. 

It should be pointed out that the o(s) and o(p) orbitals are not, 
in fact, separate and distinguishable, as is suggested in Figs. 11-4 to 
11-6. More detailed calculations would show that the molecular 
orbitals that result from atomic 2s and 2p orbitals are best approxi- 
mated by a mixing, or hybridizing, of these atomic orbitals before the 
combination to form molecular orbitals is performed. The net result 
of this procedure, however, is to form two bonding and two antibond- 
ing o orbitals that are similar in shape and energy to those labeled 
o(s), o(p) and o*(s), o*(p) shown here. Thus, for the bookkeeping 
of electrons that is often all that is undertaken, this hybridization of 
atomic orbitals need not be included. 
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FIGURE 11-6 

The occupation of the 
molecular orbitals in No, 
showing that there is a 
net bonding due to three 


pairs of electrons. 
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11-2. HETERONUCLEAR BONDS AND THE 
IONIC CHARACTER OF BONDS 


The ideas derived from our study of Hz regarding the overlap of atomic 
orbitals and the molecular-orbital treatment of the preceding section 
that classifies the electrons of a molecule can be carried over to 
heteronuclear diatomic molecules. These approaches, of course, 
become less applicable the more the molecule approaches the almost 
purely ionic type exemplified by NaCl. There are, however, many 
molecules and many chemical bonds involving two different atoms 
that are in between the purely covalent situation and the highly ionic — 
one. Let us now see what special treatments such molecules, with 
the HCI molecule serving as an example, will require. 

Any description of a heteronuclear bond should recognize the 
possibility of the bonding electrons being more closely associated with 
one nucleus than the other. In the HCI example, for instance, it is 
customary to think of the bonding pair of electrons as being more 
closely associated with the Cl atom than with the H atom. 

The bond in HCl can be interpreted in terms of the sharing of the 
electron originally in a 1s orbital in the hydrogen atom and the un- 
paired electron originally in one of the 3p orbitals of chlorine. A suit- 
able approximation to the distribution of each of these electrons, num- 
bered 1 and 2, in the HCI bond can be written as the molecular orbitals 


91) = + Usu(1)] + M3pa(1)] 
and 


92) = + [su(2)] + M3pa(2)] [1] 


The form of these equations is important, but since no calculations 
will be carried through, a normalization factor need not be treated. 
Our expectation is that the factor A is greater than unity, and there- 
fore the 3pq term is more important in the description than is the ~ 
lsy term. The two-electron bond is then described by the wave 
function 


¥ = 9(1)9(2) 


= (As.c] + ASpei1)I}{ 4 [1su(2)) + [3po(2)]} 


= Liisu(1)1su(2)) + (sn(1)3pe(2) + 1su(2)3poK(1)] 


+ A7L3pei(1)3pe(2)] [2] 


If the electrons are, in fact, held more closely by the Cl atom than by 
the H atom, the first term, which corresponds to both electrons being 


on the H atom, will be small, on account of the 1/A2 factor, and can be 
ignored. The bond description can then be written as 


WY = [lsy(1)3pei(2) + 1su(2)3pe(1)] + °13pa(1)3pe(2)] [3] 
which is usually written with the notation 
wv = Weov ae DVionic [4] 


where wWeoy implies the equally shared description of the first term in 
Eq. [3], and Wionic, the description of the bond that puts electrons on 
the more electron-attracting atom. 

Thus the bonding electrons of a heteronuclear bond can be 
described in terms of a covalent factor and an ionic factor. More 
pictorially, the bond in HCl is described in terms of wave-function 
terms corresponding to 


H—Cl and i Clm 


cov ionic 


Homonuclear bonds represent one extreme in that the electrons 
are shared equally and the covalent term alone is satisfactory. For 
heteronuclear bonds, however, all degrees of importance of the ionic 
term are encountered, even up to the extreme of NaCl-type molecules, 
where it is the covalent part of the description that has become 
negligible. 

Since Eq. [4] is expected to be a better description of the bond- 
ing electrons than is weoy itself, it follows, according to the variation 
theorem presented in Sec. 10-9, that the bond energy that corre- 
sponds to the more complete description should be greater than that 
which corresponds to the poorer, completely covalent description. 
Unfortunately, molecules of interest, such as HCl, have far too many 
electrons to allow quantum-mechanical calculations to be made on 
the basis of the two different bond descriptions. 

An important step was made by Pauling in showing that the 
extra energy corresponding to the better description of the bonding 
electrons can be deduced from the bond energies that were obtained 
from thermal data in Sec. 6-11. In this method, the energy that 
a bond would have if the electrons were equally distributed between 
the nuclei is calculated from the average of the covalent-bond energies 
of the atoms of the bond. Thus this hypothetical bond energy is 
calculated for HCI, with D representing bond energies, as 


Do 58 kcal/mole 
Dy, = 104 
2)162 
(Dae) cov = 81 kcal/mole [5] 


It turns out generally to be better, for no satisfactory reason, to take 
the geometric mean instead of the arithmetical average. In this way 
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one calculates 


(Ducicov = V(58)104) = 78 kcal/mole [6] 


The actual bond energy is identified with the more complete 
description, and for HCl, Table 6-7 gives 


Dyo, = 103 kcal/mole [7] 


Comparison of the values 103 and 78 confirms our ideas that 
a covalent description for the bond of a heteronuclear molecule is 
inadequate and that a good description of a heteronuclear chemical 
bond must include an ionic term. For almost all heteronuclear bonds 
a similar result is found, namely, that the actual energy is greater than 
the calculated covalent value. 

The energy difference A between the actual and covalent-bond 
energies can be taken as a measure of the ionic character of the bond. 
For HCl one calculates 


A = 103 — 78 = 25 kcal/mole 
= l.lev [8] 


where conversion to electron volts (1 ev = 23.06 kcal/mole) antici- 
pates common usage. Bonds in which the ionic term is important are 
expected to have large values of A, and vice versa. This correlation 
will be further developed in the following section, and again when 
some additional experimental results are obtained. 


11-3. ELECTRONEGATIVITIES 


In view of the unequal sharing of bonding electrons revealed in the 
preceding section, it seems desirable to try to assign to each atom a 
number which measures the tendency of the bonding electrons to be 
drawn toward that atom. Electronegativity is the name given to the 
index that attempts to represent this electron-attracting tendency. 
A large number of methods have been suggested to arrive at elec- 
tronegativity values, but only two of these need be mentioned here. 
A rather direct, but somewhat limited, method due to Mulliken — 
makes use of the ionization potential and the electron-affinity data. 
The attraction that an atom, or really the ion, exerts on a pair of elec- 
trons that are in a bond between that atom and another atom 
can be expected to be some average of the attraction of the free 
ion for an electron, i.e., the ionization potential, and the attraction of 
the neutral atom for an electron, i.e., the electron affinity. Numerical 
values are obtained that coincide with values from other methods if 
electronegativities, designated as x, are calculated from 


— tae AN 
2 SEG [9] 


where I and A are the ionization potential and electron affinity and 
are in electron volts. The factor of 5.6 is an arbitrary-scale factor. 


In this way, for example, one calculates 


ISOM eG 5G 


se 5.6 


[10] 
Similarly, values can be obtained for other elements for which 
ionization-potential and electron-affinity data are available. 

A more generally applicable method, due to Pauling, makes use 
of the energy differences A obtained in the previous section. The 
value of A for a given bond is taken as a measure of the electronega- 
tivity difference of the two atoms of the bond. Pauling found that 
a self-consistent set of electronegativities could best be deduced if 
one used the relation 


ep ay = VA [11] 


where A is expressed in electron volts. The use of the square root is 
quite arbitrary, but leads, for example, to essentially the same value 
for xc, — x, from the data for ICI as from the data for HCI and HI. 

Pauling’s method allows differences in electronegativities to be 
deduced from bond-energy data, as shown in Table 11-1. To obtain 
values for the individual atoms, it is necessary to pick an arbitrary 
reference point. If xq is taken as 2.2, electronegativity values range 
from about 1.0 to 4.0, and this is considered a convenient range. 
Results obtained in this way are compared in Table 11-1 with values 
from Mulliken’s method, and general agreement is noticed. 


Bond energies (kcal/mole) eae 


Hypothetical cov (geometric 
mean of covalent-bond 
energies) 


Observed] In kcal} In ev 
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FIGURE 11-7 
Electronegativities of the 
elements arranged in 
periodic order. (After 
Linus Pauling, “The 
Nature of the Chemical 
Bond,” 3d ed., Cornell 
University Press, Ithaca, 
N.Y., 1960.) 


The electronegativity values for some elements arranged in the 
periodic-table form are shown in Fig. 11-7, and are of considerable 
interest. One should recognize that the electronegativity is at least 
a semiquantitative parameter that reflects much of the chemical be- 
havior of the elements. Electronegativities have widespread and im- 
portant uses in chemistry. It is important to appreciate what it is that 
they are intended to represent and how they are deduced. 


11-4. DIRECTED VALENCE 


So far chemical bonds have been treated for which no particular direc- 
tional properties have been assigned to the bonds that are formed. — 
When the bonding of atoms that have partially filled p orbitals is con- 
sidered, important new features are encountered. This results from 
the fact that p orbitals are directed in space as shown in Fig. 10-3 and 
do not project equally in all directions as do s orbitals. 

An attempt to describe the bonding in CH, brings us immediately 
to these new aspects. Chemical evidence, in the hands of Le Bel and 
van't Hoff, showed long ago that the four hydrogens are equivalent 
and, furthermore, that they are placed in the most symmetric, tetrahe- 
dral arrangement about the central carbon atom, as shown in Fig. 
11-8. An electronic picture of the bonding must at least lead to this 
tetrahedral structure. 

Each of the four hydrogen atoms presents a 1s orbit containing 
one electron. Bonding to the carbon atom will occur, as it did in the 
H» example, when these orbits overlap with carbon-atom orbitals con- 
taining one electron. 

The lowest energy state of a gaseous carbon atom has the 
electronic structure that can be represented as 


Is 2s 


OmelOerrce © 


Only two bonds, instead of the expected four bonds, can be understood 


Li Be B Cc N ie) F 

1.0 x 2.0 2.5 3.0 35 4.0 
Na Mg Al Si P S Cl 

0.9 1.2 1.5 1.8 2.1 25 3.0 
K Ca Se Ti-Ga Ge As Se Br 
0.8 1.0 i3 1.7+0.2 1.8 2.0 2.4 2.8 
Rb Sr Y Zr-In Sn Sb Te I 

0.8 1.0 1.2 1.9+0.3 1.8 1.9 2.1 2.5 
Cs Ba La-Lu Hf-Tl Pb Bi Po At 
0.7 0.9 1.1 19+04 1.8 1.9 2.0 2.2 


Fr Ra Ac i 
0.7 0.9 1.1 iho SS 


immediately on the basis of this atomic configuration. It is observed 
spectroscopically, however, that an energy of 65 kcal/mole will excite 
one of the 2s electrons to the empty 2p orbit to give the structure 


@) | OOOO 


The expenditure of this promotional energy is allowed since four elec- 
trons are available for bond formation and the two extra bonds that 
can be formed will more than make up for the energy required to 
promote the electron. The chemical fact is that carbon tends normally 
to share four pairs of electrons as in CH, but that the methylene 
radical :CH», which does not need to expend any promotional energy, 
is also a species of considerable consequence. 

A difficulty still exists in that the atomic wave functions of carbon 
would seem to indicate one bond of one type, based on the 2s orbital, 
and three bonds of another type, based on the 2p orbitals. The solu- 
tion to this dilemma was given by Pauling, who pointed out that, in 
the approximation that tries to explain the bonded system in terms of 
the free atom orbitals, the most suitable orbitals of the atom should 
be used as a basis for the description. Furthermore, linear combina- 
tions of the 2s and 2p wave functions can be made to give four new 
wave functions that are satisfactory atomic functions for the descrip- 
tion of the bonded system. This procedure of combining orbitals to 
form new ones is called hybridization, and the new sets are called 
hybrid orbitals. The most suitable set, according to Pauling, consists 
of those wave functions which project out farthest from the central 
atom and can therefore concentrate in the region between two nuclei. 
When the four orbitals that project farthest are constructed from the 
2s and 2p orbitals, one finds, in fact, that these are concentrated along 
tetrahedral directions. Their angular functions are indicated in Fig. 
11-9. Again the complete description requires a radial factor that 
shows a gradual fall-off of the function away from the nucleus. The 
overlap of these sp? hybrid orbitals with the 1s orbitals of the hydrogen 
atoms will lead to the observed tetrahedral geometry. 


H 


ae Se 
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FIGURE 11-8 

Two representations of 
the tetrahedral structure 
of methane. The angle 
between any pair of 


bonds is 1093°. 
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FIGURE 11-9 

The sp? hybrid orbitals 
that can be formed from 
linear combinations of 
the s and p orbits and 
the overlapping orbitals 
that lead to bonding in 
methane. (The angular 
part of the wave func- 


tions has been shown, 


distorted for clarity.) 


SEPARATE s, py, yf 
Py, Pz ORBITALS 


No further description of the bonding in molecules such as CH4 
will be given here. The bonds can be understood, in principle, from 
the overlap of the sp3 hybrid orbitals with the 1s orbitals of the four 
hydrogen atoms. The detailed exact, or nearly exact, calculation of 
the electron distribution and the bond energies in a molecule of even 
this complexity—the molecule that seems small to an organic chemist 
all but overwhelms the theoretician with its array of five nuclei and 
ten electrons—is possible, but only with great difficulty. For many 
chemical purposes, however, even diagrams of the type of Fig. 11-9 
are a major step forward from the Lewis-diagram representation and 
the stick model of chemical bonds. ; 

A similar but rather more subtle problem arises when one 
attempts to describe the bonding in a molecule such as H2O. The 
ground-state oxygen-atom configuration is represented as 

ls 2s 


er 6 Oe 


and as Fig. 11-10a shows, this atomic basis leads to a bonding descrip- 
tion with a bond angle of 90° between the two O—H bonds. In view 
of the CH, example, however, the possibility of hybridizing the orbitals 
in order to form better bonds must be considered as an alternative 
description. If tetrahedral hybrid orbitals are formed, the bonded 
system is represented in Fig. 11-106. The better bonds are formed, 
however, at the expense of promoting a pair of electrons from the low- 
lying 2s orbit to the somewhat higher energy sp3 hybrid orbital. The 
merits of the two descriptions of Fig. 11-10 cannot easily be decided 
by quantum-mechanical attacks, again because of the complexity of 
the system. The experimental result that the bond angle in water is 


sp3 HYBRID | 
FUNCTION 2 


sp3 HYBRID 
ORBITALS 


105°, as we shall see in the following chapter, suggests that some 
intermediate description is preferable. 

Finally, it can be mentioned that in a molecule such as HF 
a similar difficulty arises. Two possible descriptions of the bonding 
are given in Fig. 11-11. No different nuclear arrangements are sug- 
gested by these different pictures, but different electronic distribu- 
tions are implied. The electron positions, particularly those of the 
nonbonding electrons, create considerable havoc when attempts are 
made to interpret the dipole moment of a molecule simply in terms of 
its ionic character. This problem will be encountered in the following 
chapter. 


11-5. 7 BONDING 


The chemist’s tendency to describe bonds in terms of atomic orbitals 
leads him to distinguish two ways in which a directed orbital, such as 
a p orbital, can overlap with a similar orbital of an adjacent atom. 
These have already been recognized in the discussion of molecular 
orbitals in Sec. 11-1. Those bonds described so far in the preceding 
section have had the orbitals pointing at one another. Bonds that can 
be so described are called o bonds. The second way in which a bond 
can be described in terms of atomic orbitals allows the orbitals to 
overlap in a parallel manner, as indicated in Fig. 11-12. A bond so 
described is said to be a z bond. 

The bonding in a compound such as ethylene can be most neatly 
described—there are, of course, any number of other ways of attempt- 
ing a description—in terms of carbon-atom hybrids that combine the 
2s and two of the 2p orbits into trigonal hybrids. These hybrids are 


@) ©) 


109%2° 
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FIGURE 11-10 

Two descriptions of the 
bonding in H,O. The 
observed angle between 
the two O—H bonds is 
105°. (a) H2O based 
ON S, Ps; Py, and pz or- 
bitals of oxygen. (b) 
HO based on sp hybrid 
orbitals of oxygen. 
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FIGURE 11-11 
Two descriptions of the 
bonding in HF. 


FIGURE 11-12 

sp? trigonal hybrids and 
their use in a description 
of the bonding in ethyl- 
ene H,C—CHy». (The 
distorted orbitals fail to 
show that the two ps 
orbitals do overlap and 


form az bond.) 


HYDROGEN 


planar arrangements, as shown in Fig. 11-12. Such trigonal hybrids 
on each of the carbon atoms can overlap, as indicated, to form the 
molecular skeleton from o bonds. The remaining p orbitals on each 
carbon atom are perpendicular to the plane of the trigonal hybrid and 
are in a position to form a z bond. In this way, the observed planar 
configuration of ethylene and the resistance of the double bond to 
rotation are nicely accounted for. 

In a similar manner the triple bond of acetylene can be de- 
scribed. Now the carbon atoms form o bonds from the linear sp 
hybrid of the 2s and one of the 2p orbitals. The remaining two 2p 
orbitals of each carbon atom are at right angles to this linear arrange- 
ment. The observed linear structure of acetylene is accounted for — 
by the bonding of o bonds and two z bonds in perpendicular planes, 
as indicated in Fig. 11-13. 

The z-bond type of description of multiple bonds has the advan- 
tage for chemical interpretations and theoretical treatments of sepa- 


FLUORINE 


CARBON 


HYDROGEN 


rating the electrons of the system into a set that forms the fairly 
ordinary o bonds and a set that lends the characteristic unsaturation 
features to the system. The advantages of this division will be seen 
in the following section and in later discussions on the mechanisms of 
reactions. 


11-6. AROMATIC COMPOUNDS AND RESONANCE 
IN CONJUGATED SYSTEMS 


Aromatic compounds present an area that has long been of great 
interest to organic chemists and of special interest also physical 
chemists. The preliminary task of the theoretician has been, since 
1865, that of providing a quantum-mechanical basis for the Kekule 
description of aromatic systems as resonance hybrids of the various 
bonded arrangements that can be drawn. The representation of 
benzene by Kekule as 


HO ON A HT Aw ZM 
| | = i 
Cc & Cc 
Ho “on SH HO “a4 “y 
H H 


greatly advanced the chemistry of aromatics, and it is necessary now 
to analyze, in quantum-mechanical terms, the significance of this 
representation. 

The «-bond description is here convenient because, as Fig. 


sp HYBRID 


HYDROGEN 


CARBON 
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sp hybrid orbitals and 
their use in a description 
of the bonding in 
acetylene H—C=C—H. 
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FIGURE 11-14 


A description of the bond- 


ing in benzene, using 
sp’p. orbitals on the 
carbon atoms and 
a-bond formation be- 
tween adjacent p. or- 
bitals. (a) The bonded 
skeleton of benzene 
based on sp? trigonal 
hybrids of the carbon 
atoms. (b) Two ways of 
overlapping adjacent 
P orbitals to form 7 
bonds in the benzene 


molecule. 


11-14a shows, the benzene skeleton can be constructed from carbon 
sp? hybrids that form o bonds to each other and to the hydrogen 
atoms. It remains to investigate the role of the six electrons in the 
six p orbitals perpendicular to the plane of the molecule. If we desire 
to describe the bonding in terms of the now familiar overlap of adja- 
cent p orbitals to form 7 bonds, it is found that there are two different 
ways of overlapping the p orbitals, as indicated in Fig. 11-146. An 
approximate description of the bonded system might make use of the 
overlap arrangement of 1, which would tend to build up the electron 
density between atoms 1 and 2,3 and4, and5and6. Thealternative 
description, Wy, which builds up electrons between 2 and 3, 4 and 5, 
and 6 and 1, is equally good, however. It would be better, instead of — 
using either yy or wy, to form an approximate wave function for the 
system that embodied the features of both I and II. One might try, 
as an approximate description, 


Y= + var 


An even better description would include wave-function terms corre- 
sponding to the overlap implied by the Dewar structures 


[12] 


II lV V 


A better approximation to the z electron distribution in benzene would 


(b) WAVE FUNCTION W, 


WAVE FUNCTION WV, 


then be 


Y= a + avy + OYin + Oviv + OY [13] 


where 0 is presumably less than a. 

The chemical description of this approximate procedure, which 
attempts to describe the system in terms of familiar, but not too satis- 
factory, bonding arrangements, is that the structures yy to py are 
resonance structures and that the molecule is a resonance hybrid of 
these structures. The quantum-mechanical approach shows that 
resonance structures are merely partial descriptions that can be used 
to build up a more complete description. 

Our previous experience with improvements of electronic de- 
scriptions, in the Heitler-London treatment of the Hz molecule and the 
introduction of ionic terms in heteronuclear-bond descriptions, has 
illustrated the variation-theorem result that better descriptions corre- 
spond to lower energies. This principle can again be checked, al- 
though a number of interesting problems are present which cannot be 
dealt with here, by comparing the actual heat of formation of a mole- 
cule such as benzene with that which would be expected on the basis 
of the bonds drawn in one of the Kekule structures. From Table 6-2 
the heat-of-formation reaction of benzene is given as 


6C(graphite) + 3H2(g) > CeHe(g) AH = 19.8 kcal [14] 
Furthermore, 

6C(graphite) > 6C(g) AH = (6171) = 1026 kcal [15] 
and 

3H2( g) — 6H(g) AH = (3)(104) = 312 kcal [16] 


From these data the heat of formation of benzene from the gaseous 
atoms is obtained as 


6C(g) + 6H(g) > CeHe(g) 
AE = 1263128 20) = 1818 Kea [LZ 


The energy of the hypothetical structure I or II is estimated from 
the bond energies of Table 6-8 as 


6Dco_n = (699) = 594 

3Do_c (3)(83) = 249 

3Do=0 = (3)(147) = _441 
1284 kcal 


II 


The difference between these two results, 34 kcal, known as the 
resonance energy, is in the direction expected from the variation 
theorem; i.e., more heat is evolved in the formation of benzene than 
would be expected on the basis of one of the Kekule structures. 
Although benzene offers the nicest and the classical example 
of resonance, the same phenomena can be recognized in other aro- 
matic and unsaturated systems. It is necessary only that there be 


321 


Section 11-6 
Aromatic compounds 
and resonance 

in conjugated systems 


322 


Chapter 11 

The nature of the 
bonding in chemical 
compounds 


more than one reasonable way in which a bond diagram for the mole- 
cule can be drawn. This is always the case when the molecule can be 
said to have an alternating arrangement of multiple and single bonds, 
known as conjugation. Butadiene, for example, can be described as 
the planar structure 


i 
eG {eh 
Yes 
H—C oc 
la tat 
or less satisfactorily as 
ites ae 
C. -:C—H CegCa 
NN 90; Ny 
Ho e Ho * 
eee mola 


The charged structure seems less important for the overall descrip- 
tion, but must be expected to make some contribution to the best com- 
plete description. Again, it is found that more heat is evolved, for 
butadiene an amount equal to about 1 kcal, than might be expected 
on the basis of the bond strength of the noncharged representation. 

In a similar way, many other molecules can be said to have 
resonance structures and resonance energy. Some examples are 
listed in Table 11-2. In drawing resonance structures, one must 
remember that these are alternative electronic descriptions and that 
the nuclear positions must not be greatly different for the different 
structures. Furthermore, it is important to keep in mind that first- 
row elements can accommodate only a total of eight outer-shell elec- 
trons in their nonbonding and bonding orbitals. 


11-7. A MOLECULAR-ORBITAL APPROACH 
TO CONJUGATED SYSTEMS 


It is instructive to consider a different approach to the description of 
the a electrons of conjugated, resonating systems. The previous 
approach has been of the valence-bond type since it has pictured 
bonds between adjacent atomic orbitals. The molecular-orbital ap- 
proach recognizes immediately the delocalization of the double bonds 
in conjugated systems and is perhaps a more natural method for such 
systems. Again, combinations of atomic orbitals can be used for this 
description, but the opportunity is taken here to illustrate the ‘‘free- 
electron’’ molecular-orbital method. 

Consider a fairly long conjugated system such as B-carotene. 


CHs CH; 


CHa CHs oe | 

‘i CH=CH—C=CH—CH=CH—C=CH—CH- 
7 

H CHs 


nl la 2 


If resonance structures are drawn, it will be noticed that each carbon- 
carbon bond along the chain has appreciable double-bond character. 
The = electrons are therefore not localized in one bond, but are rela- 
tively free to move throughout the whole carbon skeleton. This sug- 
gests that the skeleton be considered as a roughly uniform region of 
low potential bounded, at the ends of the molecule, by regions of in- 
finitely high potential. Figure 11-15 can then be drawn where the 
square potential well is to be the receptacle for the 227 electrons. 
An expression for the allowed energies of these electrons, electron- 


Substance Formula Resonance energy (kcal/mole) 
Benzene Ss 37 
Naphthalene 75 
ae 
Pyridine & 43 
N 
=n 
Pyrrole uf | 31 
< AH 
N 
| 
H 
Cah 
Furan ul lh 23 
Se 
0 
tT 
Thiophene 31 
HO Z‘ 
S 
0 
Wa 
Carboxylic acids R—(—0H 28 
0 
Yu 
Amides R—CNH. 21 
Carbon dioxide C02 36 
Phenol ( Son iil 


Y 
Benzaldehyde ( \-64 4* 
0 
GY 
Acetophenone € \-o, iis 


| * 
Benzophenone (\it \ 10 
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Resonance energies 


*Exclusive of resonance 
energy attributed to ben- 
zene ring. 

sourRcE: L. Pauling, “The 
Nature of the Chemical 
Bond,” 3d ed., Cornell 
University Press, Ithaca, 
N.Y., 1960. 
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FIGURE 11-15 

The energy levels and 
the observed spectro- 
scopic transition for the 
227 electrons of B-caro- 
tene according to the 
free-electron or square- 


potential-well model. 


electron repulsions being ignored, has been obtained in Sec. 3-10. 
The energies are given by the expression 


ca eee [18] 
where a is the effective length of the molecule. Two electrons, one 
with each spin direction, can be placed in each quantum level. The 
electron description so obtained is shown in Fig. 11-15. 

The chief merit of this treatment of conjugated systems is that 
it offers an easy approach to relating the calculation of the wavelength 
of light that is absorbed to the length of the conjugated system. In 
Fig. 11-15, for example, the transition indicated gives rise to an~ 
absorption band that is found to be centered at 4510 A. Absorption 
at this wavelength, corresponding to 22,200 cm~!, implies the absorp- 
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tion of quanta of energy 


Ae = 6.62 x 10-27(3 x 101°)(22,200) 
= 4.41 x 10-12 erg [19] 


According to the free-electron model for the z-electron system, this 
result can be related to the energy difference 


a h? 
€2 — 4 = (122 — 11?) Bae {20] 
Substitution of numerical values leads to the deduction of a, the length 
of the region in which the electrons are free to move, as 


a= 177A [21] 


This value, as we shall see when experimental methods for determin- 
ing molecular dimensions are developed in the following chapters, is 
very close to that which would be expected for the extended conjugated 
carbon chain of the £-carotene molecule. 

This molecular-orbital approach, generally making use of linear 
combinations of atomic orbitals, is the one most often used when 
quantitative quantum-mechanical treatments of conjugated systems 
are made. 


11-8. BONDING WITH d ORBITALS 


In the preceding sections some of the approaches used to describe 
bonding between atoms that have partially filled s and p orbits have 
been described. These approaches are appropriate to organic com- 
pounds, except perhaps those involving elements such as chlorine, 
sulfur, and phosphorus. Inorganic compounds, on the other hand, 
frequently contain an atom, or atoms, that have partially filled d orbits. 
For the study of such compounds, an understanding of the geometry 
of d orbits is necessary. 

Algebraic expressions can be given for the Schrodinger-equation 
atomic solutions with J = 2 in the same way as they were given in 
Table 10-2 for] = 0 and/= 1. For qualitative bond descriptions, 
however, the angular-function diagrams, like those for i=0 and 
1 = 1 in Fig. 10-3, are adequate. 

The d-orbital angular-wave-function factors are represented in 
Fig. 11-16. Six of the possible ten electrons can be accommodated by 
the first three orbitals that project between the selected cartesian axes. 
The remaining possible four electrons are accommodated in orbitals 
that project along the axes. Simple dumbbell-type pictures lead, 
however, to three instead of two diagrams of this latter type, and it is 
customary, therefore, to combine two of these descriptions to give the 
orbital labeled d,2 in Fig. 11-16. This representation, however, does 
give the false implication that one axis is necessarily unique and that 
one of the d orbitals has a different shape from the others. 

One might proceed in a straightforward manner to describe 
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TABLE 11-3 

Two important hybrids 
of s, p, and d orbitals 
used, according to 
Pauling, by metals 


forming coordination 


compounds 

Orbit 

i pee Geometry 
involved 

dsp? Square planar 
d?sp3 Octahedral 
FIGURE 11-16 


Representations of the 
angular dependence of 
the five d orbitals. 


bonding involving transition metals, where the partially filled d orbitals 
play a dominant role, in terms of the d-orbital atomic wave functions. 
There is, however, the possibility that hybrid orbitals provide a more 
suitable basis for describing bonded systems. If it is assumed that, 
as Fig. 10-5 suggests, the 3d orbital has approximately the same 
energy as the 4s and 4p orbitals, then some of these can be combined 
to form hybrid orbitals, just as s and p orbitals were previously com- 
bined. Two of the hybrid combinations that have been suggested as 
particularly suitable for bond formation are listed in Table 11-3. 

The possible d-orbital building blocks, i.e., the d orbitals them- 
selves, and the spd hybrids have now been outlined, and we can — 
proceed to consider the nature of bonding in, what are of most 
interest, transition-metal complexes. 


11-9. BONDING IN COORDINATION COMPOUNDS 


The largest class of compounds in which d orbitals are involved in 
bonding is that of coordination compounds of transition-metal ions. 
Suitable representatives for our investigations of bonding in this class 
are the hexacyanoferrate ion, as found in K3Fe(CN)., and the hexa- 
fluoroferrate ion, as found, for example, in K3FeFg. Coordination 
compounds such as these consist of a central transition-metal ion 
with attached electron-rich groups called ligands. Transition ele- 
ments are characterized by incompletely filled 3d orbits, and it is 
therefore the role of these d orbitals that must be understood if the 
bonding in coordination compounds is to be described. Two quite 


different approaches have been given. Both are of sufficient interest 
to merit our attention. 

The earlier of the theories is due to Pauling, and describes the 
bonding in much the same way, using covalent and ionic terms, as has 


already been done for bonds using s and p orbitals. If, according to 
Pauling, the covalent contribution is important, the metal atom will 
present empty projecting orbits in the direction of the ligands so that 
overlap can occur and a good bond can be formed. The electron pair 
that enters the bonding orbital is that of the ligand, as, for example, 
is suggested by the diagram 


Fe3+(:C=N)g¢ 


The bonds so formed remove the formal charge and produce the 
structure 


eee 
Rete rr 
Ge 
Nl 


Such bonds are examples of coordinate or coordinate covalent bonds 
in contrast to the bonds previously studied in which no formal charges 
are altered when the bonds are formed. According to Pauling, such 
ligand attachment can occur, and when covalency is sufficiently im- 
portant, the metal atom will present the suitable projecting hybrid 
orbitals to the ligands. Thus the example Fe(CN)¢?~ is described in 
terms of an Fe* ion with outer electronic structure 


OO CO MONO Lele) 


where the five outer electrons are pushed back into three of the 
d orbitals to allow the formation of empty d?sp* hybrid orbitals for 
covalent-bond formation with the ligands. 

Alternatively, according to Pauling, each ligand may have less 
of a tendency to donate a pair of electrons to a covalent bond, and the 
ligands are then attracted to the central metal atom by essentially 
electrostatic, or ionic, forces. Such a situation appears to correspond 
to the ion, FeF,3-, and in this case the most stable arrangement for 
the metal atom has the electrons unpaired and represented by 


MOCO OOO 


In the following chapter an experimental method will be pre- 
sented that allows the deduction of the number of unpaired electrons 
in a compound. Such experiments assign one unpaired electron to 
K3Fe(CN)z and five unpaired electrons to K3FeFs. Itis with such data 
in mind that Pauling set up his theory of coordination compounds, and 
the explanation of the possible different numbers of unpaired elec- 
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FIGURE 11-17 

The effect of octahedrally 
placed ligands on the 
energies of the five d or- 
bitals of Fig. 11-16. The 
orbitals occupied by the 
five d electrons of Fe3+* 
in the presence of weak 
and strong field ligands 


is indicated. 


trons in different compounds of an element is seen to be neatly given. 

Amore recent theory, at least in this application, is known as the 
crystal-field theory, or in a molecular-orbital form, as the ligand-field 
theory. This approach assumes that covalent-bond formation is not 
the important interaction of the ligands with the central metal ion. 
Attention is focused instead on the electrostatic interaction of the 
ligand groups, or their projecting pair of electrons, with the metal ion. 
The negative, or polar, ligands are assumed to be bound to the positive 
central metal ion by electrostatic forces. The geometry and electronic 
features of the system are imposed by the tendency of the electron- 
rich ligands to arrange themselves in such a way as to avoid the pro- 
jecting filled d orbitals. Alternatively, one can state that for a given 
geometric arrangement of the ligands, the electrons of the metal tend 
to occupy orbitals that do not point toward the electron-rich ligands. 
The effect on the energies of electrons in d orbitals of an octahedral 
complex is shown in Fig. 11-17. It is here assumed that the electron 
shell with greater principal quantum number than the partially filled 
d shell is of too high an energy in the bonded situation to contribute. 
Only the 3d orbitals, and not hybrid orbitals, need then be considered. 

Again the two ferric complexes illustrate the theory. The Fe3+ 
ion itself has five electrons in the 3d orbital, and these electrons can be 
placed one in each of the five equal-energy 3d orbitals of the free ion. 
When, however, six negatively charged groups are brought up in 
octahedral positions, the geometry found for most hexacoordinate 
complexes, electrons in the different d orbitals take on different 
energies, depending on whether or not a ligand is brought up directly 
opposed to the orbital that the electron occupies. This repulsion 
leads, as can be seen from Fig. 11-17, to three orbitals that are rela- 
tively undisturbed and two orbitals that are raised to higher energies. 
The extent of splitting between these sets of orbitals depends on the 
nature of the ligands. 

The experimental facts, in particular the number of unpaired 
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electrons, suggest that for FeF,3~ the splitting is relatively small and 
that the electrons can distribute themselves throughout all five orbitals 
and need not pair up. For Fe(CN)g¢3~, on the other hand, the splitting 
of the d-orbital energies is apparently large, and the ion must put up 
with the electron repulsion that occurs when two electrons are in 
a single orbit. This electron arrangement is consistent with the 
magnetic data that indicate one unpaired electron in Fe(CN).3". The 
splitting of the d energy levels and the occupancy of the d orbitals by 
the electrons of the ferric ion in the two different types of octahedral 
coordination complexes are shown in Fig. 11-17. 

A particular advantage of the crystal-field theory is that it allows 
the calculation, or interpretation, of the electronic transitions that give 
to coordination compounds their characteristic colors. The transition 
that gives rise to an absorption band, often in the visible region, is fre- 
quently one that takes a d electron from the lower energy set of 
d orbitals to the higher set. The energy separation between the two 
energy-level sets is a property of the ligand interaction with the central 
atom. It is possible, therefore, to correlate the frequency of light 
absorbed by the coordination compound with the nature of the ligands. 
Such correlations have been made, and lead to a useful ordering of 
the ligands in terms of their interactions with a metal ion. 

In spite of the great differences in the emphasis and approaches 
of the Pauling and the crystal-field theories, it should be recognized 
that they often, as in the present examples, lead to similar views of the 
bonded systems. Both approaches direct empty metal orbitals at 
the ligands, albeit for very different reasons. Likewise, the same 
predictions are made regarding the number of unpaired electrons. 

It must be kept in mind that both approaches attempt to repre- 
sent, in an approximate manner, the features of the bonded system 
in terms of descriptions that are directly appropriate only to the in- 
dividual components. It will probably appear that the two approaches 
indicated here are the two limiting cases, one overemphasizing the 
role of covalent bonding and the other ignoring it completely, and that 
a better description is of some intermediate nature. 


PROBLEMS 
1 Draw a molecular-orbital diagram for the O» molecule, and show that 
even when the electrons occupy the lowest energy states they need not 
all pair up. 
2 Draw molecular-orbital diagrams, like those of Figs. 11-1 to 11-6, for 


Be, and Bz. Discuss the expected extent of bonding and whether or not 


unpaired electrons would be expected in such diatomic molecules. 


3 Verify the differences in electronegativity shown in Table 11-1 for the 


| 
atoms of the bonds H—F and ie using the bond energies of 


Table 6-8. 
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Assigning a value of 2.1 to the electronegativity of H, calculate 


values for C and F. Compare the difference in electronegativity obtained 
for C and F with the value that results from considerations of the —C—F 


bond. 


Using the ionization potentials and the electron affinities given in Tables 
10-4 and 10-5, verify the electronegativities given in Table 11-1 for H, Cl, 
and F. 


In view of the electronegativity values of Fig. 11-7, characterize metals 


by a statement about their electronegativities. 


The hybridization of atomic orbitals to provide new functions that are 
a more suitable base for the description of bonding can be illustrated by 
a similar combination of wave functions of the one-dimensional particle- 
in-a-box model. Form functions that are the sum and the difference of 
the two lowest-energy solution functions. Plot these new hybrid func- 
tions, and plot the probability functions to which they correspond. Use 
each hybrid function in a variation-method treatment, and obtain the 
energy to which it corresponds. Plot these energies along with those of 


the original solution functions, and compare the two sets of values. 


Verify that the angle between any pair of bonds in a tetrahedral structure 
is 1094°. 


O 
Represent the bonding in the molecules NH3, BFs, HCH and 
He C——Nilby: 
a Lewis diagrams. 
b Diagrams, such as those of Figs. 11-10 to 11-14, which indicate the 
angular factor in the wave function and therefore something of the 


position in space occupied by the electrons. 


The bonding in ethylene and in acetylene can be described in many ways 
other than that which uses sp? or sp orbitals forming o bonds and 
P orbitals forming 7 bonds. A quite satisfactory description can be based | 
on sp* hybrid orbitals. Show bonding pictures based on these hybrid 
orbitals for ethylene and for acetylene. 


The heat liberated when 1 mole of hydrogen is added to 1 mole of 
cyclohexene is 28.8 kcal. The heat liberated when 3 moles of hydrogen is 
added to 1 mole of benzene is 49.8 kcal. What value do these data 


suggest for the resonance energy of benzene? Ans. 36.6 kcal/mole. 


Use a stick-model diagram to show the o bonds in butadiene. Draw in 
the additional p orbitals on each carbon atom, and show how resonance 
requires the planarity of the molecule. Indicate the way in which the 
orbitals are occupied in each of the three most important resonance 
descriptions. 


Using a stick-model diagram of the o bonds, draw the most important 


13 


14 


resonance structures, and indicate the expected geometry for CO2, 


I 
CH;COOH, CH3;CO,.-, phenol, and acetamide, (CH3CNH2). 


The effective length of the conjugated molecule 
CH3;—(CH=CH—)4—CH3 


is about 9.8 A. Calculate and plot the energies of the first five allowed 
states, using a one-dimensional square-well potential to represent the 
molecular skeleton. Place the eight 7 electrons in the energy levels that 
would normally be occupied. Indicate the transition that would corre- 
spond to the absorption of radiation, and calculate the energy of quanta 
necessary to cause this excitation. Compare the wavelength of the radia- 
tion that has quanta of this energy with the wavelength of 3000 A, which 
is the wavelength of the observed absorption band. 

Ans. Ae = 55.3 X 10713 erg; X = 3590 A. 


Magnetic measurements indicate that in the ion Co(NH3).3* there are 
no unpaired electrons whereas in the ion CoF,3> there are four unpaired 
electrons. Describe the bonding of each of these ions so as to explain the 
observed numbers of unpaired electrons. Use both the Pauling method 
of description and that of the crystal-field theory. Both ions presumably 
have their ligands arranged octahedrally about the Co. 


REFERENCES 


331 


References 


Many of the references given at the end of the preceding chapter contain material on the 


systems of more general chemical interest dealt with in this chapter. 


can be added the following, which deal primarily with such systems: 


To these references 


PRITCHARD, H. O., and H. A. SKINNER: The Concept of Electronegativity, Chem. Rev., 55:745 


(1955). 


PAULING, L.: “The Nature of the Chemical Bond,” 3d ed., Cornell University Press, Ithaca, 


N.Y., 1960. 


STREITWIESER, JR., A.: “Molecular Orbital Theory for Organic Chemists,” John Wiley & Sons, 


ORGEE SEW E.. 


BALLHAUSEN, C. J.: 


Inc., New York, 1961. 


New York, 1960. 


New York, 1962. 


“An Introduction to Transition Metal Chemistry,” John Wiley & Sons, Inc., 


“Introduction to Ligand Field Theory,” McGraw-Hill Book Company, 


CHAPTER 
TWELVE 


EXPERIMENTAL STUDY 
OF MOLECULAR STRUCTURE: 
SPECTROSCOPIC METHODS 


Grouped together here and in the following two chapters are treat- 
ments of various experimental methods that give information on the 
geometry and electronic structures of molecules. The difficulties that 
were encountered in the application of a completely theoretical ap- 
proach to molecular bonding and structure lead one to refer frequently 
to experimentally determined properties in order to understand molec- 
ular phenomena. Knowledge of the size, shape, rigidity, and elec- 
tronic structure of molecules deduced from the experimental methods 
that are treated here goes hand in hand with the theoretical 
approaches of the preceding two chapters. 


ROTATIONAL, VIBRATIONAL, AND 
ELECTRONIC SPECTROSCOPY 


Probably most used of all the experimental molecular-structure 
methods, if all its branches are included, is that of spectroscopy. 
Spectroscopy concerns itself with the transitions between energy 


levels allowed to atoms and molecules when the transitions occur with 
absorption or emission of electromagnetic radiation. Atomic spec- 
troscopy is principally a study of transitions in which the electronic 
energy of the system changes. The whole subject of molecular 
spectroscopy can be divided into different fields, depending on the 
type of molecular energy involved in the transition. The energy 
of a molecule can be described in terms of translational, rotational, 
vibrational, an electronic contributions. The spacing of the transla- 
tional energy levels, as has been pointed out in Chap. 3, is extremely 
small, and furthermore, neutral molecules cannot interact with radia- 
tion and thereby change from one translational level to another. It 
follows that spectroscopic studies can, for the most part, be classified 
as rotational, vibrational, or electronic. In addition, it should be 
mentioned that, if a sample is placed in an electric or magnetic field, it 
is possible to study transitions between energy levels resulting from 
the interaction of the molecules, or the atoms of the molecules, with 
the applied field. Nuclear-magnetic-resonance spectroscopy and 
electron-spin spectroscopy are studies of this type which will be briefly 
treated. 

A much more rigorous treatment than will be given here would 
show that it is not, in fact, strictly allowable to treat separately the 
different molecular energies. The nature of the vibrations of a mole- 
cule, for example, depends somewhat on the amount of rotational 
energy possessed by the molecule. Such interactions, however, are 
almost always of relatively minor importance. 


12-1. ROTATIONAL SPECTRA 


The rotational energies of a free molecule form the next most closely 
spaced pattern after the translational energies. A transition between 
two rotational energy levels therefore involves a quantum of relatively 
little energy. These transitions absorb radiation, i.e., form a rota- 
tional spectrum, toward the long-wavelength end of the electromag- 
netic radiation. We shall see that radiation with wavelengths in the 
millimeter and centimeter range is affected. These wavelengths 
are in the microwave region, a region in which radar operates. 

A straightforward procedure for approaching any type of spec- 
troscopy is to apply the Schrodinger equation to the particular prob- 
lem. This leads to a set of allowed energies, as was shown for the 
particle-in-a-box and the hydrogen-atom problems, and any observed 
absorptions of radiation can be correlated with transitions between 
pairs of these energy levels. Some mathematical complexity results 
when the Schrodinger equation is applied to the calculation of the 
allowed rotational energies of a molecule. It serves our purpose 
better, therefore, to consider first the problem of classical, i.e., not 
quantized, rotation and then to impose the quantum conditions in the 
same manner as did Bohr in his study of the hydrogen atom. 

The kinetic energy of a particle of mass m moving around a fixed 
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FIGURE 12-1 
The rotation of a di- 
atomic molecule about 


its center of gravity. 


point, as illustrated in Fig. 3-5, with a velocity v is 4mv?. For rotary 
motion it is more convenient to introduce the angular velocity given by 


ol [1] 
i 


where w is in radians per second, and the moment of inertia J defined 
as 


I = mr? [2] 


In terms of these quantities the kinetic energy of a particle revolving 
about a fixed point becomes 


ne pmre(2)" ie [3] 


For an assembly of i particles, such as the atoms of a molecule, 
the moment of inertia is more generally defined as 


T= > mirj? [4] 


where r; is the distance of the ith particle of mass m;, from the center 
of gravity of the system. With this definition of J, Eq. [3] gives also the 
rotational energy of an assembly of connected particles that rotates 
with an angular velocity w. 

For a diatomic molecule, with which we shall be primarily con- 
cerned, the center of gravity, as shown in Fig. 12-1, is located so that 
Mr, = Merz. Combination with the relation r; + ro = r gives 


m2 
it = ——— ip 
m, + M2 
and 
m 
ate al [5] 
m, + M2 


The moment of inertia of a general diatomic molecule can therefore be 
written as 


Us oe MyM? 
~ (my, + me)? (m, + m2)?" [6] 


which simplifies to 


= ™MM2 re 
m, + M2 


or 
T= ur (7] 


where the reduced mass u defined as 


my1M2 
Panag a 
has been introduced. 

Classically, a system of particles with moment of inertia J can 
rotate with any angular velocity w and can therefore have any energy 
4]w2. For a system of molecular dimensions we should now expect, 
in view of the type of solutions that the Schrodinger equation has given 
for the problems to which it has been applied, that only certain rota- 
tional energies will be allowed. The Schrodinger equation automati- 
cally applies the quantum restrictions. The same result can be 
obtained, however, by using a Bohr-like postulate that the angular 
momentum is quantized in units of h/27. 

The restriction on the angular momentum of a rotating mole- 
cule takes the same form as that used in Sec. 3-8, and discussed 
further in Sec. 10-2, for an electron rotating about a nucleus to which 
itis bound. For the molecule rotating with an angular momentum of 
Tw, only rotational states for which 


Io = ft VIT FD Fmd ieee (9] 


are allowed. Since the rotational energy is related to the angular 
momentum by the expression 


1 Uw)? 
Sear [10] 


Cans 4]? = 


the allowed rotational energies can be deduced, by the substitution 
of Eq. [9], to be 


c= gt Id +1) Geto ie (11] 

Each of these allowed energies (see Sec. 9-8) corresponds to 
one of a number of quantum states. The application of an electric 
or magnetic field, for instance, would provide a direction along which 
the angular momentum would have to be quantized, and since this 
angular-momentum component must be an integral multiple of 
h/2n, the rotating molecule, with total angular momentum of 
VIS + 1\(h/2z), can be oriented so as to give a component in the 
field direction of J(h/27), (J — 1)(h/27), - -- Ome (hi 7 1 27), 
—J(h/27). Each possible orientation corresponds to a quantum 


335 


Section 12-1 
Rotational spectra 


336 


Chapter 12 
Experimental study of 
molecular structure: 
spectroscopic methods 


FIGURE 12-2 

The angular moments 
and energy components 
of aJ = 2 level show- 
ing the 2J+1=5 
states that are revealed 


by an applied field. 


FIGURE 12-3 

The energies of the 
allowed rotational states 
of a linear molecule 
according to the expres- 
ston e=J(J + 1)(h?/8771) 


ergs. 


state, and all happen to have the energy (h?/872J)[J(J + 1)] in the 
absence of the field. The number of states can be seen, as illustrated 
for J = 2in Fig. 12-2, to be 2-J + 1, and this is the multiplicity factor 
used in the statistical calculations of Sec. 9-8. 

With the expression of Eq. [11], we have the desired theoretical 
result: an equation that relates the allowed rotational energies to a 
molecular property J and a quantum number. The allowed energies 
form an energy-level pattern as shown in Fig. 12-3. It remains to 
investigate what transitions among these levels can be stimulated by 
electromagnetic radiation and to use the energies of the quanta that 
are observed to be absorbed to determine the actual spacing between 
the allowed energy levels. 

A rotating molecule can withdraw energy from electromagnetic 
radiation or give up energy to the radiation if it can interact with the 
oscillating electric field that is associated with electromagnetic radia- 
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tion. The molecule can do this if it has a dipole moment. The 
rotating dipole provides a coupling with the oscillating electric field of 
the radiation and allows energy to be transferred from the radiation 
to the molecule, or vice versa. Itis concluded, therefore, that a mole- 
cule must have a dipole moment in order to give rise to a rotational 
spectrum. One observes, in fact, that molecules like H», Ne, and COs, 
which is linear, give rise to no absorptions that can be attributed to 
changes in the rotational energy of the molecules. Even when a mole- 
cule has a dipole moment and can interact with the radiation, there is 
a restriction on the rotational transitions that can be induced. This 
restriction, an example of a selection rule, is that a molecule can in- 
crease or decrease its rotational energy only to the next higher or 
lower energy level when it absorbs or emits a quantum of electro- 
magnetic radiation. This selection rule is written as 


AJ = +1 [12] 


The restriction cannot be given any simple interpretation, but the 
existence of such a rule is easily recognized when the observed 
rotation spectra are investigated. 

Rotational spectra are almost always studied by observing the 
radiation that is absorbed by the sample. For such absorption 
spectra, the only part of the selection rule that is of interest is that of 
AJ = ope te 

Since, as a later calculation will show, the rotational energy 
levels are closely spaced compared with kT, the molecules will be dis- 
tributed throughout many of the lower allowed levels, such as those 
depicted in Fig. 12-3. The transitions which can occur, therefore, are 
between adjacent levels indicated by the Ae terms of Fig. 12-3. These 
energy differences correspond, then, to the energies of quanta of 
radiation that can be absorbed to bring about a transition AJ = +1, 
or emitted in a transition AJ = —1. 

It is more customary to deal with the frequency or wavelength of 
the absorbed radiation rather than with the energy of the quanta. 
Recalling Planck’s relation Ae = hy, we can convert the quantum 
energies to frequencies by dividing by h. Thus the radiation which 
would be absorbed could be expressed in terms of multiples of h?2/8771 
ergs, as is done in Fig. 12-3, or in terms of multiples of radiation fre- 
quencies of h/87?I cycles/sec. Finally, the more customary units 
of reciprocal centimeters can be introduced by division by c to give 
the factor as h/872cI cm™!. 

A feature of the frequencies predicted for absorbed radiation 
(not the rotational energies, but the transitions between them) that is 
apparent from Fig. 12-4 is that the values of Ae are spaced by the con- 
stant factor of 2(h/872cI) cm~1. Thus we expect to find in the micro- 
wave region a series of absorptions of radiation spaced by an equal 
amount, which can be identified with 2(h/8n2cI) cm~ for the molecule 
under investigation. 
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FIGURE 12-4 

The observed absorption 
spectrum of HCi(g) 
showing that the rota- 
tional spectrum of a 
linear molecule gives a 
set of absorptions with 
approximately a con- 
stant spacing. This 
spacing can be identi- 
fied with 2(h/8x2cl) cm-1 
spectrum obtained with 
a Beckman IR-11 


spectrometer. 
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Many linear molecules have been studied in the microwave re- 
gion of the spectrum and show absorptions which can be correlated 
with the previous formulas. The diatomic molecule that provides the 
nicest illustration is HCl. Since this molecule, however, has a very 
low moment of inertia, the rotational energy levels will be widely 
spaced compared with most other molecules. The rotational transi- 
tions of HCI absorb at higher frequencies than the range usually 
attributed to the microwave region. One observes in the far end of the 
infrared region as shown in Fig. 12-4 the absorptions listed in Table 
2a 

The difference between successive absorptions is seen to be 
very nearly constant, as expected from the expressions for the allowed 
energies and the transitions AJ = +1. This frequency difference 
between successive lines of about 20.7 cm~! is therefore identified 
with 2(h/872cl). Knowledge of the value of this factor allows the 
J values of the levels involved in each transition to be assigned, as 
shown in the table. 

From the frequencies of the rotational-absorption lines for HCl 
one obtains the result 

She = 20.7 em [13] 
822cl 
From this relation the internuclear distance of the HCI molecule can 
be obtained. First the moment of inertia is calculated from Eq.[13]as 


I= 2.70 x 10-40 g cm2 [14] 
The reduced mass of the HCI molecule is 


mim, _ (1.008)(35.46) 1 
™m +m: 1.008 + 35.46 6.023 x 1023 


— 


= 1.627 x 10-%4g [15] 


Finally, the desired molecular property, the bond length 7, is obtained 
from the relation I = pr? as 


ae fli, PISS 
rf 1.627 x 10-2 


= 129.5. 105% cmi= 1:29°A [16] 
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This simple example illustrates the most important type of result 
obtained from studies of rotational spectra. For any linear molecule, 
which has a dipole moment, a comparison of the spacing between the 
observed absorptions with the spacing term 2(h?/87?I) ergs, or 
2(h/8r2cl) cm~1, leads to a value for the moment of inertia of the 
molecule. 

For diatomic molecules, as illustrated by the HCl example, a 
bond length can immediately be obtained. For a polyatomic linear 
molecule there will be several internuclear distances, and these can- 
not be directly evaluated from the one datum, the moment of inertia. 
In such cases the measurement of the spectra of different isotopically 
substituted molecules, whose internuclear distances can be assumed 
to be unaltered by isotopic substitution, provides additional data which 
often allow the sorting out of the individual bond lengths. 

That rotational energy levels usually have energy separations of 
less than kT can now be checked. The example HCI has one of the 
smallest molecular moments of inertia—only H2 has an appreciably 
smaller moment—and according to Eq. [11], HCI will have a more 
widely spaced rotational-energy-level pattern than other molecules. 
For HCl the energy-level spacing factor 2(h/87°cI) has the value 
20.7 cm-!, which corresponds to an energy factor of 


hi? 2h 


ex = © 10-27 10 
ae he se (6.62 x 10-273 x 101°)(20.7) 


= 0.41 x 10-14 erg [17] 


The J = 1 level is therefore 0.81 x 10°14 erg above the J = O level, 
and this value is small compared with the room-temperature value of 
kT of 4.14 x 10-14 erg. Higher levels, as Eq. [11] and Fig. 12-3 
show, exhibit a wider spacing, which for HCI soon becomes compara- 
ble with kT at ordinary temperatures. The general result is, however, 
that most molecules have many rotational levels in the energy range 
zero to kT. It is this characteristic that allowed rotational energies 
to be treated classically in our previous thermodynamic studies. 

The population of the various rotational energy levels, when, for 
example, an Avogadro's number of molecules is considered, can be 
calculated from Boltzmann’s distribution equation N; = gsNoeo'*". 
As Fig. 12-2 shows, the multiplicity of a rotational level, i.e., the num- 
ber of quantum states that make up the level, is found to be 2J + 1. 
Even in the absence of an electric field, this multiplicity exists, and the 
level is said to have a degeneracy g, of 2J + he 

The Boltzmann distribution can now be written to show explicitly 
the rotational-level degeneracy as 


No = (2d + 1) Noe a [18] 


Such an expression generally leads to a maximum in the popula- 
tion at some value of J other than J = 0. The populations of the 
levels of HCI are shown diagrammatically in Fig. 12-5. It is the in- 
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TABLE 12-1 
Absorption of radiation 
in the far infrared 
attributable to 
rotational-energy 


changes of HCI* 


Assigned 

v(cm!) values of J 
for the 

transitions 

20.8 Qs 1 
41.6 las 2 
62.3 Ds. 3 
83.0 jes i 
104.1 fl» § 
124.3 Hos & 
145.0 Gs I 
165.5 i= © 
185.9 das Y 
206.4 9-—> 10 
226.5 10 =a 


*From G. Herzberg, 
“Spectra of Diatomic 
Molecules,” D. Van 
Nostrand Company, Inc., 
Princeton, N.J., 1950. 
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FIGURE 12-5 

The relative populations 
of the lower rotational 
energy levels of HCl 
ateeon@, 


formation in such a figure, the energies and populations of the rota- 
tional levels, that was used in Sec. 9-8 to deduce the rotational-entropy 
contribution. 

For a general polyatomic molecule, rotation about any axis can 
be resolved into rotations about three mutually perpendicular axes. 
Each of these rotations will have associated with it an energy-level 
pattern that depends on the moment of inertia about the axis for 
which the rotation occurs. Thus each rotational degree of freedom 
will contribute information on the structure of the molecule, and in 
a manner similar to that illustrated for the diatomic molecule it is 
frequently possible to deduce the various internuclear distances of 
the molecule from the moment-of-inertia data. ‘ 

Some results obtained from studies of rotational spectra are 
shown in Table 12-2. As these data indicate, the method, when 
applicable, leads to extremely precise internuclear distances. One 
should be impressed by the fact that rotational spectra allow the meas- 
urement of distances within molecules relatively more accurately than 
one can measure the length of a desk top with a meterstick. 

There are, of course, limitations to this method of structure 
determination. Only molecules with dipole moments can be studied. 
Large molecules have so many internuclear distances that these 
quantities cannot be sorted out from the three determined moments 
of inertia. Finally, all measurements must be made on gases where 
the rotation is free and behaves according to Eq. [11]. Molecules of 
liquids or solids are interfered with by their neighbors to such an 
extent that no well-defined, discrete rotational energy levels exist, and 
no rotational spectra are therefore observed. 


12-2. VIBRATIONAL SPECTRA 


The molecular motion that has the next-larger energy-level spacing 
after the rotation of molecules is the vibration of the atoms of the 


J=7/— 
.— 
i ye 
> 
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molecule with respect to one another. It will be shown that the study 
of the absorptions of radiation that result from transitions among the 
vibrational energy levels leads to further detailed insight into the 
nature of molecules. 

Although the vibrations of diatomic molecules will primarily be 
considered, it is convenient at first to consider the vibrations of a sin- 
gle mass attached by a flexible bond, i.e., by a spring, to a fixed point, 
as in Fig. 12-6. The vibrational characteristics of such a particle are 
determined by the mass of the particle and by the nature of the spring. 
For both ordinary-sized objects held by actual springs and for atoms 
held by chemical bonds it turns out to be quite a good approximation 
to make the simplest assumption about the spring or bond. This 
assumption, known as Hooke’s law, is that the particle experiences 
a restoring force pulling or pushing it back to its equilibrium position 
and that this force is proportional to the distance to which the particle 
has been displaced from its equilibrium position. Since displacing 


ei ee ee 
Diatomic HF i= 0.917 
HCl H—Cl 1.275 
HBr H—Br 1.414 
HI Hest 1.604 
co c—0 1.128 
FCl F—Cl 1.628 
NaCl Na—Cl 2.361 
CsCl Cs—Cl 2.904 
Polyatomic linear HCN C—H 1.064 
C=N 1.156 
Ocs c—9 1.164 
C=s 1.558 
OCSe = 1.159 
¢=Se 1.709 
HCCCI C—H 1.052 
C=C 1.211 
C—Cl 1.632 
Polyatomic nonlinear CH3Cl HCH LO ZO teal 
C—H 1.103 + 0.010 
c—Cl 1.782 + 0.003 
CHoCl2 HC™H 112°0’ + 20’ 
Geese ioe 
C—H 1.068 + 0.005 
c—Cl 1.7724 + 0.0005 
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TABLE 12-2 

Some molecular 
dimensions from 
analyses of rotational 


spectra* 


*From Gordy, Smith, and 
Trambarulo, “Microwave 
Spectroscopy,” John Wiley 
& Sons, Inc., New York, 
1953. 
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FIGURE 12-6 
Hooke’s law of force for 


a single particle. 


the particle in one direction brings about a force in the opposite 
direction, Hooke’s law is written 


where f is the restoring force, and x is the displacement from the 
equilibrium position. The proportionality constant k is known as the 
force constant and is a measure of the stiffness of the spring. The 
force constant is equal to the restoring force operating for a unit dis- 
placement from the equilibrium position. For molecular systems the 
force constant is usually given in the units of dynes per centimeter. 

It is frequently more convenient to state Hooke’s law in terms 
of the potential energy of the vibrating particle. The potential energy | 
U at the equilibrium position can be arbitrarily taken as zero. Dis- 
placement of the particle from position x to position x + dx requires 
a force to be exerted to overcome that of the spring. The work done, 
all of which is stored in the system and is therefore potential energy, 
is equal to this applied force times the distance dx through which it 
acts. Thus 


dU = (applied force) dx 
= (-f) dx [20] 


which, with Eq. [19], gives 
aU keds 


Integration gives the potential as a function of distance, according to 
Hooke’s law, as 


U = thx? [21] 
a 
© U=1/2 kx? 
lu 
ae 
WwW 
U=0 
EQUILIBRIUM 
POSITION 


The potential energy therefore rises parabolically on either side of the 
equilibrium position, as illustrated in Fig. 12-6. 

Once a potential function for the motion to be studied has been 
arrived at, it is possible to substitute this function in the Schrodinger 
equation and to solve for the allowed energy-level pattern. Again 
this procedure is avoided, and some classical relations which are more 
easily visualized are obtained. 

The classical motion of a particle, such as that of Fig. 12-6, can 
be deduced from Newton's lawf = ma. Iff = —kx anda = d?x/dt? 
are substituted, one obtains 


ax : 
mae = —kx 
or 
m a?x 
kde ee) 


A solution to this equation can be seen by inspection and verified by 
substitution to be 


A eat ee. 
x =Asin ee [23] 


A is a constant that is equal to the maximum value of x; that is, it 
is the vibrational amplitude. The position of the particle, there- 
fore, varies sinusoidally with time, since every time ¢ increases by 
20 \/m/k, the quantity \/k/m t increases by 27 and the particle traces 
out one complete cycle. The time corresponding to one oscillation, or 
vibration, is therefore 27 Vm/k. More directly useful is the reciprocal 
of this quantity, which is the frequency of vibration, i.e., the number 
of cycles performed per second. If this quantity is denoted by 
Velassical, WE have 

Yetassieal = 3 |= [24] 

7 m 

For a system of ordinary dimension there is, therefore, a natural 
frequency of oscillation that depends on the values of k and m. Any 
amount of energy can be imparted to the vibrating system, and this 
energy changes only the amplitude of the vibration. 

The quantum-mechanical solution to this problem provided by 
the Schrédinger equation differs, of course, in that only certain vibra- 
tional levels are allowed. These can be calculated by the substitution 
of the potential-energy expression of Eq. [21] in the one-dimensional 
Schrodinger equation. Solutions to the differential equation will not 
be obtained here, but can be shown to exist only for vibrational 
energies 


&vib = (c = 5 i) a where v = 0, 1, 2,.-. [25] 
2/277 m 


The quantum-mechanical result, therefore, indicates a pattern of 
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FIGURE 12-7 

The solid curve is the 
potential-energy curve 
for HCl deduced from 

a number of spectro- 
scopic results (not all dis- 
cussed here). The 
dashed curve is the 
Hooke’s-law approxi- 
mation, which is satis- 
factory near the mini- 
mum, where the first few 
vibrational energy levels 


occur, 


energy levels with a constant spacing (h/27) \/k/m. It is this result 
that was assumed in Sec. 4-7 for the calculation of the average vibra- 
tional energy per degree of freedom. 

It is interesting that the quantum-mechanical solution intro- 
duces the collection of terms (1/27) \/k/m that correspond to the 
natural vibrational frequency of a classical oscillator. Equation [25] 
can therefore be written 


fib = (v + +) classical [26] 


if the term verassical is interpreted according to Eq. [24]. 

It is now necessary to consider the vibration of the atoms of a 
molecule. Here the atoms vibrate against one another instead of ~ 
against a fixed wall as in the one-particle problem of Fig. 12-6. It is 
adequate for our purposes to consider the simple example of a di- 
atomic molecule. The coordinates that locate the positions of the 
atoms relative to the center of gravity of the molecule are those shown 
in Fig. 12-1. As the previous single-particle vibrational problem 
showed, it is necessary first to determine the form of the forces that 
restore the particles to their equilibrium position, or what is equiva- 
lent, to specify the potential energy of the system as a function of the 
internuclear distance. 

The difficulties encountered in the determination of the energy 
of molecular systems were seen in Chap. 10 to prevent potential- 
energy diagrams from being deduced for any but the simplest mole- 
cule. Figure 10-12 indicates the type of results that are obtained in 
such cases, and these can be taken as representative of the form of 
the potential-energy vs. internuclear-distance curves for molecular 
bonds. Vibrational energies, as we shall see, generally are sufficiently 
small so that the problem concerns itself with the portion of the 
potential-energy curve near the minimum. This portion, it turns out, 
can be satisfactorily approximated (Fig. 12-7) by a parabola, and the 
expression 


U = 4k(r — r,)2 [27] 


U=1/2 (5.17 x 105) (r— re)? ERGS 
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can be written. Here k is the force constant and measures the stiff- 
ness of the chemical bond, r is the variable internuclear distance, and 
r, is the equilibrium internuclear distance. 

The classical solution can again be obtained from Newton’s 
f = ma relation. If the bond is distorted from its equilibrium length 
r, to a new length r, as indicated in Fig. 12-8, the restoring forces on 
each atom are —k(r — r-). These forces can be equated to the ma 
terms for each atom as 


m, = —Rk(r — re) 
and [28] 
a?ro teh, - 
M2 dt2 3 k(r re) 


where r; and r2 are the positions of atoms 1 and 2 relative to the center 
of gravity of the molecule. The relations between ri, re, and r that 
keep the center of gravity fixed have been given by Eq. [5] as 


m2 
ry = ———_r 
m, + M2 
m 
E> es ey 
m, + M2 


Substitution in the f = ma equation for particle 1, for example, 
gives 


mim, Pr _ _ pp — 29 
m1 + Mm, dé? = (r re) [29] 


which, since r, is a constant, can also be written as 


Witte F es) Ss SG 30 
ma + Me de = (r Te) [ }} 


The term r—r- is the displacement of the bond length from its 
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FIGURE 12-8 

The vibrational transi- 
tionv=0 to v=1 for HCl 
vapor at high resolution, 
showing the vibration- 
rotation band structure 
(the very small splittings 
that also show up are 
due to the difference in 
vibrational frequencies 
of HCI and HCI"). 
(Spectrum courtesy of 
Dr. W. Kaltenegger, 
Case Institute of 
Technology.) 
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equilibrium position, and if the symbol x is introduced as x = r — r, 
and the reduced mass p of Eq. [8] is inserted for the mass term, 
Eq. [30] becomes 


d?x 
This expression is identical with the corresponding equation for a 
single particle except for the replacement of the mass m by the re- 
duced mass yw. It follows that the classical vibrational frequency for 
a two-particle system such as that of Fig. 12-8 is given by 
1 /k [32], 


Velassical = De 
Tb 


and that the quantum-mechanical vibrational-energy-level result is 


l\h k 
= =) /= = LDS Spey: 358 
c=(v+ 4) 2 F Che Oils [33] 
or 
c= (v + 3) Araessca UO Sl 2a [34] 


The vibrational energies of a diatomic molecule consist of a set 
of levels as shown with the potential-energy functions in Fig. 12-7. 
If these allowed energies are expressed in the spectroscopically con- 
venient units of reciprocal centimeters, they are found to be spaced 
by the amount 


Ne ely ee cm-1 [35] 


At room temperature the value of kT is sufficiently small com- 
pared with typical values of Ae so that most of the molecules are in the 
lowest allowed vibrational state. Ina spectroscopic study, therefore, 
One investigates the absorption of radiation by these v = 0 state 
molecules. 

Electromagnetic radiation can induce transitions among the 
vibrational energy levels. For energy to be transferred between the 
radiation and the vibrating molecule, an electrical coupling must be 
present. This coupling can occur if the vibrating molecule produces 
an oscillating dipole moment that can interact with the electric field 
of the radiation. It follows that homonuclear diatomic molecules like 
He, Ne, and Os, which necessarily have a zero dipole moment for any 
bond length, will fail to interact. The dipole moment of molecules 
such as HCl, on the other hand, can be expected to be some function, 
usually unknown, of the internuclear distance. The vibration of such 
molecules leads to an oscillating dipole moment, and a vibrational 
spectrum can be expected. 

Even when interaction between the vibrating molecule and the 
radiation occurs, a further selection rule applies. This rule restricts 


transitions resulting from the absorption or emission of a quantum of 
radiation by the relation 


Av = +1 [36] 


Vibrational spectra are usually determined by absorption spectros- 
copy, and then the rule Av = +1 is the only part of this selection rule 
which is pertinent. 

The experimental approach to the study of the v = Otov=1 
vibrational transitions is generally carried out with a spectrometer 
which has the same basic units as that indicated in Fig. 3-3. 

The values of Ae for vibrational energy levels, however, are such 
that infrared radiation has quanta of this magnitude. For studies in 
the infrared region the source often consists of some ceramic element 
heated to a dull red, and the detector is a heat-sensitive element 
which frequently is a thermocouple. Since neither glass nor quartz 
is transparent to infrared radiation, other materials must be resorted 
to. The most frequently used material is rock salt. Large single 
crystals of NaCl are cleaved and polished to form prisms and windows 
for cells. 

One use of vibrational spectra can now be illustrated by again 
using the example of HCl. One observes in the infrared region an 
absorption band centered at about 2890 cm“. This absorption of 
radiation can be correlated with the vibrational transition v = O to 
v = 1, as shown in Fig. 12.7. It follows according to Eq. [35] that 
2890 cm-} is the value of Ae = (1/2mc) \/k/u and therefore that 


k = 427c?2u(2890)? 
= 4n2(3 x 101)2(1.627 x 10~24)(2890)? 
= 4.84 x 105 dynes/cm [37] 


The theory of vibrational spectra, together with the observed 
absorption, has now led to a value for the force constant of a chemical 
bond. The force constant, it will be recalled, measures the force 
required to deform a bond by a given amount. The qualitative feature 
to be appreciated from results such as that worked out for HCI is that 
molecules are flexible. Although it is at first difficult to appreciate the 
significance of the numerical values obtained for bond force con- 
stants, one can make interesting comparisons of the stiffness of dif- 
ferent bonds. Some results for diatomic molecules and for bonds 
of polyatomic molecules are shown in Table 12-3. The increased 
stiffness of multiple bonds compared with single bonds is apparent 
and is in line with the greater strength of multiple bonds. It should be 
observed from the data of the table that the observed frequency, 
being determined by both the reduced mass and the force constant, 
according to Eq. [35], is not itself a simple measure of the bond stiff- 
ness. 

In contrast to pure rotational spectra, only one vibrational- 
absorption band has been treated for a given diatomic molecule. This 
has followed from the assumption, which can now be checked, that 
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TABLE 12-3 
The force constants of 


some chemical bonds* 


*From E. B. Wilson, Jr., 
J. C. Decius, and P. C. 
Cross, “Molecular Vibra- 
tions,” McGraw-Hill Book 


Company, New York, 1955. 


almost all the molecules occupy the v = O level at ordinary tempera- 
tures and the fact that the vibrational energy levels show an equally 
spaced set of levels. For HCl, for example, the absorption frequency, 
attributed to the v= 0 to v = 1 transition, is 2890 cm~1. The 
energy of a quantum of radiation of this frequency is 


Ae = 2890 cm=1 
= 5.75 x 10713 erg [38] 


This quantity is equal to the energy of a molecule in the v = 1 state 
compared with one in the v = O state. The Boltzmann distribution 
at 25°C gives the ratio of the populations of these two states as 


Ni 
No 
=8 x 107 [39] 


— e7Ac/kT 


This result confirms the statement that only a very small fraction of 
the molecules populate the higher vibrational levels at ordinary 
temperatures. 

A closer look at the vibrational absorption band of a gaseous 
sample, like HCI, shows that it does not consist of an absorption region 
with a single maximum, but rather has a number of closely spaced 
components as shown in Fig. 12-8. The presence of these compo- 
nents can be understood when it is realized that, as the molecule in- 
creases its vibrational quantum number from 0 to 1, it may well also 
change its rotational energy, subject to the rotational selection rule 


6 ee = Oe ee 
Force constant 


Bond Molecule (gynes/om 
ee ee ae 
H—F HF 9.7 x 105 
H—Cl HCl 48 

H—Br HBr 41 

H—I HI 3 

H—0 H20 78 

H—S HoS 43 

H—C CH3X 4.7-5.0 
H—C CoHy Del 

H—C CoH» 5.9 

cl—C CH3Cl 3.4 

C—C 4.5-5.6 
C=C 9.5-9.9 
C=C 15.6-17.0 
N—N 3.5-5.5 
N=N 13.0-13.5 
N=N 22.9 

c—0 5.0-5.8 
C5 11.8-13.4 


——— 


AJ = +1. Some of the rotation-vibration energy levels for the v = 0 
and v = 1 states are shown in Fig. 12-9. The allowed transitions for 
absorption of energy are indicated by the arrows. The energies of 
these transitions show that the spectrum of this band should consist 
of a series of absorptions spaced by an amount 2(h?/877/) ergs on 
either side of the band center. The center corresponds to the absent 
v = 0,J = Otov = 1, J = Otransition. When such rotational spac- 
ing is resolved in a vibrational band, the moment of inertia, and there- 
fore the internuclear distance, can be deduced from the spacing in 
the ‘‘fine structure’ of the vibration-rotation spectra. 

Polyatomic molecules exhibit vibrational spectra which can be 
interpreted as arising from transitions within each of a number of 
energy-level patterns like that of Fig. 12-7. Each energy-level pattern 
corresponds to one of the characteristic, or normal, vibrations of the 
molecule. Since a molecule of n atoms has a total of 3n degrees of 
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FIGURE 12-9 

The rotational levels of 
the v = 0Oandvu= 1 
vibrational levels of HCl. 
The allowed transitions 
(Av = 1, AJ = +1) lead 
to the prediction of a 
vibration-rotation spec- 
trum with spacing of 
about 20.7 cm}. 
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FIGURE 12-10 

The symmetry of the 
three modes of vibrations 
of the water molecule 
and the associated 
vibrational-energy-level 


patterns. 


freedom and since 3 of these are overall translational degrees of free- 
dom and 3 (or 2 If the molecule is linear) are rotational degrees of 
freedom, there will be 3n — 6 (3n — 5 for a linear molecule) vibra- 
tional degrees of freedom. There are therefore 3n — 6 (or 3n — 5) 
energy-level patterns, each with its own spacing. If the vibrations 
corresponding to all these patterns have associated oscillating dipole 
moments, there will be 3n — 6 (or 3n — 5) observed absorption 
bands. One finds, for example, for H2O vapor, absorptions centered 
at 1595, 3652, and 3756 cm~!. For molecules with many atoms, 
3n — 6 becomes large, and one expects very many vibrational transi- 
tions and a very complicated spectral pattern. 

The presence of any amount of symmetry in a molecule greatly — 
simplifies the study of its modes of vibration. There is a general 
theorem, which cannot be dealt with here, that each of the 3n — 6 
(or 3n — 5) vibrations must be either symmetric or antisymmetric 
with respect to any symmetry element (such as a plane of symmetry 
or a center of symmetry) of the molecule. For HsO, for example, it 
can be shown that the two lower frequencies correspond to symmetric 
vibrations, while the highest frequency corresponds to an antisym- 
metric mode. The diagrams of Fig. 12-10 can therefore be drawn to 
show how the atoms might move in each of these vibrations. The 
diagram is intended to suggest pure vibrational motions, and the 
arrows have therefore been drawn so that there is no overall transla- 
tion or rotation. Such diagrams can easily be drawn to represent 
the symmetry of the actual vibrational modes. The exact motion 
of the atoms in a vibrational mode depends, however, on the masses 
of the atoms and the force constants of the molecule. 
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The use of vibrational spectroscopy to deduce the shape or sym- 
metry of a molecule can be illustrated by the example of NO2 shown 
in Fig. 12-11. The expected forms of vibration for a bent and a linear 
model are shown. The symmetric stretching vibration of the linear 
model cannot lead to absorption of energy because no oscillating 
dipole moment is associated with such a vibration. For the linear 
model only two absorption bands are expected; for the bent model all 
three vibrations should absorb radiation in the infrared region, i.e., 
should be infrared active. Absorptions are observed, as mentioned 
in Sec. 5-15, at 750, 1323, and 1616 cm}, showing that NOz is a bent 
and not a linear molecule. Arguments such as this can be extended 
and can be applied to large molecules with various amounts of 
symmetry. 

The principal direct applications of vibrational spectroscopy to 
molecular-structure problems have now been mentioned. The force 
constant of the bonds of a molecule can be evaluated, the moments of 
inertia can be deduced from the rotational structure of the vibrational 
band, and finally, the molecular shape can sometimes be deduced 
from the number of observed absorptions. 
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FIGURE 12-11 
The vibrations of NO2 on 


the basis of linear and 


bent structures. 
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TABLE 12-4 
Some characteristic 
bond-stretching 


frequencies 


A more practical use, and one of great value, particularly in the 
field of organic chemistry, is that in which the infrared absorption 
spectrum of a large molecule is used to identify the compound or to 
indicate the presence of certain groups in the molecule. Bonds or 
groups within a molecule sometimes vibrate with a frequency, i.e., 
have an energy-level pattern with a spacing, that is little affected by 
the rest of the molecule. Absorption at a frequency that is charac- 
teristic of a particular group can then be taken as an indication of the 
presence of that group in the compound being studied. Table 12-4 
shows a few of the groups that have useful characteristic frequencies. 

An even simpler use of vibrational spectra consists in verifying 
the identity of a compound by matching its infrared spectrum to that 
of a known sample. Large molecules have such complicated spectra, 
as shown in Fig. 12-12, for example, that identical spectra can be 
taken as a sure indication of identical compounds. Thus, although 
for large molecules the complete vibrational spectrum can seldom be 
understood in terms of the nature of the 3n — 6 vibrations, there are 
many uses to which such spectra can be put. 

Brief mention can be made of the fact that vibrational transi- 
tions can be studied in a way other than that of infrared absorption 
spectroscopy. An arrangement such as that shown schematically in 
Fig. 12-13 is used. The sample is illuminated, at right angles to the 
spectrometer, by an intense source of monochromatic radiation, 
usually the 4358-A visible line of a mercury-vapor lamp. One ob- 
serves on the photographic plate of the spectrograph, as shown in 
Fig. 12-14, not only this 4358-A line, which has been scattered into 
the spectrometer, but also a number of weaker lines, predominantly 
on the long-wavelength low-energy side of the 4358-A line. These 
additional lines were first observed by C. V. Raman, and such spectra 
are now called Raman spectra. 

The earlier prediction of the effect by Smekal explained these 
additional lines as resulting from the gain or, less likely, the loss of 
vibrational energy in a process depicted in Fig. 12-15. The quantum 
of visible light that is sent into the system has an energy that is very 
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large compared with the vibrational-energy spacings. The process 
can be understood by recognizing that the large energy quantum of ra- 
diation can interact with the sample molecules and can give up some of 
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FIGURE 12-12 
The infrared absorption 
spectra of several com- 


pounds. 


FIGURE 12-13 
Arrangement for 


Raman spectroscopy. 
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FIGURE 12-14 

The Raman spectrum of 
thionyl chloride (SOCI2) 
showing the Raman 
shifts of the six vibra- 
tions. All six appear at 
longer wavelengths than 
the exciting line, and 
three can be seen at 
shifts to shorter wave- 
lengths. (Courtesy of 
Dr. D. A. Long, Univer- 


sity of Wales, Swansea.) 


FIGURE 12-15 

The absorption and re- 
emission that give rise 
to Raman lines. No 
actual upper state ex- 
ists, and the emission 
occurs immediately fol- 


lowing absorption. 


its energy to the vibrating molecules or can withdraw some of the 
vibrational energy. The difference between the frequency of a Raman 
line and that of the exciting line is therefore a measure of the vibra- 
tional-energy-level spacing. Both Raman and infrared spectroscopy 
therefore study the same molecular energy levels. Both methods 
have their special advantages, but one finds that the infrared-absorp- 
tion method is at present generally easier to use and is the more 
popular technique. 


12-3. ELECTRONIC SPECTRA 


The final type of energy levels of free molecules that lead to spectro- . 
scopically observable transitions is that in which the electron ar- 
rangement of the molecule is altered. The electronic spectra of 
atoms in which the electronic state, as described by the quantum 
numbers of the electrons of the atom, is changed have already been 
mentioned in connection with the spectra and Bohr theory of the 
hydrogen atom. Ina similar manner, the electrons of a molecule can 
be excited to higher energy states, and the radiation that is absorbed in 
this process or the energy emitted in the return to the ground state can 
be studied. As with atomic systems, the energies involved are gen- 
erally large, and electronic spectra are usually found in the ultraviolet 
region of the electromagnetic radiation. 

Some of the information which would be necessary for a theo- 
retical approach to the understanding of molecular electronic spectra 
has already been introduced. In the theory of the Hz molecule two 
different electronic configurations, as described by two different wave 
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functions, were considered, and the energy of the two states as 
a function of the internuclear distance was shown in Fig. 10-12. 
Molecular electronic transitions might result if radiation of sufficient 
energy were sent into a system like Hs so as to cause the transition 
from the equilibrium position in the lower, ground-state curve to the 
upper state. For molecules of any complexity it is not possible to 
deduce theoretically such energy curves for the states involved in the 
transition. The electronic spectra of a number of molecules, how- 
ever, can be interpreted as arising from transitions like that described 
for the hydrogen molecule. The higher electronic energy state, lack- 
ing a minimum in the potential-energy curve, may lead to the forma- 
tion of atoms, or fragments of the original molecule, and these 
fragments may be formed in some excited electronic state rather than 
in the ground atomic state indicated for Hz in Fig. 10-12. The more 
general situation is shown in Fig. 12-16a. 

Other transitions occur to higher-energy electronic states which 
have a minimum in the potential-energy versus internuclear-distance 
curve. Absorption of a quantum of radiation then leads to the forma- 
tion of an excited molecule which need not instantaneously break up. 
Figure 12-16 represents this situation. In general, the bond 
strength in the excited state will be less than that in the ground state, 
and the equilibrium internuclear distance in the excited state will be 
longer than in the ground state. The curves of Fig. 12-16b have been 
drawn to indicate this. The electronic spectra of many simple mole- 
cules can be explained in terms of a number of excited electronic 
states with potential-energy curves of one or the other of the types 
shown in Fig. 12-16. 

The observed spectral transitions are related to such electronic- 
energy diagrams on the basis of the Franck-Condon principle. This 
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FIGURE 12-16 
Electronic energies as 

a function of internu- 
clear distance for two 
typical situations. (The 
vibrational energy levels 
and the probability 
functions are indicated 
for the vibrational levels 
involved in the transi- 


tions.) 
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principle stems from the idea that electrons move and rearrange them- 
selves much faster than can the nuclei of molecules. For example, 
the time for an electron to circle a hydrogen nucleus can be calculated 
from Bohr’s model to be about 10716 sec, whereas a typical period of 
vibration of a molecule is a thousand times longer, or about 10713 sec. 
Comparison of these times suggests that an electronic configuration 
will change in a time so short that the nuclei will not change their 
positions. The spectral transitions must be drawn vertically in Fig. 
12-16 and not, as one might otherwise be tempted to do, from the 
potential minimum of the lower curve to that of the upper curve. 

One further feature of the transitions between electronic-energy 
curves must be mentioned. Since a molecule vibrates, even when it ~ 
is in the lowest vibrational energy level, a range of internuclear dis- 
tances must be considered. The quantum-mechanical solution for 
a vibrating molecule, as Fig. 12-16 indicates, shows that in the lowest 
energy state, contrary to classical ideas, the most probable inter- 
nuclear distance is that corresponding to the equilibrium position. 
For the higher energy states, on the other hand, the quantum-mechan- 
ical result is more like the classical result that the most probable con- 
figuration is at the ends of the vibration, where the atoms must stop 
and reverse their direction. The transitions of Fig. 12-16 have been 
drawn with these ideas in mind. Transitions are expected to have 
greater probability of starting near the midpoint of the lowest vibra- 
tional level of the ground electronic state. The excited species, how- 
ever, must have the same internuclear separation, and for the transi- 
tions to lead to probable arrangements, it is necessary for them to be 
drawn to the energy levels for which the square of the wave function 
has a large value at the internuclear distance of the transition. It 
follows that an electronic transition, in absorption, may show a series 
of closely spaced lines corresponding to different vibrational and 
rotational energies of the upper state. 

Although no detailed discussion can be given here of the types 
of electronic arrangements that can occur and that correspond to 
higher energy states of a molecule, it is worth pointing out again the 
situation with regard to the pairing of the spins of the electrons that 
was introduced in the discussions of the nature of covalent bonds in 
Sec. 10-13. Most molecules have a ground-state electronic configu- 
ration in which the spin of each electron is opposed to, or paired up 
with, the spin of another electron which otherwise has the same spatial 
quantum numbers. Such ground states are known as singlet states 
since, with no net spin angular momentum, the imposition of a refer- 
ence direction by an applied electric or magnetic field can produce 
only the single component of zero angular momentum in the field 
direction. The ground state of the H» molecule is the simplest ex- 
ample of such a singlet state. Molecules will have, in addition to a 
ground state that is usually a singlet state, a number of excited states 
that also have all the electrons paired and that are therefore also 
singlet states. 


Whether or not the ground state is a singlet state, there will, for 
molecules with an even number of electrons, be excited states in 
which a pair of electrons have their spins in the same direction, giving 
the molecule a net spin angular momentum of \/1(2)(A/27). Angular 
components along a specified direction can now have the values 
1(h/27), 0, and —1(h/2m), and such an electronic configuration is 
known as a ¢riplet state. 

Electronic spectra of compounds containing no heavy atoms, 
i.e., most organic compounds, indicate that the absorption of elec- 
tromagnetic radiation does not unpair the electrons of the molecule. 
The important selection rule that transitions occur between states of 
like multiplicity is obtained. This rule is a powerful guide to the 
deduction of the nature of excited electronic states. 

For molecules exposed to strong magnetic fields or containing 
a high-atomic-number atom whose nucleus exerts such a field, this 
selection rule is broken down, and the spin coupling is readily broken 
down in an electromagnetic transition. 

The assignment of the multiplicity to the state reached by an 
absorption of radiation and to the states that the molecule goes into 
as it loses its high energy is a matter of great importance in the study 
of fluorescence, phosphorescence, and photochemistry. These sub- 
jects will, however, be postponed until Chap. iS: 

The study of electronic spectra leads to a wealth of information 
about the electronic states and energies of molecules and to the bond 
distances and force constants of the molecule in excited electronic 
states. For diatomic molecules it is frequently possible to assign 
quantum numbers to the various excited states in which the molecule 
can occur. For larger molecules, however, a more limited goal must 
be set. It is frequently sufficient to attempt to decide which of the 
electrons of the molecule are primarily responsible, i.e., which elec- 
tron has its quantum number altered, for the observed transition. 

The electrons in covalent single bonds, such as C—C and C—-H, 
can be recognized as being very resistant to excitation. Saturated 
hydrocarbons absorb only very high energy radiation, usually beyond 
1600 A, far in the ultraviolet. A simple olefin, however, has an 
absorption band at around 1700 A, and this can be attributed to the 
excitation of the 7 electrons from the electron-paired bonding con- 
figuration to a high-energy, or antibonding, state. Such a transition 
is referred to as a —> 7* transition, the asterisk (*) implying, as men- 
tioned in Sec. 11-1, an antibonding orbital. 

Some molecules have electronic configurations which can be 
altered in different ways to lead to an excited, or high-energy, elec- 
tronic state. This situation arises, for example, with compounds con- 
taining a carbonyl group C—O:. For such a group the possibility of 
exciting the z electrons to the excited 7* state exists, as with an olefin, 
to give a 7 > 7* transition. Alternatively, the nonbonding electrons 
of the oxygen might be excited to the higher-energy 7*-electron state, 
and the absorption would then be characterized as an n > a* transi- 
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FIGURE 12-17 
Schematic representa- 
tion on the n— 7* and 
7 — 7* transitions such 
as those exhibited by a 


carbonyl group. 


tion, where the n signifies a nonbonding electron. The two types of 
transitions are represented in Fig. 12-17. 

The recognition of the type of transition occurring on irradiation 
of a molecule is important for the understanding of the absorption 
process itself and is basic for the treatment of the behavior of the 
excited molecule. In spite of the difficulties in completely under- 
standing the electron configurations involved in electronic transitions, 
it is frequently possible to deduce two important quantities from such 
studies. These quantities are the dissociation energy of a bond or 
molecule and the tonization potential of a molecule. The first quan- 
tity is shown as D, and Dp in Fig. 12-16. Itis clear that if the quantity 
E’ of that figure can be deduced from the observed transitions and if — 
the excess energy E” of the dissociation fragments can be deter- 
mined, one can evaluate the dissociation energy Do measured from 
the lowest vibrational state. Addition of hvassica yields the total 
depth of the potential-energy curve. This dissociation energy, meas- 
ured from the equilibrium position, is referred to as D. Some of the 
dissociation energies listed in Table 6-7 have been deduced from 
spectroscopic measurements of transition such as those of Fig. 12-16. 

The ionization potential is the least energy, usually expressed in 
electron volts, which must be put into a molecule to remove an elec- 
tron. This energy will generally be greater than the amounts that 
have been discussed and that lead merely to excited states. Any 
energy above the ionization potential can be absorbed by the mole- 
cule. The excess over that required to free the electron goes into ex- 
citation of the fragments and into the kinetic energy of the electron. 
By this process a continuous absorption, i.e., one which shows no dis- 
crete lines, should appear in the spectrum, and the onset of such a 
continuum can be taken as a measure of the ionization potential of the 


™—>nT* 
(A= 1870 A) 


n—»n* 


(A =2850 A) 


molecule. Ionization potentials of atoms have been mentioned pre- 
viously and have been used in the deduction of electronegativities. 
Ionization potentials of molecules are much more difficult to under- 
stand but are representative of the interesting data on the behavior of 
electrons in molecules that can be deduced from the study of elec- 
tronic spectra. 

Finally, it should be pointed out that not all electronic transitions 
occur in the ultraviolet region. The occurrence of colored compounds 
indicates absorption of radiation in the visible spectrum. Such ab- 
sorption requires the electronic energy levels to be more closely 
spaced than in most molecules. The most frequently encountered 
type of organic molecule that absorbs in the visible region, i.e., is 
colored, consists of a conjugated system frequently involving aromatic 
rings. The qualitative explanation for the closer spacing that results 
from the delocalization of the conjugated electrons is most easily given 
by regarding such electrons as being free particles within the potential 
box of the molecule as discussed in Sec. 11-7. For sufficiently long 
‘‘boxes’’ the spacing is small enough to bring the absorption of radia- 
tion into the visible part of the spectrum. 


ELECTRON AND NUCLEAR MAGNETIC 
SPECTROSCOPY 


The spectroscopic methods treated earlier in the chapter dealt with 
the study of transitions between energy levels of free, or nearly free, 
molecules. The spacing between such molecular energy levels is a 
characteristic of the electronic structure and atomic makeup of the 
molecule. The spectroscopic methods now to be studied treat transi- 
tions between energy levels whose spacing is dependent on the mag- 
netic field that is applied to the sample. Present-day studies make 
use of energy levels that arise in two different ways. The first type 
of energy level, and the transitions between such energy levels, to be 
discussed arises because the nuclei of some atoms have a magnetic 
moment, and different orientations of such nuclear magnets relative 
to the applied field have different energies. The second type of 
energy level to be dealt with arises from the magnetic moment of the 
electron. An electron that does not have a counterpart with opposite 
spin direction can also line up with a magnetic field in different direc- 
tions, and because the electron has a magnetic moment associated 
with it, these different orientations correspond to different energies. 

The transitions between both the energy levels due to nuclear 
orientation and those due to electron orientation are studied by means 
of a resonance method, which will be briefly described later, and one 
identifies these types of spectroscopic studies as nuclear-magnetic- 
resonance, or nmr, spectroscopy, and electron-spin-resonance, or esr, 
spectroscopy. 
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12-4. THE ENERGY LEVELS OF NUCLEI IN MAGNETIC FIELDS 


Many nuclei have spin angular momentum, and this can be pictured 
as resulting from the spinning of the nucleus about an axis in much 
the same way as an electron has a spin angular momentum of 
\/s(s + 1)(h/27), where s for the electron must be 4. The angular 
momentum of atomic nuclei is also quantized and comes in units of 
h/2n. The nuclear spin quantum number J can therefore be intro- 
duced and allows the spin angular momentum to be written as 
VI + 1)(h/27). The spin quantum number is a characteristic of 
the nucleus and can be zero or can have various integral or half- 
integral values. These values can to some extent be correlated to the’ 
neutron and proton makeup of the nucleus. Most nmr studies have 
been concerned with the hydrogen nucleus, which has IJ = 4, and 
the method of nmr spectroscopy can be satisfactorily illustrated by 
restricting our attention to this nucleus. 

Along any defined direction in space, and now the applied mag- 
netic field will specify this direction, the angular momentum of the 
spinning nucleus must present quantized components. A nucleus 
with an angular momentum \/3G4 + 1)(h/27) must therefore line it- 
self up, as indicated in Fig. 12-18, in such a way that the angular 
momentum in the direction of the magnetic field is +4(h/27) or 
—}h/2m). The allowed orientations of a nucleus with spin quantum 
number 3 are also shown in Fig. 12-18 to illustrate the more general 
case. 

The number of different allowed orientations of the nuclear spin 
direction is seen from Fig. 12-18 to be determined by the nuclear spin- 
quantum number. The difference in the energies of these different 
orientations is dependent on the interaction of the nuclear magnetic 
moment with the magnetic field. A nucleus, which is a charged par- 
ticle, can be pictured as spinning on its axis and can be expected to 
have a magnetic moment in a manner analogous to that in which a coil 
of wire carrying a current has, according to Ampére’s law, a magnetic 
moment. Our lack of understanding of the details of the charge dis- 
tribution in a nucleus prevents us, however, from obtaining a theoreti-: 
cal value for the nuclear magnetic moment by this approach. 

If, however, the magnetic moment of the nucleus of the hydro- 
gen atom is denoted by pu, and the magnetic field acting on the proton 
by J, the lining up of the nuclear magnets with and against the mag- 
netic field will produce the energy levels indicated in Fig. 12-18. 
These values are calculated from the energy of a magnet lined up at 
various directions to the magnetic field (the expression is like that for 
a dipole in an electric field which will be treated in detail in Chap. 14 
and the quantum stipulation that the spin be lined up with or opposed 
to the field. Before proceeding to a more detailed treatment of the 
method used to study transitions between these energy levels and the 
complications that arise when the nuclei being studied are part of a 
molecule, a few general features will be reported. 


Magnetic fields used in nmr spectroscopy usually have values 361 
of about 14,000 gauss. With this field strength it is found that radia- 


tion with a frequency of about 60 x 108 cycles/sec has quanta with tie ee, 
energies of the order of magnitude of the separation of the levels beanies 
shown in Fig. 12-18. The nuclei may therefore absorb such radiation, in magnetic fields 


which is in the radio-frequency range, and-jump, by a change in the 
orientation of the spin, from the lower to the higher energy state. 

It is of interest to notice that the energy-level separation is 
extremely small. The quanta of radiation of frequency 60 x 10° 
cycles/sec have energies of 0.00004 x 10714 erg, or 0.006 cal/mole 
compared with a room-temperature value of kT of 4.1 x 10°" erg, 
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or 600 cal/mole. The magnitude of this separation is spectroscopi- 
cally important in that it implies a population in the lower of the two 
states that is little greater than that of the upper state. According to 
the Boltzmann distribution, the excess population in the lower state 
is calculated as 


N(lower) _ eadk? 
N(upper) — 
0.00004 x 10°8 
=a e 41x108 = 1.00001 


It has not been necessary to point out in previous spectroscopic 
work that incident radiation induces not only transition to higher . 
energy levels, for which radiation is absorbed, but also transitions 
from higher to lower levels, for which radiation is emitted. In mmr 
experiments the two levels are nearly equally populated, and the 
absorption of radiation is only slightly the more important effect. It 
follows that only weak absorption of radiation will occur and therefore 
that a very sensitive experimental arrangement will be necessary. 


12-5. nmr SPECTROSCOPY 


The frequency of the radiation that corresponds to the nuclear- 
magnetic-energy-level spacings and the weakness of the radiation 
absorption that must be expected lead to a spectrometer of a radically 
different kind from those prism instruments which are used for elec- 
tronic and vibrational spectral analyses. The arrangement that is most 
frequently used is shown in Fig. 12-19. The principal magnetic field 
acts on the nuclei of the sample to produce energy levels such as those 
indicated in Fig. 12-18. Transitions between these levels are stimu- 
lated by radiation from the radio-frequency transmitter, which sends 
out electromagnetic radiation from the transmitter coil. Radiation 
will be absorbed by the sample if the frequency of the radiation is such 
that the quanta of radiation have an energy matching the nuclear- 
energy-level spacing. When such radiation js absorbed, it can be 
thought of as producing nuclei in the excited state, which will then 
tend to reemit the radiation in order to approach the Boltzmann qis- 
tribution ratio. It is this emitted radiation that is detected by the 
receiver coil, which, being oriented at right angles to the transmitter, 
receives no signal unless the sample provides this coupling with the 
transmitter. The signal from the receiver coil can be displayed on an 
oscilloscope or a recorder. 

This indication of the operation of an nmr spectrometer implies 
that a fixed magnetic field is imposed on the sample and that the 
frequency of the radiation is varied. Thus, if the energy spacing is, 
as indicated in Fig. 12-18, 2u;k and the radiation has frequency » and 
quanta with energy Apr, absorption of radiation can occur when 


Quy = hp [40] 


Since it is here possible to control the energy-level spacing by manip- 
ulating ‘(, the equality of Eq. [40] can be brought about either by 
adjusting v after some fixed value of ‘ is chosen or by adjusting 5C 
after some fixed value of v has been selected. The latter procedure 
turns out to be experimentally more satisfactory. A fixed frequency, 
usually about 60 megacycles, is supplied by the transmitter, and the 
magnetic field is varied through a small range until Eq. [40] is satis- 
fied. At this point the sample absorbs radiation, the transmitter 
and receiver are coupled, the circuit can be said to be in resonance, 
and a signal is produced from the receiver circuit. 

The signal that is obtained as a function of magnetic field for a 
fixed frequency of 60 megacycles is shown in Fig. 12-20a and 6 for 
several simple compounds. The identification of the hydrogen atom, 
or groups of hydrogen atoms that produce a given signal, can be made 
by a simple comparison of these spectra or can be more definitely 
established by the use of deuterium substituted derivatives. 

If spectra are obtained at higher resolution, a considerable com- 
plexity appears, as is shown by the solid curves of (a) and the lower 
curve of (0). 

The theory of Sec. 12-4 suggested that the nuclear-energy-level 


SWEEP 
CURRENT 


363 


Section 12-5 
nmr spectroscopy 


FIGURE 12-19 
Schematic representa- 
tion of an nmr spectrom- 


eter. 
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FIGURE 12-20 

The nmr spectra of 
several simple com- 
pounds at a frequency 
of 60 megacycles/sec and 
a magnetic field of 
14,000 gauss. In (a) the 
solid lines give the 
high-resolution spectra. 
The dashed lines show 
the appearance of the 
spectra at low resolu- 
tion where the splitting 
arising from the inter- 
actions of the nuclei 


would not be observed. 


splitting is dependent on the nuclear magnetic moment and the 
magnetic field strength. The experimental results indicate that even 
if the absorption of only hydrogen atoms is studied, a number of 
closely spaced absorptions are observed. It is now necessary to see 
whether or not these finer details of nmr spectroscopy, which contain 
the information of principal interest to the chemist, can be understood. 


12-6. CHEMICAL SHIFTS AND NUCLEAR MAGNETIC 
INTERACTIONS 


The factors which lead to the different absorptions of Fig. 12-20 can 
often be treated separately from the factors that lead to the finer — 
splittings indicated there. 
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The separation in the positions of the spectral lines associated 
with hydrogen atoms in different chemical environments is called the 
chemical shift. These shifts can be conveniently reported by means 
of the difference in magnetic field necessary for absorption compared 
with that necessary for absorption by some reference. This difference 
is usually reported as the chemical shift 5, defined as 


8 ak sample ==, Jtrefanence x 106 [41] 


C 
Jreference 


where the reference chosen is now usually tetramethyl silane, 
(CH3)4 Si, because of the conveniently located, well-defined absorption 
that it produces. Since hydrogen atoms in different samples show 
absorption, or resonance, at fields that differ by the order of milligauss 
when the magnetic field is 14,000 gauss, the values of 5 are made of 
convenient size by the inclusion of the factor 108 in Eq. [41]. 

The existence of the chemical shift can be attributed to the 
screening effect that the electrons about a nucleus exert. Thus, 
although the external magnetic field is the same for all hydrogen 
atoms of a sample of CH30H, for example, the electron distribution 
in the C—H and O—H bonds screens the nuclei from the applied field 
to different extents. Some correlations have succeeded in showing 
that the more the electrons of the bond to hydrogen are drawn to the 
bonding atom, the more exposed is the nucleus of the hydrogen atom. 
Such exposed nuclei generally absorb at lower magnetic fields than 
do well-shielded nuclei. 

The nmr spectrum is, as a result of chemical shifts, a portrayal 
of the chemical environment of the various hydrogen atoms of the 
material. It follows that an analysis of a spectrum of an unknown 
material can lead to information on the types of bonding to hydrogen 
atoms, and often to the molecular structure of the sample. In this 
respect nmr complements infrared and ultraviolet spectroscopy in 
the elucidation of the structures of large molecules. Some of the 
characteristic chemical shifts that are used in such analyses are 
shown in Table 12-5. 

The high-resolution detail, as shown schematically in Fig. 12-21, 
is also characteristic of the hydrogen-atom arrangement of the mole- 
cule and is therefore also helpful in structural determinations. Only 
some features of the source of these additional splittings can be given. 

The magnetic field at a nucleus in a molecule is determined not 
only by the external magnetic field as modified by the shielding elec- 
trons, but also by the presence and orientation of the other nuclei in 
the molecule that behave as magnets, i.e., have magnetic moments. 
Since both O16 and C12 have zero spin and zero magnetic moment, the 
magnetic nuclei of many organic compounds consist only of the hydro- 
gen atoms. It is the interaction between the nuclei of these atoms 
that leads to the additional splitting beyond that of the chemical shifts. 
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TABLE 12-5 
Characteristic values for 
the chemical shift 5 for 
hydrogen in organic 
compounds. Tetra- 
methyl silane is the 


reference compound.* 


*From E. Mokacsi, J. Chem. 
Educ., 41:38 (1964). 


The nature and effect of these interactions can be illustrated by 


reference to the spectrum of acetaldehyde, CHa The hydro- 
gen atoms of the methyl group experience a magnetic field that de- 
pends on the applied field, on the chemical-shift effect of the shielding 
electrons, and on the influence of the magnetic field of the nucleus of 
the hydrogen atom adjacent to the carbonyl group. This nucleus, as 
Fig. 12-21 indicates, can line up with or against the principal magnetic 
field. The methyl hydrogen atoms will experience, therefore, a slightly 
greater or lesser magnetic field, depending on the orientation of the 
lone hydrogen atom. The methyl absorption will therefore be split | 
into a doublet. 

The single hydrogen atom also experiences a magnetic field 


(CH3)4Si 
CH3—CH2—, (CH3)3CH—, (CH3)4C 
CH3CH2— 
R—SH 
—CH2—in a ring 
(CH3)3CH 
—CH2—in ring ketones 
(CH3C0)20 
CH3CN 
—CH»>—NH» 
CH3Ph 
CH3CH2Ph, PhCH»CH»Ph, (CHy)2CHPh 
HC=C— 
| 
—CHo—X} F, Cl, Br, I 
—tHX 
PhSH 
CH3NO2, —CH»NO», CHNO> 
PhNH> 
—CH=CH—conjugated | ee 
—CH=CH—nonconjugated | 
CH2=C terminal 
CHo=C(CH3)2 
(CH3)2C—=CHCH3 


TGS 


C) 


WO 


NO», COR, X, OH, NHo, OR 


OF 


J pd 
RC—H, PhC—H 

yy 0 
RC—OH, PhC—OH 


RSO3H, PhSO3H 


that depends on the applied field, on the shielding provided by its 
bonding electrons, and on the influence of the three magnetic nuclei 
in the methyl group. There are four different ways in which the three 
magnets can arrange themselves relative to the applied field. These 
are shown in Fig. 12-21, where it is indicated that two of the ways are 
three times as probable as the other two. The lone hydrogen atom 
can experience, therefore, four slightly different magnetic fields, de- 
pending on the orientation of the spins of the methyl hydrogen nuclei. 
Four different resonance frequencies would be expected for the lone 
hydrogen nucleus, or, in view of the experimental arrangement, four 
slightly different applied fields at a fixed radiation frequency. The 
spectrum of Fig. 12-21 bears out these analyses. 

This simple example should illustrate that the magnetic nuclear 
interactions give information on the type of neighbors of any hydrogen 
atom or group of atoms in the molecule. Such intimate details can 
be obtained even for quite large molecules, and it is this aspect which 
makes the fine splittings of nmr spectra of great value in molecular- 
structure studies. 

A number of important features of nmr spectroscopy have not 
been dealt with in this brief introduction. It is frequently of interest, 
for example, to examine the mechanism by which the radiation is able 
to interact with the magnetic nuclei to turn them to a different orienta- 
tion. This has not been treated here. Likewise no mention has been 
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FIGURE 12-21 
A schematic representa- 
tion of the nmr spec- 


trum of acetaldehyde, 


// 
CH3;—C—H, and its 
interpretation in terms 
of the screening effects 


and nuclear interactions. 
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made of the fact that if atoms, such as the hydrogen atoms of a water- 
sodium hydroxide solution, move their position from one molecule to 
another, so that they occupy a given position for less than about 10? 
sec, the nmr spectrum shows a single absorption at a position charac- 
teristic of the average of the environments of the nuclei. If the nuclei 
change position less rapidly, the nmr spectrum will indicate two 
absorptions, one characteristic of the one environment and the other 
characteristic of the other. It follows that nmr techniques can be 
used to study the rate of very fast reactions, and this, in fact, is one 
of the most interesting aspects of nmr spectroscopy. 


12-7. ELECTRON-SPIN-RESONANCE SPECTROSCOPY 


The presence of an unpaired electron in a molecule or ion allows 
energy levels to be produced from the interaction of the magnetic 
moment of the electron with an applied magnetic field. The electron, 
like the proton, has a half unit of spin angular momentum, and the 
spin angular momentum is quantized along the direction defined by 
the magnetic field, if the component in this direction is +3(A/27) or 
—4(h/2m). These two states will have energies that are split from 
the original state with no applied field by the amounts +p, and 
—peJC, where p. is the magnetic moment of the spinning electron and 
JCis the magnetic field acting on the unpaired electron. 

The electron-spin magnetic moment, however, is about a thou- 
sand times greater than a typical nuclear magnetic moment. The 
energy of interaction of the magnetic moment of the unpaired electron 
with the applied field will be greater than the corresponding interaction 
between the nuciear magnetic moment and the applied field. It is 
found that when a magnetic field of 3000 gauss is used, the energy 
spacing between the levels with different spin orientation relative to 
this field is such that transitions are caused by radiation of about 3 cm 
wavelength, a wavelength of the microwave region. The energy 
separation, even in the relatively low field of 3000 gauss, is therefore 


3 ye MOU 


3 (6.62 >< 10-2") = 6:62; 10 erg 


a value to be compared with nuclear-energy spacings of about 
0.04 « 10-17 erg in a field of 14,000 gauss. 

The most prominent and revealing feature of electron-spin- 
resonance spectra is the splitting caused in the transition between the 
two electron-orientation states by the interaction of the magnetic 
moment of the spinning electron with the magnetic moments of those 
nuclei in the molecule which have magnetic moments. The electron- 
spin energies and the splitting of these energies due to the nitrogen 
nucleus, which has one unit of spin, are shown for the ion (SO3),NO- 
in Fig. 12-22. Transitions occur which change the orientation of the 
electron spin relative to the applied magnetic field. The interaction 
between the electron and the magnetic nucleus is sufficiently small 


so that the transitions do not also change the magnetic-moment direc- 


tion. With this selection rule the transitions of Fig. 12-22 can be 
drawn. The observed spectrum does in fact show three absorption 
bands. It should be mentioned that, because of the experimental 


arrangement used in esr, the derivative of the usual spectral absorp- 
tion or emission curve is often shown. Figure 12-23 shows this 
presentation of the recorded spectrum. 

The splittings due to interactions with the magnetic nuclei can 
be treated in much the same way as were the nuclear magnetic inter- 
actions in nmr spectroscopy. Thus, in the free-radical ion 


the odd electron can move throughout the molecule, and it experi- 
ences the effect of the nuclear moments of the four equivalent hydro- 
gens. The expected splittings and transitions and the observed 
spectrum are shown in Figs. 12-24 and 12-25. 
Electron-spin-resonance spectroscopy provides a powerful tool 
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FIGURE 12-22 

The energy-level dia- 
gram for the unpaired 
electron of the radical 
ion (SO3)2NO_, showing 
the splitting of the two 
electron-spin states by 
the magnetic moment 


of the nitrogen nucleus. 


FIGURE 12-23 

The esr spectrum of the 
radical ion (SO3)2NO7 
at a frequency of 9500 
megacycles/sec and a 
magnetic field of about 
3400 gauss. 
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FIGURE 12-24 

The energy-level dia- 
gram for the odd elec- 
tron of the free-radical 


ton 1,4-benzosemiqut- 


none, 
H 
S VA 
O— === Olan 
Loo 


NO FIELD 


ENERGY ———> 


FIGURE 12-25 
The esr spectrum of 


1,4-benzosemiquinone, 
H H 
ANG Ya 
Zea 
LESS 
H H 
at a frequency of 9500 
megacycles/sec and a 


magnetic field of about 
3400 gauss. 


for the study of chemical species with unpaired electrons. It gives 
information not only on the presence and number of such electrons, 
as measurements of paramagnetism often do, but also on the distribu- 
tion of the electron in the molecule. The splitting due to interactions 
with a nuclear magnetic moment depends on the odd electron being 
distributed throughout the molecule so that it is to some extent near 
that nucleus. Such details of electronic configuration in free-radical- 


type molecules are one of the important features treated by esr. 


PROBLEMS 


1 The molecule CO has absorptions in the microwave region at frequencies 
of 1.15 x10 and 2.30 x 1011 cycles/sec. These absorptions can be 
associated with the J=0 to J=1 and J=1 to J = 2 transitions. 
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Calculate the moment of inertia and the internuclear distance for the CO 
molecule. Ans. I = 14.6 « 10-49 g cm?; r= 1.13 A. 


Plot, side by side, the energies of some of the lower rotational states of 
a molecule like CO (for which the moment of inertia can be obtained from 
Prob. 1), which has a rather low moment of inertia, and the energies of 
some of the rotational states of CO2, which has J = 71.1 x 10~4° g cm? 
and represents molecules with larger moments of inertia. 

Calculate the populations, relative to the number 7 in the lowest 
state, of some of the energy levels of both CO and COs, and represent 
them as has been done for HCl in Fig. 12-5. 


The bond length of the gas-phase NaCl molecule is 2.36 A. Show by 
vertical lines on a frequency abscissa the positions of the three lowest- 
frequency rotational transitions that will occur. Indicate the rotational 


quantum numbers involved in each transition. 


Obtain a general expression for the energies of the AJ = +1 transitions 
which start from the J level and end in the J + 1 level. Base the deriva- 
tion on a linear molecule for which the rotational energy levels are given 
by Eq. [11]. 


For a chemical bond with a typical force constant k of 5 x 10° dynes/cm 
and equilibrium bond length of 1.5 A, plot the potential energy as a func- 
tion of bond length for bond-length changes of up to 10 per cent of the 
equilibrium bond length. 

Draw a line indicating the value of the energy kT at 25°C. What 
per cent distortion of the bond could be produced by this amount of 
energy if the bond behaved as a classical spring? 


Calculate the energies of the three lowest-energy vibrational states for 
HF for which the force constant is 9.7 x 105 dynes/em. What is the 
energy spacing between these levels, and what would be the wave num- 
ber of the radiation that would cause the transition from the v = 0 to the 
v = 1 level? Ans. Ae = 8.27 X 10713 erg; » = 4160 cm™}?. 


The infrared spectrum, at low resolution, of CO shows an absorption band 
centered at 2170 cm-!. What is the force constant of CO in dynes per 


centimeter? 


The vibrational-energy-level spacings of Hz, HD, and D2 can be deduced 
from Raman spectra to be 4395, 3817, and 3118 cm", respectively. Cal- 
culate the force constant of each isotopic species, and verify that isotopic 
substitution, which would not be expected to alter the electronic behavior 
in a molecule, does not change the bond force constant. (The small varia- 
tion can be attributed to a deviation of the bond from a Hooke’s-law 


force relation.) 


Since HCI consists of 75 per cent HCl5 and 25 per cent HCI8’, a spectrum 

of HCl should show absorption bands due to the two isotopic types. 

a Calculate the difference in frequency expected for the v = 0 tov = 1 
vibrational transition of HCl3° and HCl37, assuming that the force 


371 


Problems 


372 


Chapter 12 
Experimental study of 
molecular structure: 
spectroscopic methods 


10 


11 


12 


13 


constants of the two molecules are identical and equal to 4.84 x 105 
dynes/cm. 

b Compare this difference with the splitting of the vibration-rotation 
lines of Fig. 12-8. 

c Identify the components due to HCl°° and those due to HCI8’. 


Plot, showing the rotational-energy-level spacings to scale, some of the 
rotational energy levels of the v = 0 and v = 1 states of the CO molecule. 
The moment of inertia of CO is 14.5 x 10-49 g/sq cm, and the force con- 
stant is 19 x 105 dynes/cm. 

Indicate the transitions that are responsible for the rotational- 


vibrational spectrum. 


Explain, according to Fig. 12-15, what process would lead to the appear- 
ance of the relatively weak Raman lines on the short-wavelength side of 
the exciting 4358-A line. 

What relative intensities of the Raman lines on the short- and 
long-wavelength side of 4358 A would be expected for the Raman lines 
at 25°C of SOCl: that correspond to the vibrational transitions of 283 
and 489 cm~1? Compare these results with Fig. 12-14. 

ue | Aanttokes | — 0.25. 
I(stokes) J2g3 em-1 


A frequently used empirical expression that generates a potential-energy 

curve like that expected for a diatomic molecule has been given by Morse 

as U(r) = D.(1 — e-#"-r))2, where D, is the dissociation energy measured 

from the minimum of the potential curve, r. is the equilibrium bond 

length, and f is a constant that is related to the molecular properties by 

B = \/k/2D.. 

a Draw the potential curve for HCl according to the Morse function. 

b Obtain the relation 8 = \/k/2D, by forming d2U(r)/dr? and compar- 
ing this expression with the expression for the region around the 
potential minimum [d?U(r)/dr?],_,, = k. 


An electronic transition in CO is responsible for an absorption band 
around 1400 A in the ultraviolet. A photograph of this band shows that 
it consists, in part, of a series of lines, expressed in wave numbers, at 
64,703, 66,231, 67,675, 69,088, 70,470 cm-1, and so forth. From the fact 
that these are absorption lines and are observed at fairly low tempera- 
tures, they can be assumed to arise from CO molecules in the lowest 
vibrational state. The abrupt beginning of the series at 64,703 cm-1 
suggests that this transition leads to the v = 0 level of the excited 
electronic state. 
a Draw a diagram like Fig. 12-16 to illustrate these transitions. 
b The assumption of Hooke’s law for chemical bonds leads to Eq. [34], 
which states that vibrational levels have a constant spacing. Recog- 


nize that electronic spectra allow this expression to be checked. 


Calculate a force constant from the v = 0, v = 1 spacing of the 373 
excited electronic state of the CO molecule. Compare this with the 


force constant for the normal, or ground, electronic state obtained in eens 
Prob. 7. Ans. 9.4 x 10° dynes/cm. 
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CHAPTER 
THIRGEEN 


EXPERIMENTAL STUDIES 
OF MOLECULAR STRUCTURE: 
DIFFRACTION METHODS 


Much of our information on the angles and distances within and be- 
tween molecules, other than for the relatively simple molecules that 
can be well treated spectroscopically, comes from diffraction experi- 
ments. The way in which the interference effects in the scattered 
beams of various types, from both gaseous and crystalline samples, - 
can be used to deduce the structure of the molecules or ions of the 
sample will now be studied. The experimental methods grouped to- 
gether depend on the constructive and destructive interference that 
occurs when a beam, an electron beam or an X-ray beam in the ex- 
amples studied here, is scattered by the sample. We shall see that 
some features of the analyses are common to the various types of 
diffraction experiments that are performed. The different types of 
beams and the different states of the sample will, however, lead to 
appreciable differences in the way the data are analyzed. 

The diffraction effects produced by gas-phase molecules will 
be dealt with first. In these experiments a beam of electrons is used 
and the scattering pattern that is obtained yields information about 
the bond lengths and bond angles of the molecule. In the second 


half of the chapter the scattering by crystalline materials will be 
studied. Most such work makes use of a beam of X rays, which are 
more penetrating than are electron beams, although for some special 
studies a neutron beam has some advantages. Again bond lengths 
and angles for the molecules or ions of the crystal are obtained, but 
now also the way in which these units pack together is a product of 
the analysis. 

To begin with, the basis for the effects to be used to obtain 
molecular data will be introduced by means of a simple example. 


13-1. THE INTERFERENCE PHENOMENON 


The general principle of diffraction methods depends on the phenome- 
non of interference, which occurs when any wave motion is scattered 
from a number of centers. This phenomenon is, for example, exhib- 
ited by visible radiation when a beam of light passes through a series of 
closely spaced slits, as illustrated in Fig. 13-1. If the light is mono- 
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FIGURE 13-1 
Interference effects from 
an illuminated set of 
slits that act as sources. 
Illustration of the result 
that, for constructive in- 
terference, sin 9 = nX/d, 


wheren = 0,1,2,.... 
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FIGURE 13-2 
Illustrating that, by 
measurement of the 
angles for constructive 
interference, the spac- 
ing d of the slit system 
can be deduced. (If 

\ = d, then a number 


of diffraction lines will 


be observed on the pho- 
tographic plate for rea- 


sonable values of 


sin 6 = nX/d.) 


chromatic, i.e., consists of radiation of only a single wavelength, the 
wave motions of the light emerging from the slits will add together in 
only certain directions. In these directions constructive interference 
is said to occur, and at these directions a beam of diffracted light will 
appear. At other directions the diffracted waves will be out of phase 
to various extents, destructive interference will occur, and less light 
will be seen. For the pattern of scattering units provided by the slits 
of Fig. 13-1 it is easy to see, as shown in the figure, that constructive 
interference occurs in directions defined by the angle 6, which are 
related to the spacing d between the slits and the wavelength A of the 
light by the relation 


n =_>- — Il 


where n is an integer. One sees from this, furthermore, that d and 
\ must be of the same order of magnitude if nA/d is to take on a num- 
ber of values between 0 and 1 when n assumes various small-integral 
values. Under these conditions Eq. [1] yields several values of 6 at 
which constructive interference will occur. When such is the case the 
angles for constructive interference can be measured, and if X is 
known, Eq. [1] can be turned around to give 


_ nar 
~ sin @ 


and the experiment could be used to deduce the value of the slit spac- 
ing d. We have come, therefore, with this very simple example, to see 
the principle on which the determination of structure by diffraction is 
based. 

One further general procedure in the study of interference 
effects should be taken up before detailed studies of diffraction 
processes are begun. It is quite clear from the diagrams of waves, 
such as those of Figs. 13-1 and 13-2, that constructive interference, 


SIN @= 4 dA/d 
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PHOTOGRAPHIC 
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SOURCE OF 
RADIATION OF 
WAVELENGTH, A 


in which the amplitudes of the waves simply add together, occurs 
when two waves in phase combine and that destructive interference, 
in which the amplitudes of the waves must be simply subtracted, 
occurs when the two waves exactly out of phase combine. Expres- 
sions will be needed later for the wave that results when two waves, 
of perhaps different amplitudes, come together neither exactly out 
of phase nor exactly in phase, but rather with some intermediate 
phase relation. 

The combination can be simply performed, considering first 
waves with equal amplitudes, by adding the two trigonometric expres- 
sions 


A cos (wt + 91) 
and 
A cos (wt + q@2) 


for waves both of which have the same frequency », or angular velocity 
© = 2mv, the same amplitude A, but possibly different phases 
g1 and @. The resultant wave produced by the combination of these 
two components can be described by 


R = Afcos (wt + $1) + Cos (wt + 2)] 
Recollection of the trigonometric formula 
cos x + cos y = 2 cos 3(x + y) cos 4(x — 9) 
allows this result to be converted to 
R = 2A cos (1 — g2) cos [wt + 4(p1 + 2)] [2] 


The resultant wave is seen to have an amplitude of 2A cos 4(qi — 2), 
to have the same frequency, or angular velocity, w as the component 
waves, and to have a new phase that is the average of those of the 
components. 

For most of our later purposes we shall be interested primarily 
in the amplitude factor. We shall be able to rely in subsequent studies 
of wave amplitudes on the result shown here that when waves of the 
same frequency combine they will produce a resultant wave that also 
has this frequency. 

The amplitude factor shows clearly the dependence of the re- 
sultant on the phase difference of the components. One can notice, 
for example, that the largest amplitude, either positive or negative, 
and therefore constructive interference, occurs for 3(p1 — 2) = na 
or gi — $2 = n(27), where n Is an integer. Likewise, the result- 
ant wave has zero amplitude for 4(q1 — 2) = [(2n + 1)/2]7 or 
Yi — G2 = (2n + 1)z, that is, an odd multiple of 7. 

We shall often be concerned with the square of the amplitude of 
the resultant beam, and if Ag represents the amplitude, this quantity 


Ar? = 4A? cos? 3(g1 — $2) [3] 
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can be rewritten by employing another half-angle formula, 2 cos? x = 
1 + cos 2x, as 


Ax? = 2A%1 + cos (gq: — gy] [4] 


One can again investigate the special cases of constructive and 
destructive interference, and one can see too that intermediate situa- 
tions are also handled by the substitution of the appropriate phase 
difference @, — @e. 

When we wish to combine interfering waves that have different 
amplitudes, say, A; and Ay, the useful expressions are most conven- 
iently obtained by starting with the wave expressed by the exponential 
forms 


Ayeivtten 
and 
Agetette2) 


When these expressions are added, we obtain the amplitudes A, of 
the resulting wave as 


Ap = Ajeietted 4 Ageilotted 


= Ayete - Ageterje®* (5) 


The magnitude of the square of amplitude of this resultant beam is 
now obtained from the product of the amplitude and its complex con- 
jugate. We thus obtain 


Ar® = (Aje**: + Agete2)(A ,e7: + Ase ie2) 


Ae am AS? a Ay Aofeterre? + eter ~v2)) 


II 


The final term can be simplified by use of 


e* + e-® = cosx + isinx + cosx—isine 
= 2cosx 


which allows the square of the amplitude of the resultant wave to be 
written as 


Ap = Ay? + Ag? + 24142 cos (@2 — ee) él 


This important result, which we shall make use of in our studies of 
diffraction, can be seen to reduce, when A; = As, to that obtained 
previously, as shown by Eq. [4]. 

For these results to be useful in the study of diffraction experi- 
ments, it only remains to point out that when the phase difference 
G1 — Fz results from the interfering components traveling different 
distances, the phase difference depends on the ratio of this distance 8 
to the wavelength of the waves according to the relation 


v1 — v2 = S(2e) 7] 


Again the special cases of constructive and destructive interference. 


where 6 is an integral or half-integral multiple of 27, can be consid- 
ered, and it can also be recognized that intermediate situations are 
again handled. 

The first use of interference effects to investigate structures 
followed from the suggestion of Max von Laue in 1912 that the wave- 
lengths of the then newly discovered X rays were in the angstrom 
range and that interference effects might be produced when a beam 
of such radiation passed through a crystal in which the crystal planes 
were known to be spaced by amounts of the order of angstroms. That 
a similar interference effect might be observed with a beam of elec- 
trons followed from de Broglie’s suggestion in 1923 that any particle 
moving with a momentum mv has associated with it a wavelength 
\ = h/mv. The statement that a beam of electrons has an associated 
wavelength implies that, if the wavelength is of the same order of 
magnitude as the spacing between some set of slits or some set of 
centers that scatter electrons, interference effects can be observed 
with an electron beam also. 


ELECTRON DIFFRACTION: 
DIFFRACTION BY GASES 


13-2. THE WAVE NATURE AND SCATTERING OF 
A BEAM OF ELECTRONS 


An electron beam is produced by drawing electrons out of a cathode 
plate by means of an applied voltage and directing them to the anode 
in a manner discussed with regard to Thomson's studies of e/m for 
the electron. If such a beam passes across a potential difference of 
‘Vvolts, each electron acquires kinetic energy as a result of the accel- 
eration in this electric field. The potential difference, or voltage drop, 
is defined as the energy given to a unit charge when it falls through 
the potential difference. To obtain the energy, which becomes the 
kinetic energy of such an accelerated particle, in cgs units, it is neces- 
sary to divide the ordinarily used practical voltage unit by 300 and to 
multiply by the electron charge e. Thus, ignoring relativistic effects 
that begin to be important at the accelerating voltages that are used, 
4mv2 = aah 


00 
This relation leads to the momentum expression 


2meVv 


Vy = 


which, for an electron, gives the de Broglie wavelength as 


ays 150 12.24 A [8] 
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FIGURE 13-3 
Arrangement for the 
study of gases by elec- 
tron diffraction. 


An accelerating potential of 40,000 volts, therefore, corresponds to 
an electron-beam wavelength of 0.06 A. Such a wavelength leads one 
to expect that interference effects will be observed when a beam so 
accelerated passes through a sample containing scattering centers 
separated by the distances between the atoms of a molecule. 

When a beam of such high-energy electrons passes through a 
chamber containing gas molecules, the charges of the nuclei, and to 
some extent the charges at the electrons, of the molecules will interact 
with the incoming beam, and each of the atoms of the molecules of 
the gas will act as a radiation-scattering center in much the same way 
as each of the slits of Fig. 13-2 acts as a center of radiation. Since the 
particles of the electron beam carry a charge, the amount of scattering - 
resulting from the interaction of the electron beam and the gas mole- 
cules is relatively large, and few molecules are needed to produce 
a detectable amount of scattered beam. (With an X-ray beam, on the 
other hand, the amount of scattering produced by each molecule 
would be much less, and crystals, with their higher concentration of 
scattering centers, are generally studied.) 

The detailed mechanism by which the incoming electron beam, 
in an apparatus such as that shown schematically in Fig. 13-3, inter- 
acts with the atoms of the sample molecules cannot be dealt with here 
and need not be understood for an appreciation of many features of 
electron-diffraction studies. It can be mentioned, however, that the 
scattering of the beam can be attributed to coherent scattering, which 
implies no exchange of energy or phase between the beam and the 
scattering centers, and incoherent scattering, in which there is energy 
exchange and a resulting change in the wavelength and phase of the 
scattered electron beam. Both types of scattering lead to more for- 
ward than lateral scattering, and a detailed analysis shows that the 
intensity of such scattered beams falls off from the incident direction 


TO VACUUM 


POSITIVE PLATE 


NEGATIVE PLATE 


ELECTRON GAS INLET 


SOURCE 


according to 1/sin’ 6, where @ is the scattering angle such as that in 
Fig, 13-2, 

It is in the coherent, or elastic, scattering, in which the phase 
of the waves is unaffected, that the interference effects show up. 
These effects are therefore superimposed on a background of scatter- 
ing that is not dependent on the structure of the molecule. The inter- 
ference, or diffraction, effects can, however, be sorted out from the 
background on the photographic plate, and this part of the scattering, 
which is here of interest, can be dealt with. 

To an electron beam passing through a gas, asin Fig. 13-3, each 
molecule appears to be made up of a number of scattering centers at 
some fixed distance from one another. It is now necessary to see 
how the interference effects between the scattered beams from the 
different atoms lead to a diffraction pattern from which the distances 
between the atorns can be deduced. The relation between the molec- 
ular geometry and the diffraction pattern, the counterpart of the equa- 
tion (Eq. [1]) for the simple slit assembly of Figs. 13-1 and 13-2, is 
given by the Wierl equation, which will now be derived. 


13-3. THE WIERL EQUATION 


The essential features of electron diffraction can be studied, and the 
basic relation, the Wierl equation, can be obtained, by considering the 
scattering pattern produced by a homonuclear diatomic molecule. 
The structure, i.¢., the length of the bond between the atoms, will be 
deduced from the observed diffraction pattern. 

A bearn of electrons with wavelength A, as Fig. 13-3 illustrates, 
is passed through a sample, actually a jet, of gas. Much of the beam 
will be unaffected by the gas, and will form a strong central spot on 
the photographic plate. Some of the beam, however, will be scattered 
by the molecules of the gas jet. Because of interference between the 
beams scattered from the different atoms of each molecule, a set of 
darkened rings will appear on the photographic plate. 

For the scattering-interference effects produced by the simple 
slit assembly of Fig. 13-2 it was easy to deduce the relative amounts 
of the incident beam that would be diffracted and appear at various 
angles 0. It is now necessary to obtain this relation when the atoms 
of a molecule, which can have all orientations in space, take the place 
of the set of slits. Figure 13-4 shows a molecule, which in the deriva- 
tion to follow will be treated as a homonuclear molecule, in the electron 
beam. We shall deduce an expression for the amount of scattering 
that cornes off at an angle 0 to the original beam direction for the mole- 
cule with the orientation of that in Fig. 13-4. It will then be necessary 
to integrate this expression over all the orientations of the molecule 
in space. Since only the orientations of the molecules are important 
in producing different diffraction effects and not their position in the 
well-defined electron beam, it is sufficient to keep atom A at the 
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FIGURE 13-4 
Diffraction from a di- 
atomic molecule AB. 
The amount of scattered 
radiaiion that comes 
off at an angle 0 to the 
direction of the incident 
beam depends on the 
phase difference im- 
posed by the different 
path lengths EB and 
AF. 


origin and to carry B through all positions that it could adopt and re- 
main a distance r from atom A. 

The beam scattered by an angle @ from the original beam arrives 
at the photographic plate and forms a ring on the plate. The intensity 
of the beam arriving at a point on the photographic plate at an angle 
6 will be considered. The result of a rather lengthy derivation will be 
the expression 

sin (= sin 4) 
I) «x Z2 | 1 + ———____ [9] 
Sar sin LP 

rN 2 
which is written, more conveniently, in Eq. [24] after the introduction 
of s for the term (47/A) sin (8/2). One can proceed, since the basis 
and general procedure of the derivation of this important result 
should be clear, directly to the equation if one wishes to pass over the 

actual derivation. 

The interference between waves coming off in the direction 
defined by 6 from A and B depends on the phase difference that is 
imparted to the two beams as a result of their different origins. Three 
shafts of the incoming beam that go through D, FE and B, and A are 
represented. At a cross section perpendicular to such a beam of 
electromagnetic radiation all the waves will be in phase; otherwise 
destructive interference would occur and the wave would vanish. 
Point # is drawn, on the beam that reaches B, on the perpendicular 
from D to this beam. Thus A, D, and FE are on a plane perpendicular 
to the incoming beam, and at these points the waves must be in phase, 
as indicated. Ina similar manner the directions of the shafts of the 


scattered beam in the direction 6 to the incident beam are shown 
leaving A and B. Since Fis drawn on the perpendicular from C to 


the beam leaving A, the points B and F are on a line perpendicular 
to the direction of the scattered beam. The net intensity of the scat- 
tered beam depends, therefore, on the extent to which the beams at 
B and Fare in phase. The waves have been added to Fig. 13-4 in 
such a way that constructive interference would result. 

The difference in path length 5 of the beams that must combine 
at B and F is seen from Fig. 13-4 to be given by the difference in the 
path lengths EB and AF’; that is, 


6 = EB — AF [10] 


The phase difference at B and F depends on the relation of 6 to 
the wavelength of the electron beam. If, for example, 6 is an integral 
multiple of A, the two scattered beams will arrive in phase and will con- 
structively interfere, as drawn in Fig. 13-4, whereas if 6 is a half- 
integral multiple of A, the beams will be exactly out of phase and will 
destructively interfere. Since the amplitude of the scattered wave 
from each atom is approximately proportional to the atomic number 
Z, the net amplitude of the combined waves at B will be given by an 
expression that is based on Eq. [3] or [6], namely, 


Ap? « Z cos? 4(p1 — 2) 


This gives, with Eq. [7], 
Ap? x Z? cos? *e 


which, since the intensity, or energy, of any classical wave motion is 
proportional to the square of the amplitude of the wave, can be 
rewritten as 


10) « 2 cos? 52 [11] 


where 1(6) denotes the intensity of the beam scattered at an angle 
6 by the molecule oriented as in Fig. 13-4. 

It now remains to relate 5 to the geometry of the system, and 
a considerable amount of geometric manipulation is necessary in 
order to obtain a convenient expression for 6 that will allow integration 
of Eq. [11] over all orientations that the molecule can adopt. 

With the angles labeled as in Fig. 13-4, the distances that con- 
tribute to 5 can be obtained as 


DB = AC = rcos 8 [12] 
and 

EB = (rcos B) cos (y + 9) [13] 
and 


AF = (rcos B) cos y [14] 
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With these values one obtains 6 as 


6 = EB — AF 
= rcos f[cos (y + 8) — cos y] [15] 


The general expression for the difference in two cosines 


eps % COs y//—= 2 sini sin 


can now be used to convert the expression for 6 to the result 


6 = 2rcos B sin (1 + $) sin 4 [16] 

A further manipulation of this result is necessary if the integra- 
tion of Eq. [11] over all positions of B is to be performed. One needs 
to recognize that r cos B is the projection of AB on the plane to give 
AC and that multiplication by sin (y + 6/2) further projects this onto 
the coordinate axis that lies between the incident and scattered direc- 
tions. These two projections are equivalent to a direct projection of 
AB onto this axis. We can therefore make the replacement 


rcos B sin (7 + £) = rcos « 


With this simplification, Eq. [16] becomes 


6 = 2rcosasin 5 [17] 


The scattered intensity produced by the molecule of Fig. 13-4 
is thus given by 


1(8) x Z? cos? 2ar COS asin (0/2) [18] 
It is customary to make the substitution 
aie. 
cs X sin 9 [19] 


where it should be recognized that, for a given electron-beam voltage, 
a position on the photographic plate could be specified either by 6 or, 
through Eq. [19], by s. With this notation Eq. [18] becomes 


I(s) a Z2 cos2 — [20] 


The integration over all positions of atom B is performed with 
the spherical-coordinate angular element of sin a da d¢@ of Fig. 13-5. 
Since @ does not enter into Eq. [20], the integration of this variable 
introduces only the constant term 27, and the total intensity scattered 
at an angle @ is given by the proportionality equation 


Ks) « 2 "cos? (272084) sin a da [21] 
0 2D 


This troublesome-looking integral turns out to be easily handled. One 
first writes 


sin a da = —d(cos a) 


and 
—d(cos a) = — Zaz cos a) [22] 


Introduction of y for (sr/2) cos a puts Eq. [21] in the form 


vA —sr/2 5 
Is) « 22(— 2) f cos? y dy [23] 


Integration and substitution of the limits gives 


—sr/2 


2\1 . 
I(s) x Z>( — 2) 5 E + sin y cos | 


sr/2 


a a 


"i 2 sin (sr/2) cos eri) | 


sr 


and finally 
I(s) x (1 i sin sr) [24] 


This expression is the Wierl equation for a diatomic, homo- 
nuclear molecule and is the desired result of our derivation. It relates 
the intensity, at a ring at angle 0, of the scattered beam that is involved 
in the interference effect to the quantity s = (47/A) sin (0/2) and the 
internuclear distance r. 

The Wierl equation for a polyatomic molecule is obtained by 
recognizing that the net interference of the scattered beams can be 
deduced by taking the atoms two at a time in a manner like that for 
the diatomic case. When this is done, the equation applicable to 
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FIGURE 13-5 

The angular coordinates 
that move atom B of 
Fig. 13-4 through all 
positions about atom A 
as 8 goes from 0 to 27 


and «a from 0 to a. 


386 


Chapter 13 
Experimental studies of 
molecular structure: 
diffraction methods 


FIGURE 13-6 
Comparison of the visual 
scattering curve for 
CHF;3, with curves cal- 
culated for various 
F-C-F angles. It is con- 
cluded that the angle is 
between 106 and 110°. 
(Spectroscopic data give 
the angle as 108° 48’.) 
(From L. O. Brockway, in 
Weissberger, “Physical 
Methods of Organic 
Chemistry,” 2d ed., 
Deel pe liZ3:) 


polyatomic molecules is obtained as 


iGo S77 ee 
jk 


ST jk 


[25] 


where the summation is over all atoms 7 and k of the molecule. It 
can be easily verified that Eq. [25] reduces to Eq. [24] when a diatomic 
molecule is treated. 

The Wierl equation does not, unfortunately, allow the direct 
calculation of the internuclear distances rj, from measurements of 
I(s) at various values of s. An indirect method for obtaining these 
quantities must be resorted to. 

In the simplest and earliest of the methods that have been used,- 
the photographic plate is observed visually from the origin outward 
along any direction. The positions of the darkened rings on the 
photographic plate are estimated visually, and a plot is sketched for 
the plate darkening as a function of s = (47/A) sin (0/2). This plot 
is reported as the experimental scattering curve. An example is 
shown for the CHF3 molecule in Fig. 13-6. The procedure now re- 
quires one to assume a structure for the molecule being studied; for 
a diatomic molecule this amounts to choosing a value of 7. With this 
assumed structure, Eqs. [24] and [25] can be used to calculate J(s) 
as a function of s. Such calculations can be made for various 
assumed structures, and plots of J(s) versus s, cailed theoretical 
scattering curves, canbe made. The theoretical curves are then com- 
pared, as shown in Fig. 13-6, with the experimental curve, and that 
most like the experimental curve is taken as being based on the best 
structure. 

For a diatomic molecule it is a relatively simple matter to calcu- 
late theoretical curves for various bond lengths and to decide on the 
bond length that gives the best agreement between the curves. 

For a polyatomic molecule, on the other hand, a number of 
parameters 7;, must be varied to obtain the best structure. One does 
not now so directly come upon the correct structure. Furthermore, 


0 5 10 15 20 25 


very incorrect structures may happen to lead to a theoretical pattern 
little different from the experimental one. It is clear, therefore, that 
a number of difficulties lie in the path of structure determinations by 
this method. In spite of these difficulties, very many structures have 
been determined, and Table 13-1 lists a few of these. 


13-4. THE RADIAL-DISTRIBUTION METHOD 


A very great aid to the use of electron-diffraction techniques is the 
suggestion made by Pauling and Brockway that the data on the photo- 
graphic plate could be used directly to obtain some information on the 
structure of the sample molecules. This method, known as the 
radial-distribution method, in effect forms a relation that is the in- 
verse of Eqs. [24] and [25] and gives the distances between scattering 
centers of the molecule in terms of the data of the photographic plate. 

The procedure requires the molecule to be represented by a 
continuous distribution in space of regions with varying scattering 
power. In place of the atom B of Fig. 13-4, for example, one would 
recognize that, as far as the electron-diffraction experiment is con- 
cerned, there is merely a region of large scattering power a distance 
r from the origin. A function D(7), called the radial distribution func- 
tion, can be introduced such that D(7) represents the product of the 
scattering powers of unit volumes a distance r apart, and 4ar2D(r) dr 
represents the product of the total scattering powers between a dis- 
tance rand r + dr. For a diatomic molecule, therefore, D(r) would 
have a large value for 7 near the bond length and would be zero else- 
where. With this description of the scattering effects in a molecule, 
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Bond angles Bond lengths (A) 
P(CH3)3 C—P—C 98.6 + 3° C—P 1.846 + 0.003 
P—C—H 110.7 + 5° C—H 1.091 + 0.006 
CH3Cl H—C—H 110 + 2° c—Cl 1.784 + 0.003 
C—H ik SOI 
CF3Cl F—C—F 108.6 + 0.4° Ci 1.328 + 0.002 
c—Cl 1.751 + 0.004 
CCl4 Tetrahedral c—Cl 1.769 + 0.005 
CoH4 H—C—H 115.5 + 0.6° = 1.333 + 0.002 
CH 1.084 + 0.003 
CH30H C—O—H 108 + 3° c—0 1.427 + 0.004 
H—C—H 109°28’ (assumed) C—H 1.095 + 0.010 
0—H 0.960 + 0.020 
(CH3)20 C—O—C 111.5 + 1.5° C—0 1.416 + 0.003 
C—H 1.094 + 0.006 
CeHe C—C—C 120 + 4° c—C 1.39 + 0.03 
C—H 1.08 + 0.02 
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FIGURE 13-7 

Radial distribution 
function for CF3Cl. 
[From L. S. Bartell and 
L. O. Brockway, 

J. Chem. Phys., 23:1860 
(1955).] 


the Wierl equation becomes the integral equation 
Ks) « f “Anr2D(r) 2 dr [26] 


or 
ee ii “ri Sin sf dr [27] 


where k is a proportionality constant. The factor s in the denominator 
leads to nothing more than a continuous decrease in scattering from 
the origin outward, and in the simple visual treatment of the photo- 
graphic plate this factor cannot be adequately handled and was gen- . 
erally ignored. We can write, therefore, 


eee f meinen: [28] 


In this form, the integral can be considered to be a Fourier-integral 
representation of the function [(s). The coefficients of the Fourier 
terms are rD(r), and these are given by the inverted form as 


Dea if “I(s) sin sr ds [29] 


or 
DG i, Ks) S05" ds [30] 


This important result can be put in a summation form, as was cus- 
tomary in earlier work, and for visual estimates is usually given as 


De) => sneer [31] 


where zt numbers off the diffraction rings occurring at successively 
larger values of s on the photographic plate. 

To obtain the function D(r), therefore, it is necessary only to 
choose various values of r and for each value to make the summation 
of Eq.[31]. In this way one is led to a curve which shows the spacing 
between scattering centers in the molecule without any assumption 
as to the molecular structure. The radial distribution function for ~ 
CCIF3 is shown in Fig. 13-7. It should be mentioned that the radial- 
distribution method does not identify the atoms that are to be associ- 
ated with the large values of D(r). All that is learned is that there are 
scattering centers separated by the amounts for which peaks on the 


F-Cl 


O05 LO 1.5 ZO 2 eles. Oma. O 
r, ANGSTROMS 


D(r) curve occur, and that the product of the scattering powers, 
approximately Z;Z;, is separated by the distance r and is proportional 
to the area under the D(r) curve at r. 

Modern electron-diffraction techniques make use of micro- 
photometer traces of the diffraction photograph and, furthermore, use 
a sector disk in front of the plate so that the rapid fall-off in intensity 
of the beam from the center of the plate outward is properly com- 
pensated for. With these techniques a very detailed radial-distribu- 
tion curve can be obtained even for quite complex molecules. 

One of the chief remaining limitations of the electron-diffraction 
method is that there are a small number of ‘‘wiggles’’ in the experi- 
mental curve. These wiggles are really the data provided by the ex- 
periment, and with a small number of data, only a few molecular 
parameters can be determined. A very large molecule cannot be 
satisfactorily treated unless, like carbon tetrachloride or benzene, 
there is some geometric relation which makes several interatomic 
distances dependent on each other. A second limitation is that the 
electron beam is not scattered very effectively by hydrogen atoms. 
It follows that the position of such atoms in a molecule cannot easily 
be determined by this method. The method of X-ray-diffraction 
studies of crystals, as we shall see, overcomes the first difficulty by 
yielding very many scattered beams and therefore very much informa- 
tion. The method of neutron diffraction overcomes the second diffi- 
culty since protons have a reasonably large scattering cross section 
for neutrons. 


13-5. COVALENT RADII 


The accumulation of structural data, such as that of Tables 12-2 and 
13-1, by means of spectroscopic studies and both electron and X-ray- 
diffraction studies allows one to investigate the possibility of assigning 
an effective radius for an atom when it is in a covalently bound mole- 
cule, i.e., of assigning a covalent radius to each atom. One begins 
by assigning half the length of a homonuclear bond as the covalent 
radius of the atoms forming the bond. Thus, from the equilibrium 
bond length of Clz of 1.99 A, one obtains the value of 1.00 A for the 
covalent radius of chlorine; from the carbon-carbon distance of 1.54A 
in ethane, for example, one obtains a value of 0.77 for the covalent 
radius of carbon, and so forth. To proceed one must now establish 
the extent to which the length of covalent bonds can be treated in 
terms of the sums of such covalent radii. Some comparisons of 
calculated and measured bond lengths are shown in Table 13-2. 
More extensive treatments of this type show that the bond 
lengths of many bonds are given within a few hundredths of an ang- 
strom by the sum of assigned atomic covalent radii. This suggests 
that covalent bonds have lengths that are sufficiently independent of 
factors other than the fixed radii so that there is some value in assign- 
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TABLE 13-2 
Some tests of additivity 


of covalent bond radii* 


*Bond-length data given, 
with references to original 
sources, in Tables of Inter- 
atomic Distances and Con- 
figurations on Molecules 
and Ions, The Chemical 
Society, Special Publication 
11, 1958. 


TABLE 13-3 

Covalent radii for atoms 
involved in single-bonded 
compounds* (A) 


*From A. F. Wells, “Struc- 
tural Inorganic Chemistry,” 
Oxford University Press, 
Fair Lawn, N.J., 1962. 


ing radii to the bonded nuclei. 


illustrated in Table 13-3. 

Further comparisons of these values with experimental results 
indicate, as shown in fact by some of the examples of Table 13-2, that 
serious discrepancies can occur between simply predicted covalent 
bond lengths and those observed. The C—F bond, for example, is 
calculated from the data of Table 13-3 to have a length of 1.49 A, 


eagl 
aaa ie (ethane) 1.54 
CI—CI (Cle) 1.99 
epee (calc) NH 
AS va 
NaN (HoN—NHp») 1.46 
F—F (Fo) 1.42 
NN F (cal 
Pies (calc) 1.44 
H—H 0.741 
F—F 1.418 
H—F (calc) 1.08 
| 
a aie (ethane) 1.54 
—0—0— (HO—0H) 1.48 
—C—0 (cal 1.51 
(ca Cc) 
H C N 
0.37 0.77 0.74 
Si P 
1.17 1.10 
Ge As 
122 All 
Sn Sb 
1.40 1.41 


1.37 


Thus covalent radii are tabulated as 


c—CI (obs) 
y 
In CCl4 1.766 © 
In CHCl 1.767 
In CH3Cl 1.784 
~ 
a (obs) 

In NF 1.37 
In NoF4 1.46 
H—F (obs) 

In H—F 0.917 

’ 0 (obs) 
Ge oDdSs 
ren 
In CH30H 1.43 
In C2H50H 148 - 
In CH3—O0—CH3 1.42 
F 
0.72 
Cl 
0.99 
Br 
1.14 
I 


whereas microwave spectral results for CH3F give it as 1.385 A and 
electron-diffraction results for CF, give 1.32 A. 

Such discrepancies led Schomaker and Stevenson to suggest 
that a bond length calculated from covalent radii must be adjusted 
for the difference in electronegativity of the bonded atoms. They 
suggested the relation 


rap = T4 + rp — 0.09 (x4 — Xp) [32] 


Some, but not all, of the interesting violations of simple covalent radii 
additivity are removed by this empirical expression. In other cases 
the Stevenson-Schomaker correction makes the agreement with the 
observed length poorer than is obtained by a simple addition of the 
covalent radii. Although a number of factors must be operating to 
affect the length of a bond between a pair of nuclei in any given mole- 
cule, the covalent radii of Table 13-3 are often of value in estimating 
this bond length. 


X-RAY DIFFRACTION: 
DIFFRACTION BY CRYSTALS 


When scattering centers exist in an ordered, effectively infinite array, 
as they do in well-formed crystals, the interference effects between 
the scattered beams are greatly enhanced compared with the effects 
that we have been studying so far that depend on interference from 
different atoms of a single gas-phase molecule. Diffraction from 
crystals provides, therefore, a powerful method for the deduction of 
the arrangement and spacing of the atoms or ions that create the 
scattering centers in a crystal. In the analysis of such diffractions, 
consideration of the ordered array of atoms or ions is basic to an un- 
derstanding of the results, just as the analysis of the effect of the 
random orientations of the molecules was basic in the treatment of 
electron diffraction by gases. The study of diffraction by crystals will 
therefore be preceded by treatments of the classification of crystals, 
the classification of ordered arrays of points, or molecules or ions, 
and the ways in which the arrangement of the elements of such arrays 
can be described. 


13-6. CRYSTAL SHAPES 


A close look at well-formed single crystals, as occur in natural minerals 
and occasionally from laboratory crystallizations, shows that crystals 
are characterized by well-defined and, to some extent, symmetrically 
arranged planes. A closer look ata number of crystals of a given type 
shows that, although the shape may depend on the details of the crys- 
tallization process, the angles between the planes that are observed 
remain the same. In studying crystals, therefore, one concerns one- 
self, in studies of both the externally exhibited structure and also, as 
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FIGURE 13-8 


Some idealized crystals. 


(From W. E. Ford, 
Dana’s “Textbook of 
Mineralogy,” 4th ed., 
John Wiley & Sons, 
Inc., New York, 1942.) 


we shall see, the internal structure revealed by X-ray diffraction, with 
the relative directions of crystal planes. 

The shapes of a number of crystals are shown in Fig. 13-8. 
These drawings idealize the actual shape that would be observed in 
a particular specimen, which might be longer and more needlelike or 
flatter and more platelike, but the crystal faces that would be observed 
would be oriented with respect to one another as they are in the 
illustrations. The great variety of crystalline shapes that can occur 
leads one to attempt to classify crystals in some way. Important 
classifications result from considerations of the symmetry exhibited 


by the faces of crystals and by their internal structure. Some of the 
elements of symmetry will now be introduced so that this concept can 
be used more effectively than it can with the qualitative idea of an 
object being either symmetric or not. 


13-7. SYMMETRY ELEMENTS AND SYMMETRY OPERATIONS 
An analysis of what is meant when something is said to be symmetric 


leads to the introduction of elements of symmetry. Four types of sym- 
metry elements, illustrated in Fig. 13-9, can be recognized: the center 


H 
EXAMPLES OF CENTERS OF SYMMETRY 


ical 


EXAMPLES OF PLANES OF SYMMETRY 


EXAMPLES OF AXES OF SYMMETRY 
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Molecular examples of 


elements of symmetry. 
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of symmetry, the plane of symmetry, a rotation axis of symmetry, and 
a rotation-reflection axis of symmetry. These elements of symmetry 
are best investigated in terms of operations, called symmetry opera- 
tions, that are associated with them. Thus, to investigate the pres- 
ence of a center of symmetry, one inverts the object through the 
suspected center and sees if a result that is indistinguishable from the 
original is obtained. Likewise, a plane of symmetry exists if the opera- 
tion of reflection through the plane leads to a result that is indistin- 
guishable from the original. Thus the center and the plane are 
examples of symmetry elements; the inversion through the center or 
the reflection through the plane is the symmetry operation. 

An axis about which rotation leads to the same configuration as _ 
occurred initially must be characterized further by the fraction of a 
complete revolution that is required. Thus, if a rotation about the 
axis by 180° leads to a result indistinguishable from the orginal, two 
such indistinguishable arrangements will occur in a complete revolu- 
tion, and the axis is said to be a twofold axis. If rotations of 120 and 
240°, i.e., by thirds of a complete revolution, lead to the same result 
as the original, the axis is said to be a threefold rotation axis, and so 
forth. 

The rotation-reflection axis is described in Fig. 13-9. This sym- 
metry element has associated with it a rotation operation, like that 
discussed in the preceding paragraph, plus a reflection operation 
through a plane perpendicular to the axis. 

Any crystal, or any molecule, will have, as can be most easily 
verified if crystal or molecular models are available, some collection 
of these symmetry elements. These combinations of symmetry ele- 
ments correspond to what are called point groups. The word ‘‘point’’ 
implies that in the symmetry operations one point, perhaps the center 
of gravity, remains in its position, and the operations are imagined as 
moving the rest of the object with respect to this fixed point. The 
word ‘‘group”’ implies more than just a collection of symmetry opera- 
tions. It is used here in a stricter mathematical sense, since the 
general theory of groups is applicable to the set of symmetry opera- 
tions. This aspect of point groups need not be treated here. If one 
considers symmetric objects that can be fitted together to form a 
three-dimensional array, one would find, in fact, that there are only 
32 different combinations of symmetry elements, i.e., 32 point groups, 
that can occur. 

Detailed studies of the symmetry of the internal as well as 
external structure of crystals allow the assignment of a crystal to 
one of the 32 point groups. The classification procedure can be 
simplified by grouping together some of these 32 point groups to give 
just six different categories, known as the six crystal systems. From 
the external structure one can deduce some of the symmetry elements 
of a crystal, and these symmetry features occur often enough so that 
the crystal can be assigned to one of six crystal systems. Each crystal 
system is defined by certain minimum symmetry elements, shown in 


Table 13-4, and corresponds to several point groups. Assignment to 
one of the six systems will be adequate for our study of crystal struc- 
tures, and further assignment to one of the 32 point groups will not 
be treated. 

(It should be mentioned that what is listed in Table 13-4 as the 
hexagonal system is sometimes divided into hexagonal and rhombo- 
hedral systems, giving a total of seven systems. We shall not be con- 
cerned with the detailed analysis of crystals of this type and need not, 
therefore, deal with this distinction.) 

Further studies of crystal symmetries and classifications would 
make extensive use of additional groups of symmetry operations that 
arise when, as is the case with the effectively infinite array of points 
which corresponds to a crystal, an identical arrangement can be 
reached by moving a unit of the array with a translational motion. 
When such symmetry operations are included, one finds that certain 
groups of operations, called space groups, Occur. There are 230 dif- 
ferent space groups, and the symmetry of the arrangement of ions or 
molecules of the crystal will be such that the crystal belongs to one of 
these space groups. Again, it will not be necessary here to show how 
the space group of a crystal is determined, and it will be adequate to 
deal with the symmetry operations like those shown in Fig. 13-9. 

Assignment of a crystal to a crystal system can sometimes be 
made, as has been assumed here, on the basis of its external charac- 
teristics. The importance for us of the assignment to a crystal system 
is the fact that the external symmetry of a crystal is dependent on the 
symmetry of the arrangement of the molecules or ions that make up 
the crystal. We must now, therefore, investigate the relation between 
the internal structure of a crystal and the planes and symmetry that 
constitute its external characteristics. 


————————————————— il 


System oat Minimum symmetry Unit-cell parameters 
lattice types 

ee 
Cubic 3 Four threefold axes a=b=c 

a= B =7y= 90° 
Hexagonal 2 One threefold or one a=b~c 

sixfold axis a = B = 90°, y = 120° 

Tetragonal 2 One fourfold axis 0-6 

— B =y= 90° 
Orthorhombic 4 Three twofold axes ‘== (0S=C 

— B =7Y= 90° 
Monoclinic 2 One twofold axis a-=b-c 

a=y= 90°, B#90° 
Triclinic 1 None afx~bF#e 

at BAY# 


ee 
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FIGURE 13-10 

The five types of repeat- 
ing arrangements of 
points that can be 
drawn in two dimen- 
sions with each point 


identically surrounded. 


FIGURE 13-11 

The 14 Bravais lattices 
[From J. C. D. Brand 
and J. C. Speakman, 
“Molecular Structure,” 
Edward Arnold (Pub- 
lishers) Ltd., London, 
1960.] 


13-8. LATTICES AND UNIT CELLS 


It was apparent very early in the study of crystals, particularly as a re- 
sult of the work of René Just Hatiy in 1784, that the shapes of crystals 
stem from an ordered array of smaller structural units. Although we 
now know a great deal about the nature of these units, it turns out to 
be very profitable to consider the ways in which points that are not 
further characterized can be arranged to give a repeating array. 

The limitations on the types of arrangements that can give a 
repeating pattern in which each point has identical surroundings in 
the same orientation can best be appreciated from the two-dimen- 
sional patterns in Fig. 13-10. Only these five essentially different pat- 
terns can be constructed. One can verify that any other two-dimen- 
sional pattern that one attempts to draw is identical, except for the 
relative magnitudes of the spacings a and 6 and the angle a, to those 
shown here. 

In a similar way there are, as shown by A. Bravais in 1848, only 
14 different types of lattices that can be drawn in three dimensions. 
Units of these lattices, which when repeated in three dimensions pro- 
duce the lattice, are shown in Fig. 13-11. Any three-dimensional 
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array, such as real crystal, must have an internal structure that cor- 
responds to one of the 14 Bravais lattices. 

We have already seen, however, that any crystal can be assigned 
to one of the six crystal systems on the basis of its symmetry. It fol- 
lows, therefore, that the repeating units that one constructs have 
symmetry characteristics that allow them also to be associated with 
the crystal systems. This has, in fact, been done in Fig. 13-11. There 
one sees, for example, that the three lattices at the top of the figure 
have at least four threefold axes of symmetry. They therefore belong 
to the cubic system. Just as one assigns crystals to crystal systems 
on the basis of symmetry, so also can one assign the 14 possible lattice 
arrangements of these systems. 

Such assignments, and a number of other features, are most 
easily done if a unit of the lattice is outlined. Although such outlines 
are not really pertinent to the nature of the lattice, they are more easily 
dealt with than the infinite array. The three cubes at the top of the 
figure, for example, clearly show the cubic symmetry of these three 
lattices. Such units of the lattice are known as unit cells. There is 
some freedom in the choice of the unit cell for a particular lattice, and 
the selection is made primarily to exhibit the symmetry of the lattice. 

The simplest type of unit cell that can be drawn has lattice points 
only on the corners. Such unit cells are known as primitive unit cells. 
Since each lattice point is only one-eighth in a particular cell, there is 
effectively one lattice point per primitive unit cell. Other unit cells, 
drawn to exhibit the lattice symmetry, have additional lattice points 
either within the cell, to give body-centered unit cells, or on the faces, 
to give, for example, face-centered unit cells. In such cases more 
than one lattice point is to be assigned to a unit cell. 

The concept of unit cells suggests also the characterization of 
lattices, not only by the symmetry and the primitive, face-centered, or 
body-centered nature of the unit cell, but also by the type of axes that 
would most conveniently allow points within the unit cell to be located 
and planes through various lattice points to be described. Thus, in 
the cubic system, it is convenient to use the usual orthogonal axes and 
to measure distances along each axis in terms of the same unit of 
length. In fact, the unit-cell dimensions provide the most convenient 
units of length. In the tetragonal system, however, while orthogonal 
axes are again suitable, lengths in terms of the units a = b ~c along 
the x, y, and z axes will be more convenient. Conveniently inclined 
axes and unit lengths, which can be seen to be related to the unit cells 
of Fig. 13-11, are tabulated for the different crystal systems in Table 
13-4. These lengths and angles do in fact characterize the crystal 
systems just as the minimum symmetries do. 

The concept of lattices, the existence of only 14 types, and the 
association of these lattices, with the help of unit cells, to the 
symmetry-based crystal systems provide a valuable connection be- 
tween internal structure and crystal form. This connection can be 
further shown by relating planes in the lattices to planes or faces of 
actual crystals. 
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FIGURE 13-12 

The end view of a te- 
tragonal lattice showing 
how planes that pass 
through relatively large 
numbers of lattice points 
can be described in 
terms of intercepts meas- 


ured in units of a and b. 


PLANES WITH: 
RELATIVE INTERCEPTS a, b, co 
WEISS INDICES a:b: co 
MILLER INDICES (1 1 0) 


13-9. CRYSTAL PLANES 


The law of rational indices, discovered by Abbé René Haty from 
observations of the relative orientation of the different faces of a 
crystal, can be used to show the way in which unit cells and lattices can 
be related to actual crystals. This empirical law states that the inter- 
cepts of the planes of the various faces of a crystal on a suitable set of 
axes can be expressed by smail integral multiples of three unit 
distances. 

Planes that can be similarly described, i.e., by means of inter- 
cepts that are integral multiples of unit distances, can be drawn in 
lattices. In fact, the planes that are drawn to include the largest 
number of lattice points possible, as are those shown in end view in. 
Fig. 13-12, are naturally described in terms of intercepts that are 
integral multiples of the unit-cell parameters. The empirical law 
describing the arrangement of the faces of a crystal is thus under- 
standable if the internal structure of the crystal corresponds to an 
array of points that constitute a lattice. The important planes of the 
crystal then correspond to the planes that can be drawn so as to in- 
clude a relatively large number of lattice points. The orientation of 
the faces of a crystal, and more importantly the orientation and spac- 
ing of the planes that are responsible for X-ray diffraction, can then 
be compared with the orientation and spacing of the planes in the 
14 possible Bravais lattices. In this way the internal structure of the 
crystal can be identified with a particular lattice. 

The relative orientation of crystal or lattice planes is of great 
importance in crystal-structure analysis, and a convenient method for 
describing these planes is needed. The important planes of a lattice, 
as Fig. 13-12 suggests, can be described in terms of intercepts that 
are multiples of the unit-cell dimensions. Since crystal planes will 
be similarly oriented, they can be similarly described. In this way 
what are called Weiss indices are used, and planes are described by 


PLANES WITH: 
RELATIVE 
INTERCEPTS ~, b, 00 
WEISS INDICES © :b: co 
MILLER INDICES (0 1 0) 


a 


PLANES WITH: 
RELATIVE INTERCEPTS a, 2b, co 
WEISS INDICES a:2b: oo 
MILLER INDICES (2 1 0) 


PLANES WITH: 
RELATIVE INTERCEPTS a, 00, o 
WEISS INDICES a: 00 : 
MILLER INDICES (1 0 0) 


their relative intercepts on the x, y, and z axes as a:b:c, or a:2b: cc, 
and so forth. 

Much more convenient, particularly in the analysis of diffraction 
data, are sets of numbers called Miller indices. These are obtained 
by taking the reciprocals of the coefficients of the Weiss indices. 
These three reciprocals are then cleared of fractions and reduced to 
the smallest set of integers. The plane a:b:c becomes a (111) plane; 
the a:2b:c plane becomes a (212) plane; the a:b: coc plane becomes 
a (110) plane. The Miller indices, referred to in general by (ARL), 
describe the relative directions of the crystal planes. Information on 
the coordinate system and the values of the three unit distances is 
given separately. 

A feeling for these indices can soon be acquired if one remem- 
bers their reciprocal nature. A low first number means an intercept at 
a large distance on the X axis; a low second number means a large in- 
tercept on the Y axis; and so forth. A plane parallel to an axis now 
has a zero term corresponding to the reciprocal of its intercept on that 
axis. 

The Miller indices provide a convenient way of expressing a par- 
ticular plane, i.e., a particular direction in a crystal. It should be 
pointed out that as far as direction is concerned, which is sometimes 
all that is important, the planes (220) and (110) would be the same 
and the latter notation would be used. 


13-10. X RAYS AND X-RAY DIFFRACTION 


Studies of the internal structure of crystals depend upon a penetrating 
radiation that will enter the crystal and will display interference effects 
as a result of scattering from the ordered array of scattering centers. 
X rays have the necessary penetrating power, since they are un- 
charged and therefore interact to a smaller extent with matter than do 
electron beams, and they show interference effects since they have 
wavelengths in the angstrom range. Diffraction effects occur when 
this radiation is disturbed by the crystal so that some of the scattered 
waves of the radiation are shifted out of phase with respect to other 
waves as described in the electron-diffraction treatment earlier in the 
chapter. 

In the Bragg method the phenomenon is observed when nearly 
monochromatic X rays are reflected from a crystal. A beam of X rays 
is passed into a crystal, which in Fig. 13-13 is represented by layers 
of particles. The X rays are scattered by interaction with the electrons 
of the atoms or ions of the crystal. Since X rays are known to be quite 
penetrating, each layer of atoms can be expected to scatter only a 
small part of the X-ray beam. If the crystal particles did not have 
a spacing which was of the same order of magnitude as the wavelength 
of the X rays, simple reflections and scattering of the X rays would 
occur. The reflection is, in fact, not simple, and is greatly disturbed 
by the interference effect. 
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FIGURE 13-13 
The Bragg scattering 


condition. 


The incoming beam of X rays can be represented as in Fig. 13-13 
with all the waves in phase. The nature of the reflected beam must 
be investigated. As Fig. 13-13 shows, the beams scattered from 
successive layers of crystal particles may show waves that, in a partic- 
ular direction, are, to some extent, out of phase with the scattered 
waves from the other layers. When this happens and the addition of 
the waves tends to cancel each other out, destructive interference is 
said to occur. Only if all these scattered beams come out in phase will 
they add up and contribute to a net scattered beam. This constructive 
interference occurs whenever the scattered beams from successive 
layers are shifted by an integral multiple of wavelengths. Reference 
to Fig. 13-13 shows that this happens when the relation 


n\ = 2d sin Witiivio—slye2 so eee, [33] 


holds. This important equation is known as Bragg’s diffraction law. 

This basic equation shows that for a given value of the X-ray 
wavelength A, measurement of the angle 6, or of the term sin 6, gives 
the information on the spacing between planes through the scattering 
centers that make up the crystal. For the crystal arranged as in Fig. 
13-14 and subjected to a rotation about the z axis, various planes of 
the type (ARO) will satisfy Bragg’s law and will produce reflections 
along the xy plane in which the crystal lies. Planes tilted with respect 
to the z axis will lead to reflections that constitute the ‘‘layer lines’’ 
that lie above and below this equatorial line. 

Arrangement of the Bragg expression to 

we: 2(2) sin 8 

n 
= 2dyx sin 0 [34] 


shows that the higher-order reflections from planes with a spacing 
d can be treated as if they were due to first-order reflections from 
planes with spacing d/n. Thus each reflection can be labeled with 
a set of values (ARl), and a spacing d),,; can be associated with the 
reflection. A reflection labeled, or indexed, as (200), for example, 
would have associated with it a spacing half that of the spacing of . 
a (100) plane. This procedure is more satisfactory than treating the 


d SIN 8 


reflection as a second-order reflection from planes with the (100) 
spacing. Instead, therefore, of recognizing reflections of various 
orders of the (hkO) planes in the equatorial layer line, for example, we 
shall label, or index, the reflections as (100), (200), (300) and (110), 
(220), (330), and so forth. 

Similar indexing of the reflections in the other layer lines can be 
done, and all these reflections may need to be considered to deduce 
the nature of the internal structure of the crystal. 

For detailed studies of all but the very simplest crystals one 
must make use of a single crystal and one of a variety of single-crystal 
instruments that have evolved from the simple arrangement shown in 
Fig. 13-14. For some purposes, however, it is possible to make use of 
a simpler technique that uses a crystalline material ground to a powder 
as asample. This method, first used by Debye and Scherrer, is illus- 
trated in Fig. 13-15. 

The crystals in the sample will present all possible orientations 
to the X-ray beam. The diffraction obtained will be just like that which 
would result from mounting a single crystal and turning it through all 
possible angles. For each crystal plane there will be some one angle 
at which the Bragg law will be satisfied, and some of the crystals will 
have this orientation; therefore a diffracted beam will result at the 
suitable angle, as is depicted in Fig. 13-15. Since there are quite a 
few crystal planes with a fairly high density of particles, there will be 
reflections from each of these, and the pattern will show scattering at 
a large number of angles. 

For relatively simple crystals the powder pattern can be used, 
as will be illustrated in the next section, in the study of the crystal 
structure. For more complex systems, particularly those of low 
symmetry, many planes in the crystal will happen to have equal or 
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FIGURE 13-14 

The single-crystal pho- 
tographic X-ray tech- 
nique. One represen- 
tative point in each 

of the layers is shown; 
each layer is made up 
of a large number of 


such diffraction spots. 
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FIGURE 13-15 
The X-ray powder 
method. 


nearly equal spacing, and even if these planes have different direc- 
tions in the crystal, the powder method will superimpose the reflec- 
tions from these planes. For this reason, in all but relatively simple 
cases, one must make use of the more complete display of reflections 
provided by the single-crystal technique. 

Probably the most widespread application of the powder 
method, which is far more easily used than the single-crystal method, 
is in the analysis of solid samples. The spacings between crystal 
planes, and therefore the position of the line of a powder photograph, 
are characteristic of a given crystal. The components of a solid mix- 
ture can therefore often be rapidly identified from a powder pattern. 

Too small a crystal will not, however, give a good diffraction. 
pattern. With any mechanical powdering technique, the crystals re- 
main quite large, on a molecular scale, and a good diffraction pattern 
is obtained. For crystals that are so small that they do not confront 
the X rays with an apparently infinite array of crystal planes, the dif- 
fraction pattern becomes poorly defined, and in fact one can use this 
broadening of the diffraction-pattern lines to determine the size of 
the crystals. Asample of a polymer like polyethylene consists of small 
regions of crystalline material embedded in a general amorphous 
matrix. The X-ray-diffraction pattern shows the broadening expected 
for small crystalline regions, and as Chap. 25 will point out, the size 
of the crystalline regions can be deduced from these diffraction 
results. 


13-11. THE DETERMINATION OF THE LATTICE TYPE 
AND UNIT-CELL DIMENSIONS 


The use to which such diffraction patterns can be put in the analysis 
of a crystal structure can be illustrated by the deduction of the struc- 
ture of a cubic crystal from its X-ray powder pattern. The specific 
example of the NaCl crystal is convenient for our purpose. It can be 
assumed that, as is suggested by the external characteristics of the 
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crystal, NaCl forms a cubic crystal, and in a way that is analogous to 
that adopted in a general crystal-structure problem, this assignment 
to the cubic system will be verified, the one of the three cubic lattices 
that corresponds to the NaCl structure will be determined, the dimen- 
sions of the unit cell will be deduced, and finally the arrangements of 
the ions in the unit cell will be determined. 

The powder pattern of NaCl is shown in Fig. 13-16. Each reflec- 
tion corresponds, according to Eq. [34], to a plane (hk1) with a spacing 
dix. The first step in the use of a powder pattern, as it is also for a 
single-crystal pattern, is the assignment of values of (ARAL) for the 
observed reflections, or as one says, the indexing of the observed 
reflections. 

This can be done by recognizing that a general expression for 
the pattern of spacings between the planes of a particular lattice type 
can be set up, and therefore the pattern of reflections for this lattice 
type can be drawn. The observed reflections can then be compared 
with the patterns deduced, in this case for the three cubic lattices, 
and the desired identification of the reflections and assignment to a 
lattice type can be accomplished. 

In Fig. 13-17a, a plane with the general indices (AR/) is shown. 
In view of the reciprocal nature of the Miller indices and on the basis 
of a cubic structure, the intercepts can be written, as shown, as a/h, 
a/k, a/l. It is necessary to calculate dix, of Fig. 13-17a, which is 
drawn from the origin normal to the plane and which gives, since an- 


2 
(Anus COSA)? + (dni COS B)” + 
(dix COS Y )* = Ane 


+ C0s2a-+ COS7B + COS’ y= 1. 


(a) (b) 
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FIGURE 13-16 
The X-ray powder pat- 
tern of NaCl taken with 


Cr Ka X rays of wave- 
length 2.291 A. 


FIGURE 13-17 
Steps in the derivation 
of Eq. [35]. 
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FIGURE 13-18 

The patterns of reflec- 
tions expected for primi- 
tive body-centered and 
face-centered cubic lat- 
tices, and the powder 
pattern of NaCl indexed 
on the basis of the sim- 
iarity of the pattern to 
that expected for a face- 


centered cubic lattice. 


other (Ak) plane like that shown would pass through the origin, the 
spacing between these planes. Addition of construction lines from 
point P to the intercepts of the (AZ) plane with the axes produces 
three right-angled triangles that give the relations 


i Axl 
> = COS @! ——= = (6s ——— = (HOS 
B ol y 


Furthermore, as suggested by Fig. 13-170, the relation 
cos? a + cos? 8 + cos? y = 1 


exists for the three angles, and as a result, we can obtain the desired 
expression 


dix = Z 35 

So yes [eel 

Comparison of the calculated plane spacings of a particular lattice 

type with those responsible for an X-ray powder pattern is facilitated 

by recalling the expression A = 2dhx, sin @ of Eq. [34], which leads to 
the result 


aii) SNE Se [36] 


a 


Now, although a is initially unknown, the pattern of values of 
sin 6 expected for a primitive cubic lattice can be prepared by the sub- 
stitution of integral values for h, k, and J in Eq. [36]. The smaller 
values for these integers give, of course, the wider-spaced planes and, 
as is Clear from Eq. [36], the smaller values of sin @ and of 6. The pat- 
tern obtained for the primitive-cubic-lattice reflections is shown at the 
top of Fig. 13-18. One should notice characteristic gaps in the pat- 
tern, for example, between the (211) and (220) and the (321) and 
(400) reflections, corresponding to the fact that no sum of the squares 
of three integers gives the value of 7 or 15. 
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For the analysis of cubic systems, including the NaCl example 
to which we shall soon return, it is necessary also to obtain the pat- 
terns that would be produced by body-centered and face-centered 
cubic lattices. These patterns can be deduced from that already 
obtained for the primitive lattice. 

For the body-centered lattice, for example, the consideration of 
a number of planes such as those shown in Fig. 13-19a would lead to 
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FIGURE 13-19 

(a) Examples of the fact 
that reflections from 
body-centered cubic-lat- 
tice planes suffer de- 
structive interference 
and the reflections are 
absent unless hh + k + 1 
is even. (b) Examples 
of the fact that reflec- 
tions from face-centered 
cubic-lattice planes suf- 
fer destructive interfer- 
ence and the reflections 
are absent unless h, k, 
and | are either all odd 


or all even. 


JSS 
VAs 


110 
REFLECTIONS ABSENT 


(b) REFLECTIONS PRESENT 


e 
210 


200 220 111 


406 


Chapter 13 
Experimental studies of 
molecular structure: 
diffraction methods 


the recognition that the body-centered lattice points lie exactly midway 
between all the planes for which the sum of h, k, and Zis odd. It fol- 
lows that reflections from these planes suffer destructive interference, 
and reflections are not observed. Thus, for the body-centered lattice 
type of the cubic system, only from those planes for which the sum of 
h, k, and Lis even are reflections observed. The pattern of reflections 
can then be obtained from the formula [Eq. (36)] for the primitive 
lattice, and this pattern is included in Fig. 13-18. 

Finally, for the face-centered cubic-lattice system, destructive 
interference also sets in to remove reflections from some planes. 
Figure 13-196 shows some examples illustrating the fact that unless 
h, k, and lare all even or all odd, interference will occur and the reflec-. 
tions will not be observed. With this restriction, that for the face- 
centered cubic lattice reflections occur only when h, k, and Z are all 
even or all odd, the reflection pattern shown in Fig. 13-18 can be 
constructed. 

From this analysis, applicable to the treatment of any crystal 
that is presumed to be cubic, we can now proceed with the NaCl 
example. Comparison of the powder pattern of Fig. 13-16 with the 
calculated patterns of Fig. 13-18 shows that it is the face-centered 
cubic lattice that is adopted by NaCl. The similarity of the calculated 
and observed patterns, moreover, confirms the assignment of NaCl 
to the cubic system. Comparison of the face-centered pattern with 
that observed leads, furthermore, to the indexing of the observed re- 
flections as shown at the bottom of Fig. 13-18. 

With this indexing of the observed reflections, and with the 
known X-ray wavelength of 2.291 A, we can use the measured angles of 
reflection 6, or values of sin 6, to obtain the dimension a of the unit 
cell. The result isa = 5.64 A. 

The above procedure is indicative of that followed as a first step 
in the study of crystal structures. The observed reflections are in- 
dexed, the symmetry of the crystal is verified, or determined, and the 
unit-cell dimensions are obtained. 

Additional information on the crystal structure is now immedi- 
ately obtainable if the density of the crystal is known. With this 
datum one can calculate the number of molecules, or formula weights, 
per unit cell. For NaCl, for example, the density is 2.163 g/cc, and it 
follows that the mass per unit cell is 2.163(5.64 x 10-8)3 = 
38.8 x 10°-*3 g. The formula weight of 58.45 then lets us calculate 
the number of NaCl’s per unit cell as 


38.8 x 10-23 


(58.45)/(6.02 x 10%) = 4 


Now we must proceed to find the way in which, in our example, the 
four NaCl's are arranged in the unit cell so as to give the required 
face-centered cubic lattice. 

Occupation of the lattice points, the eight corners of the unit 
cell and the six faces, would account for four particles per unit cell. 


If the NaCl’s could be represented by spheres, the structure of Fig. 
13-20a could be drawn. Recognizing that the crystal is composed of 
Nat and Cl- ions, however, requires that one of these ions, say, the 
chloride ion, occupy these lattice positions, as in Fig. 13-200. One 
then must assign the sodium ions to suitable positions. One does 
this, here and in general, by requiring the symmetry to be maintained 
and by requiring charges to be interspersed. 

Ina simple case, such as NaCl, the symmetry of the unit cell can 
be preserved only by the assignment of the remaining ions to special 
positions in the lattice. Two possible face-centered cubic structures 
with four AB-type molecules per unit cell are shown in Fig. 13-20c. 
Both structures are consistent with all the data we have so far used 
from the NaCl powder pattern. As in the more general structure 
analyses, to be dealt with in the next section, we must here also now 
make use of the relative intensities of the various reflections to locate 
the remaining Nat ions in the unit cell based on the Cl- ions. The 
qualitative observation that the (222) reflection is strong relative to 
the (111) reflection, in spite of the tendency for wider-angle reflections 
to be less intense, is adequate to suggest that the first of the two struc- 
tures of Fig. 13-20c is correct. The (111) planes, as shown in Fig. 
13-198, are such that they would include all the Cl- ions but would 
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FIGURE 13-20 

Three stages in the de- 
velopment of the struc- 
ture of NaCl. (a) NaCl’s 
are assigned, without 
regard to the structure 
of the “molecule,” so as 
to form a face-centered 
cubic lattice containing 
four molecules. (b) The 
ionic nature of NaCl is 
recognized. The Cl- 
ions are assigned so as 
to establish the unit cell, 
and the problem re- 
maining is that of locat- 
ing the four Na* ions. 
(c) The Nat ions must be 
located in the special 
positions that maintain 
the symmetry of the face- 
centered lattice and in- 
tersperse the Na* and 
the Cl- ions. Consid- 
erations of relative in- 
tensities of the reflections 
show the first structure 
to be that adopted by 
NaCl. 
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leave the Nat ions in intermediate positions, not shown in Fig. 13-196, 
to cause destructive interference. The greater scattering power of 
CI- than Nat leads, however, to the observation of this reflection, but 
it occurs with relatively low intensity. The (222) reflections, on the 
other hand, arise when two wavelengths fit between the (111) planes, 
i.e., as if they were produced by first-order reflections with half the 
spacing of the (111) planes. Now both the planes of Na+ and Cl- 
reflect to reinforce the resultant beam, and a relatively strong (222) 
reflection is observed. 

The treatment and procedures indicated here for a very simple 
system are indicative of those followed in the determination of crystal 
structures from the diffraction effects produced in a beam of X rays. 
So far we have made use primarily of the positions of the observed 
reflections to obtain information on the type of lattice and the size of 
the unit cell. In the example used, we could go further and with only 
qualitative use of the intensity of the reflections could decide the loca- 
tion of the ions in the unit cell because they all had to be assigned to 
positions with fixed values of x, y, and 2, i.e., the corners, center, 
center of the faces, and so forth. The location of atoms or ions other 
than those that occupy special positions can be determined only by 
a more detailed consideration of the intensities of the observed reflec- 
tions. We now proceed, again with a simple example, to illustrate this 
procedure. 


13-12. THE STRUCTURE FACTOR 


The crystal symmetry and the unit-cell dimensions are in some cases 
sufficient information to decide the exact structure of a simple ionic 
crystal. For a crystal consisting of large molecules and, in particular, 
for crystals of large organic molecules, the problem of determining 
the arrangement of the atoms within each molecule still remains. 
Since it is these internal molecular dimensions which are the most 
important result of X-ray studies, the method, which can become quite 
elaborate, is illustrated by another very simple model. 

Suppose that we have a crystal consisting of diatomic molecules 
AB, represented by @—Q in Fig. 13-21, and furthermore, suppose 
that atom A is taken as being located at the lattice points of the crystal 
and that atom B is an unknown bond distance from A, as shown in 
Fig. 13-21. It will be assumed that the unit-cell dimensions have been 
determined by the approach indicated for the NaCl crystal in Sec. 
13-10. The object of further study of the crystal of AB is to locate 
B relative to A and thus to determine the structure, i.e., the bond 
length, of the molecule. Actual cases of interest differ only in degree 
of complexity. 

It is helpful to treat the problem as a two-dimensional one, and 
it will be assumed that the molecules are lined up behind one another 
as in Fig. 13-21. Itis necessary, therefore, to locate the atoms in the 
plane of the paper, which will be taken as the XY plane. The effect 


of the atomic positions on reflection from planes parallel to the Z axis 
must therefore be studied. If all planes of the crystal are represented 
by the general indices (hkl), we deal, in the example of Fig. 13-21, 
only with the (ARO) planes. The edges of the (210) and (310) planes 
are shown in Fig. 13-21. The unit-cell dimensions, along the 
X, Y, and Z axes, area, b, andc. The atom Bwill be located by x and 
y, which represent the distances, in units of a and b, along the x and 
y axes that the atom is displaced from the origin. 

Consider now how the waves scattered from the B atoms inter- 
fere with the waves from the A atoms when, for example, the planes of 
the A atoms are just right, with respect to the direction and wavelength 
of the X-ray beam, for a reflection from the (210) plane to be detected. 
The scattering from successive A planes is displaced by exactly 27, so 


(210) PLANES 


(27) Py = —(2r) 


(310) PLANES 


Pes on Py=1@n) 


409 


Section 13-12 
The structure factor 


FIGURE 13-21 

Phase shifts (P;,P,) for 
© atoms when @ atoms 
form planes that are 
oriented for constructive 
interference from (210) 
and (310) planes. (Atom 
A is here represented 


by ©, and atom B by @,) 
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that scattering from each A plane is reinforced. The planes of 
Batoms, however, interfere by providing scattered beams that are out 
of phase by an amount that depends on the positions of the B atoms. 
As Fig. 13-21 shows, for the (210) reflections the B atoms provide 
waves that are out of phase by [x/(1/2)]27 along the x axis and 
[y/(1/1)]27 along the y axis. Consideration of the (310) reflections 
shows, as Fig. 13-21 suggests, that for these reflections the B-atom 
contributions would be out of phase by [x/(1/3)]2a and [y/(1/1)]27 
along the x and y axes. In general the phase difference of the beam 
scattered by B from that scattered by A is 


2n(hx + ky) 


and for a general plane in three dimensions this phase difference 
would be 


Qr(hx + ky + lz) 


It should be remembered that A, k, and J are the Miller indices of the 
reflection plane being studied; and x, y, and z are the to-be-determined 
positions of the atom B, measured in units of the unit-cell dimensions. 

The net scattering from an (Akl) plane requires the summing 
up, allowing for phase difference, of the waves from the A atoms and 
the B atoms. This sum is properly given, as was shown in Sec. 13-1 
and will be illustrated by the (210)-plane reflection, by an expression 
called the structure factor, represented by F(hkl). Thus the calcu- 
lated amplitude of the scattered beam from the (A&/) plane is propor- 
tional to | F(AR/)|, which, in view of the form of the amplitude factor 
of Eq. [5], is written as 


F(hkl) = Ss fre2Tihtat kat leq) [37] 


where a numbers off the different atoms of the molecule, and anny ee 
and z, are the coordinates of the a-atom of the molecule. The scatter- 
ing power of the a atom is denoted by f,, and will here be taken as 
approximately proportional to the number of electrons of the atom, 
i.e., to its atomic number. (In fact, the scattering power of an atom 
also varies in a known way with the angle of scattering.) . 

For the (210) plane of the AB crystal of Fig. 13-21, one uses 
this general expression to obtain 


#(210) = amplitude from (210) plane 
fue27) + fpe2722+1y+0) 
= fa + fpe27i2e+1y [38] 


II 


This expression shows how a scattered beam depends on the phase- 
difference term 2x + ly for the B atoms, as well as on the scattering 
factors f4 and fg. If atom B is placed in various positions, such as 
x = 4, y = 4, and so forth, one can readily verify that the exponential 
expression accomplishes the proper addition of waves scattered from 
the planes of atoms A and from the planes of atoms B. 


The intensity of an X-ray beam is proportional to the square of 
the absolute value of the wave amplitude, as mentioned also for an 
electron beam, and one has the general expression 


(hkl) x 


2 
SS) fee2milttat vat ¥a) [39] 
a 


More easily visualized is the trigonometric form of this expression, 
which, if the summation is now limited to the atoms A and B of the 
unit cell of Fig. 13-21, becomes 


I(hkl) < fs? + fs? + 2fafe COS (Pa — $a) [40] 


where pa — opis the phase difference, as used in Eq. [6], for the two 
components that form the resultant wave. For the (210) plane the 
phase difference is 27(2x +y), and the intensity of the diffracted 
beam is determined to be 


1(210) « fa? + fs? + 2fafg cos 2n(2x + Y) [41] 


Again the validity of this result can be checked. Complete construc- 
tive interference occurs, for example, when x = y = 0, for which 
I(210) becomes proportional, according to Eq. [41], to (fa + fa). 
An extreme of maximum interference, on the other hand, can be seen 
from Fig. 13-21 to occur when x = 4 and y = 0, which, according to 
Eq. [41], gives 1(210) proportional to (fs — fz)”. 

Equation [39] or Eq. [40] is the important result of this treat- 
ment. The position of atom B in the example of Fig. 13-21 could be 
deduced by choosing values for x and y and using Eq. [39] or [40] to 
calculate the relative intensities of various reflections. The calculated 
and observed diffraction patterns could then be compared in much the 
same way as the electron-diffraction trial structure curves were com- 
pared with the observed scattering curve. A method has therefore 
been obtained for going from a crystal structure to a calculated X-ray 
pattern. One can be content with this result, which shows that, with 
sufficient trial-and-error steps, a structure for a molecule in a crystal 
can be obtained. There are, furthermore, very many diffraction spots 
that can be measured, and a structure which leads to a correct in- 
tensity calculation for all the observed spots is almost unquestionably 
the correct structure. In this regard X-ray-diffraction results are 
more satisfactory than those of electron diffraction. 

It is of course desirable, and for large organic molecules almost 
necessary, that a method be available for more directly deducing 
a molecular structure from the observed diffraction pattern without 
having to resort entirely to this trial-and-error procedure. An indica- 
tion of the problems that arise when this is attempted and some of the 
methods that are adopted to overcome these difficulties can now be 


given. 
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13-13. THE FOURIER SYNTHESIS 


One of the most important developments in X-ray-diffraction tech- 
niques was the recognition by Sir William Bragg that the approach of 
the previous section could in fact, to some extent, be turned around. 
The procedure depends on the suggestion that the crystal can be 
looked upon not as a set of discrete scattering points, but as a three- 
dimensional distribution of varying electron densities. X rays do, in 
fact, recognize atoms only as regions of high electron density, and 
therefore high scattering power, compared with that of the surround- 
ing regions. Instead of attempting to deduce the coordinates of the 
atoms in the crystal, one can look for an electron density function 
o(xyz) that represents the electron density distribution in the crystal.- 
This function, which is like the radial distribution function introduced 
in electron-diffraction studies, will be quite complicated if the mole- 
cules of the crystal are at all large. In view of the periodic nature of 
the crystal, with periodicities a, b, and c, one can, however, formally 
represent the function by a Fourier-series function with the form 


+00 + 0 


+00 
p(xyz)= SS) >) SS) Alpgnie2zi@rtavtre [42] 


PpH=-© g=—wMr=—0 


where p, qg, and r can take on integral values from — oo to +00, and 
A(pqr) are the to-be-determined coefficients of the many Fourier- 
series terms. Determination of the coefficients A(pqr) is the goal of 
the derivation. Knowledge of these coefficients would allow the elec- 
tron density to be drawn out and the positions of the atoms to be 
located. 

It is necessary now to recall the amplitude expression of Eq. 
[37]. The structure factor, which gives the amplitude of the beam 
diffracted by the (AR/) plane, was found to be 


F(hkl) = SS fre2Tilhzatkyatlzeq) 
where the summation is over all atoms of the unit cell. In terms of 


a distribution p(xyz) of the electron density throughout the unit cell, 
this amplitute equation can be written in the integral form 


F(hkRl) = (const) i ; if if p(axyz)e27ihetku+le) dx dy dz [43] 
oJo0 Jo 
where we need not work out the value of the multiplying constant. 
Evaluation of the coefficients A(pqr) of Eq. [42] follows from 


substitution of the Fourier expression for p(xyz) into Eq. [43]. This 
gives 


F(hkl) = (const) {“["f" SVD. A(pgr e2zitortavtle 
PE QUEST: 


> e27ihatky+lz) dx dy dz 


afhere 
= (const) { il SrA Qril(ht+p)et(ktqy+(l+ne] 
“EL SED Acwaneteneswvonseo 


ID? Qi 


x dx dydz [44] 


Recognition that all terms of the type [" e271@ d@ are zero, as can be 
0 


easily seen by expressing the exponential term in trigonometric form, 
eliminates all terms of the series except those for which p = —A, 
gq = —k, andr= —l. For these, the exponential is e274 = 1, and 
the net result of all the summations and integrations of Eq. [44] is 


F{hk1) = (const)(a)(b)(c) A(—h, —k, —L) 
or 


F(ARL) 


A(—h,—k, —l) = ————~ 
Cheech const(abc) 


[45] 
Recognition that the indices p, g, and r are equivalent to —h, —k, and 
—1 allows substitution of this result in the Fourier-series expression 
[41] for the electron density to give, finally, 


+0 +00 


1 ~~ —2Qri(hatkytlz 
PY) = Tonsbabe) = eee) 1146) 


—_wok=—x1 l=—0 

The power of this elegant result is seen when it is recalled that 
F(hkl) is the amplitude of the wave scattered by the (Ak/) plane. 
The measured intensity of the beam scattered by the (hkl) plane, 
furthermore, is proportional to | F(Ak/)|?. For centrosymmetric unit 
cells, for example, measurements lead to relative values of +F(ARI). 
Except for the undetermined sign on the values of F(AR/), the expres- 
sion of Eq. [46] gives the desired result: a method for using the inten- 
sities of the diffraction spots to deduce the crystal structure, as repre- 
sented by p(xyz). If the signs of the amplitudes of the diffracted 
waves that form the diffraction spots that can be labeled as (ARL) were 
known, the electron density at any point (xyz) in the unit cell could 
be determined by performing the summation of Eq. [46], for the 
chosen value of x, y, and 2, over all values of (hk1), that is, for all the 
observed diffraction spots. The more intense diffraction spots cor- 
respond to the numerically greater diffraction amplitudes, so that it 
is at first necessary only to extend the summation to all the more im- 
portant diffraction spots. Such summations could be performed for 
various points, specified by values of x, y, and z in the unit cell. By 
determination of the electron density at sufficient points, an electron- 
density map could be drawn which would show the positions of the 
atoms by regions of high electron density. 

The undetermined sign, which results because the intensities, 
and not the amplitudes, of the diffraction beams are obtained, turns 
out to be very troublesome, and a number of techniques have been 
suggested to make use of Eq. [46] in spite of the sign difficulty. 

These approaches depend, usually, on methods for obtaining 
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FIGURE 13-22 
Electron-density maps 
of naphthalene and an- 
thracene. [From X-ray- 
diffraction studies by 

J. M. Robertson and 
coworkers, Acta Cryst., 
2:233 (1949) and 3:245 
(1950).] Electron-den- 
sity contour levels are 
drawn at intervals of 
That 
for a density of } elec- 


4 electron per A. 


tron per A3 ts shown 
dotted. 


the approximate shape of the molecule and its approximate position 
in the unit cell. Some molecules, for instance, contain a heavy atom, 
which has a high scattering probability and can be located, whereas 
the complexities of the remainder of the molecule can initially be 
ignored. The signs of the most important structure factors can then 
be guessed at. These few diffraction spots can then be used in Eq. 
[46] to deduce a crude electron-density map. This first approximation 
map can lead to the estimate of the position of more of the atoms, and 
thus, with Eq. [42], to the signs of the structure factors of more of the 
diffraction results. In this way one refines a structure by working in 
the information from more and more of the diffraction spots until 
a structure of the desired detail is obtained. } 

Typical electron-distribution maps that are obtained as a result 
of such a study are shown in Fig. 13-22. 

The complete deduction of the structure of a complicated mole- 
cule by the X-ray-diffraction technique is a major research problem. 
There is, however, no other method that provides such a wealth of 
reliable structural information. The number of large molecules 
whose structure, in the solid state, has been completely worked out 
continues to grow and to provide valuable basic information for many 
fields of chemistry. 


13-14. VAN DER WAALS RADII 


Information on distances between covalently bonded atoms, which is 
obtained by spectroscopic and electron-diffraction studies of gas as 
well as by X-ray studies of crystals, has already been considered in 
Sec. 13-5. Here the information, uniquely obtained from diffraction 
studies of crystals, on the way in which molecules can approach one 
another and can pack together will be outlined. The related topics of 
the packing of ions and of ionic radii will be postponed until solids are 
dealt with, in Chap. 17. 


ANGSTROMS 
0) 1 2 


Since forces, often treated under the name van der Waals 
forces, provide the attraction and repulsion between molecules that 
are responsible for the closeness with which molecules can approach 
one another, the idea of a van der Waals radius for each covalently 
bound atom is introduced. Figure 13-23 shows the shapes attributed 
to molecules as a result of the introduction of van der Waals radii. 

The values of these radii can be deduced from the distances that 
separate atoms of different molecules in a crystal lattice. In crystal- 
line Bro, for example, the shortest distance between a bromine atom 
of one molecule and that of an adjacent molecule is 3.90 A. Half this 
value, 1.95 A, can therefore be assigned as the van der Waals radius 
of a covalently bound bromine atom. In similar ways, making use 
of crystal-structure data for many organic compounds, the van der 
Waals radii given in Table 13-5 can be deduced. These values must 
be considered reliable to not more than about 0.05 A, and this uncer- 
tainty makes itself evident in the range of values found for a particular 
element in different compounds and crystals. The values are suffi- 


ciently reliable, however, for scale drawings, such as those of Fig. 
13-23, to be constructed and used to see how molecules can fit to- 
gether. That van der Waals radii can be assigned with some success 
is attributable to the fact that, as mentioned in Sec. 10-7, the repulsive 


SG 
CES 


CHs group 2.0 


Half thickness of 
aromatic ring 1.70 
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FIGURE 13-23 

Some examples of mo- 
lecular structures show- 
ing the sizes of the atoms 
as depicted by van der 
Waals radii. 


TABLE 13-5 
Van der Waals radii of 
atoms of covalent 


molecules* 


*From L. Pauling, “The 
Nature of the Chemical 
Bond,” 3d ed., Cornell 
University Press, Ithaca, 
N.Y., 1960. 
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forces set in very strongly, i.e., the potential-energy curve rises very 
steeply, as atoms approach one another. It follows that even when 
rather different attractive forces operate, the closeness of approach 
will be little affected. We shall, in fact, see in Chap. 17 that, for 
example, the ionic radius of the chloride ion is very nearly equal to 
the van der Waals radius of the covalently bound chlorine atom. 


PROBLEMS 


1 


With a slit assembly like that of Fig. 13-2 and a source of essentially 
monochromatic light of wavelength 5890 A, constructive interference 
occurs on a photographic plate to give rings at angles of 10°, 21°, 32°, 
44°, and so forth, from the central position on the plate. Deduce the 


spacing between the slits. 


Calculate the velocity of electrons, according to Eq. [8], produced by an 
accelerating potential of 40,000 volts. Since the relativistic dependence 
of mass on velocity is given by the expression m = mo(1 — v?/c?)-1/2, 
calculate the ratio of the rest mass to the mass of the electron accelerated 


by this voltage. 


Plot the square of the amplitude of the resultant beam as a function of 
the phase difference from 0 to 27 (a) when waves of equal amplitude in- 


terfere, and (b) when waves of amplitude A; and A» = 4A, interfere. 


Plot, underneath one another, the theoretical scattering curves that 
would be obtained for a CO molecule with assumed bond lengths of 1.00, 
1.20, and 1.40 A. Carry each plot out to a value of s, equal to (47/)) 
sin (6/2), of about 20. 


Plot, underneath one another, the theoretical scattering curves for CCl, 
that would be obtained with an assumed tetrahedral structure and 
carbon-chlorine bond lengths of 1.7 and 1.8. Carry the curves out to 
s = 15. Compare with the reported results of Karle and Karle [J. Chem. 
Phys., 17:1052 (1949)] and Bartell, Brockway, and Schwendeman 
[J. Chem. Phys., 23:1854 (1955)]. 


The visual appearance of the photograph of the diffracted electron beam; 
of 40,000 volts, from CO2 shows maxima at s = 6.7, 12.2, 17.8, and 23; 
shoulders on these maxima at about 8.5, 14, and 19; and minima at 4.4, 
10.0, 15.4, and 21. 

By plotting theoretical scattering curves for assumed values of 
the bond lengths (assuming a linear symmetric structure), deduce the 
C—O bond length in CO, [see Karle and Karle, J. Chem. Phys., 17:1052 
(1949)]. 


A tetragonal crystal has unit-cell dimensions of 12.04, 12.04, and 19.63 A. 

The unique axis is taken as the z axis. 

a Prepare sketches showing the planes that have Weiss indices a:b: coc, 
a:b:c, a:cob:c, and a:2b: 2c. 

b What are the Miller indices of these planes? 


10 


11 


12 


13 


14 


15 


c Prepare sketches showing the planes that have Miller indices (011), 
(101), (122), and (021). 


Tabulate the number of lattice points in each of the unit cells of Fig. 
13-11. 


Draw top views of the (hk0) planes in the body-centered and face- 
centered lattice diagrams of Fig. 13-19 in order to see more clearly the 
presence of interfering atoms between the planes from which no reflec- 


tions will be observed. 


Add several planes to the examples of Fig. 13-19 to illustrate the general 
even-odd type of relationships that are used to decide which reflections 


will be absent in body-centered and face-centered patterns. 


The density of graphite is 2.25 g/cc, and the spacing between the layers 
is found by X-ray diffraction to be 3.35 A. What is the carbon-carbon 
distance in the molecular layers on the assumption of the structure of 
Fig. 17-1? Ans. 1.43 A. 


A single-crystal diffraction pattern is taken of a graphite crystal, X rays 
of wavelength 1.537 A being used. The crystal is mounted, as in Fig. 
13-14, so that the angle @ is taken as zero when the incoming X-ray beam 
impinges perpendicularly onto the molecular planes of the crystal. Con- 
sider the carbon-atom planes as presenting only continuous planes of high 
scattering. Plot schematically the signal that will be obtained from the 
detector as a function of @ and the angle through which the crystal is 
turned, and label the diffraction lines with appropriate Miller indices. 
The spacing between the molecular planes of graphite is 3.35 A. 

Make a scale drawing showing how the waves from different planes 
add constructively for the first- and second-order diffractions. 


Calculate the spacings between (110) planes of KCl viewed as a primitive 
cubic lattice, with the K* and Cl ions taken as identical and the (100)- 
plane spacings as 3.152 A. 

At what angles would first- and second-order diffraction from the 
(100) and the (110) planes be observed if X rays of wavelength 1.537 A 
are used? Ans. First order, 14°7’ for (100), 20°10’ for (110). 


From Fig. 13-21 and Eq. [41], suggest other positions of atom B that 
would lead to maximum constructive and maximum destructive inter- 
ference with the (210) reflections. 


Consider the crystal of Fig. 13-21 to have atoms A and B such that the 
scattering factor fs is one-half of fa. Furthermore, suppose that the unit 
cell has a = 5 A and b = 3 A and that the position of B relative to A is 
given by x = 0.4 and y = 0.3. 

a Calculate the angles at which first-order constructive interference from 
the A planes will occur for the planes (100), (010), (110), (210), and 
(120). 

b Calculate the effect on the intensities of the diffraction spots corre- 
sponding to each of these planes that is produced by the presence of 
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16 


iN7/ 


18 


the atom B at the specified positions. (Take f; = 1 and fg = 0.5.) 
c Move atom B to a different position, and see that the relative intensi- 
ties calculated for the different diffractions are changed. Recognize 
that in this way various positions of atom B could be assumed until 
a calculated pattern was obtained that matched an observed pattern. 


Set up the Fourier-series expressions according to Eq. [46] for the electron 
density at atom A, with x = y= z= 0, and atom B, with x = 0.4, 
y = 0.3, and z = 0, as in Prob. 15. Obtain expressions for p(000) and 
o(0.4,0.3,0) in terms of the intensities of the reflections calculated in 
part b of Prob. 15. Recognize that if the signs of the structure factors, 
which are the square roots of the intensities, were known, the relative 
electron densities at the two points could be calculated from data that 


could be obtained experimentally. 


Repeat, using the structure factor expression of Eq. [37], or the intensity 
expression of Eq. [39], the argument given near the end of Sec. 13-11 that 
the relatively strong (222) reflection and the relatively weak (111) reflec- 
tion can be used to deduce that NaCl adopts the first of the structures of 
Fig. 13-20c. In both structures the Cl- ions are located by the coordi- 
nates (0,0,0), (0,4,4), (4,0,4), and (4,4,0), and these coordinates imply the 
positions (X,,Vq,Z.) needed for Eq. [37] or [39]. Similarly, coordinates 
and values of (x,,V.,Z,) can be written for the two possible positions of the 


Na* ions from the diagrams of Fig. 13-20. 


The angle between the C—Cl bonds in CH2Cly is determined by both 
electron-diffraction and microwave-spectroscopic techniques to be 112°, 
and the C—Cl bond lengths are found to be 1.77 A. Calculate the Cl- - -Cl 
distance in methylene chloride, and discuss this value in view of the van 
der Waals radius for chlorine given in Table 13-5. 
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CHAPTER 
FOURTEEN 


EXPERIMENTAL STUDIES 

OF THE ELECTRICAL 

AND MAGNETIC PROPERTIES 
OF MOLECULES 


The properties of molecules that are deduced from spectroscopic or 
diffraction methods are, in a sense, electrical in that the molecular 
binding forces result from forces between electrons and the nuclei of 
the molecules or ions. Molecules and ions do, however, also display 
electrical and magnetic properties that are.more similar to those. 
observed in ordinary-sized systems. It is convenient, therefore, to 
treat these properties, and to see how they are defined and measured, 
in a separate chapter. 


ELECTRICAL PROPERTIES: 
MOLECULAR DIPOLE MOMENTS 


Since molecules are made up of charged units, electrons and the 
atomic nuclei, much of the behavior of molecules is understandable 
in terms of electrical interactions. A detailed theoretical treatment of 
a molecule by the methods of quantum mechanics would reveal the 
electron distribution of the molecule and would lead to deductions 


as to how a particular assembly of charges that make up a molecule 
would interact with other molecules, with a surrounding medium, or 
with an electric field. Such applications of quantum mechanics can- 
not be made except for the very simplest systems. It is possible, 
however, to learn much about the electric nature of molecules by an 
experimental approach. In this section the procedure which produces 
results for the dipole moment of a molecule will be dealt with. The 
goal, however, is not only to obtain such results, but also to show 
how some electrical phenomena in chemical systems are treated. 


14-1. DIPOLE MOMENTS OF MOLECULES 


The principal characteristic of the charge distribution in a molecule 
that can be measured is the extent to which the center of the electron 
distribution of a molecule fails to coincide with the center of the 
positive-nuclear-charge distribution. The charge asymmetry is 
obtained as the dipole moment of the molecule. This charge asym- 
metry, as we shall see, may result from an unequal sharing of the 
bonding electrons, the extreme case of which leads to a molecule with 
positively and negatively charged ions such as a molecule of NaCl 
vapor. More subtle electron distributions such as the apparent slight 
asymmetry of the bonding electrons, as ina CH bond, or the projection 
of the nonbonding electrons of, for example, the nitrogen atom in 
ammonia, also lead to molecular dipoles. Dipole-moment results 
allow such aspects of the electronic configuration of molecules to be 
discussed. 

As Fig. 14-1 indicates, the dipole moment of two equal and 
opposite charges is defined as the product of the charges and the dis- 
tance separating them. Thus the dipole moment is given by 


B= qr [1] 


The dipole moment has, furthermore, a direction as well as a magni- 
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FIGURE 14-1 

(a) The dipole moment 
of separated equal but 
opposite charges. (b) 
The dipole-moment de- 
duction for the two- 
particle system and a 
complex system repre- 
senting a molecule by 
means of Eqs. (2) 

and (3). 
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tude: i.e., itis a vector quantity. It is frequently convenient diagram- 
matically to represent a dipole moment by an arrow showing the 
direction from the positive to the negative charge and the magnitude 
by the length of the arrow, as is done in Fig. 14-1. In fact, the concept 
of a dipole arises when, as suggested in Fig. 14-10, the effect of an 
assembly of charges at some distant point is investigated, and with 
this approach the dipole moment due to a collection of charges is 
defined as 


w= os Git; [2] 


where q; and rj; are the charges and vector lengths to the 7th charges. 
of the assembly. For a molecule the distribution of the electrons 
requires an integral form of Eq. [2], which is of the form 


pb = fe(r)r dr [3] 


where p(r) is the charge density at a position defined by the vector 
r and dz is a volume element. The integration over all the electrons 
and nuclei required by Eq. [3] can, of course, be carried out only for 
relatively simple molecules, where the electron distribution can be 
determined by theoretical methods. In general, the detailed elec- 
tronic distribution is not known, and information is provided by the 
measurement of the molecular dipole moment by methods that will 
be developed in this chapter. The determination of this one quantity 
does not, of course, allow the charge distribution p(7) of Eq. [3] to be 
deduced. Usually, one makes use of the measured value of the dipole 
moment of a molecule by depicting the charge asymmetry which it 
measures in terms of a model, like that of Fig. 14-la, of separated, 
opposite charges that have the dipole moment of that measured for 
the molecule. 

The order of magnitude of molecular dipole moments can be 
deduced by recognizing that these moments result from charges like 
that of an electron, that is, 4.80 x 10-19 esu, separated by angstrom 
distances. For one electron separated from an equally charged posi- 
tive center by a distance of 1 A, the dipole moment would be 


p = (4.80 x 10°129\1 x 10-8) = 4.80 x 10-18 esu-cm 


It proves convenient in discussing molecular dipole moments to intro- 
duce the unit called the debye. This unit is defined so that 


10-18 esu-cm = 1 debye 


In addition to a dipole moment that a molecule can have as a 
result of its asymmetric charge distribution, there is, for all molecules, 
the possibility of distorting the electronic distribution in a molecule by 
applying an electric field. In this way an induced dipole moment can 
be produced. The effectiveness of an applied field in making a mole- 
cule polar is determined by the polarizability of the molecule. The 
polarizability, defined as the dipole moment induced by an electric 


field of unit strength, is the second important electrical property of 
molecules with which we shall deal. The units and values of this 
quantity are best left until its determination from measurable quanti- 
ties is considered. It should be immediately clear, however, that all 
molecules, symmetric or not, are polarizable and can have an induced 
dipole moment. On the other hand, there will be many symmetric 
molecules, like H», COs, and CCly, that necessarily have a zero 
‘“‘bermanent’’ dipole moment. 


14-2. SOME BASIC ELECTROSTATIC IDEAS 


Some basic ideas that enter into the treatment of charged particles 
in a vacuum (or approximately, in air) must be reviewed. This and 
the following section, where media other than vacuum are considered, 
provide the necessary background to the theory of the measurement 
of molecular dipole moments. 

The basic relation in treating the interaction of stationary 
charges is Coulomb's law, which states that two point charges qi and 
g2 separated by a distance r in vacuum (or approximately, air) will 
repel each other with a force f given by 


is [4] 


If gi and qz are of the same sign, the force will be positive and will be 
that of repulsion since it acts in the same direction as increasing r. If 
gi and q2 have opposite signs, the force will be one of attraction. For 
gi and gz in esu and rin centimeters, the force fis given in dynes. In 
fact, the esu unit of charge is defined as that which repels an equal 
charge placed one centimeter away with a force of one dyne. The 
unit of charge in ordinary use, the coulomb, is related to the esu by 
the relation 1 coulomb = 3 x 109 esu. 

The interaction of charges at a distance suggests that an electric 
field exists around each charge. The intensity of the electric field 
6 at a point is defined as the force which would be exerted on a positive 
charge placed at that point. Thus the electric field strength is the 
force on a unit charge, or 


pe [5] 


The field strength is measured in dynes per esu. The force on the 
unit test charge has a direction as well as a magnitude. The electric 
field & is therefore a vector quantity and has the direction as well as 
the magnitude of the force on a unit positive test charge. It is fre- 
quently helpful to draw lines of force to represent the intensity and the 
direction of an electric field. The intensity is denoted by drawing, or 
mentally picturing, one line of force per square centimeter for each 
dyne per esu of field strength. The field direction is represented by 
the direction of the lines of force. 
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FIGURE 14-2 

The electric field of a 
charge +q represented 
by lines of force. A total 
of (q/r2)4nr2 = 4nq 
lines emanate from a 


charge of +4. 


Consider, for example, the electric field about a point charge 
+q, as in Fig. 14-2. Ata distance r from this charge a unit positive 
charge would be repelled by a force of g/r?._ The electric field intensity 
is therefore given by qg/r? at a distance r from the +q charge. This 
electric field can be depicted by drawing q/r? lines of force per square 
centimeter at a distance r from the charge g. The total of such lines 
at a distance r is the line density times the total cross-section area at 
a distance 7, or 


£ (Amr?) = Ang [6] 


Thus 4q lines of force emanate from a charge +q. Or the electric 
field of a unit positive charge can be represented by 4x lines of force. ; 
This example will be made use of in a later development. 

Another important aspect of an electric field is described by the 
electrical potential ‘V. This quantity represents the potential energy 
of a unit positive charge in the electric field. A unit positive charge in 
an electric field of intensity 6 experiences a force equal to &, and for 
a given displacement of the unit charge the work involved is the force, 
or the field strength, times the distance that the charge is moved. 
Since the potential energy increases as the unit positive test charge 
is brought closer to the positive charge qg which generates the electric 
field, the change d‘V for an infinitesimal change dr is 


dV = —&dr [7] 


Rearrangement of Eq. [7] gives a relation that is useful when electric 
fields are deduced from applied or known potentials. This expression 
is 


Smee [8] 


dr 


4 LINES PER SQ CM 


SPHERE OF 
RADIUS r 
(SURFACE AREA = 41 r 2) 


The unit of potential difference, the volt, is related to the esu 
unit of dynes per centimeter by the relation 300 volts = 1 esu unit. 
The example of a plane-parallel condenser with air (or more 
properly, vacuum) between the plates can now be considered. If, as 
in Fig. 14-3, the condenser is connected to a battery that produces 


a potential difference of ‘\ volts, there will be a potential drop of ‘V 


volts across the condenser. According to Eq. [8], the field between the 
plates of the condenser will be ‘\/d, where d is the distance between 
the plates. 

The electric field in the condenser can also be understood in 
terms of the charges that the condenser plates acquire when the con- 
denser is charged by the battery. If g is the charge, positive on one 
plate and negative on the other, and if the area of each condenser 
plate is A, there will be a charge density of o = q/A charges per 
square centimeter. The previous result that each charge has associ- 
ated with it 47 lines of force can now be carried over to imply 4zo lines 
of force per square centimeter between the plates. The field strength 
is therefore & = 470 dynes/esu since one line of force per square 
centimeter corresponds to a unit field. 

A condenser is most readily characterized experimentally by the 
ratio of the charge gq acquired by the plates to the voltage ‘\ applied 
across the condenser. The capacitance of a condenser is defined by 
this ratio, and if there is air or a vacuum between the plates, the 
capacitance is Co, given by 


Cae [9] 


IQ 


The capacitance is seen to be the charge held by the condenser plates 
per unit potential. 

The capacitance can be related to the geometry of the condenser 
by substituting the results g = oA and ignoring the direction and 
sign of &, 


V= &d = 4rod 
to give 
au ee 10 
OS even TT [te 


The capacitance is thus a property of the geometry of the condenser 
and for a plane-parallel condenser is large for large A and small d. 


14-3. ELECTROSTATICS FOR DIELECTRIC MEDIA 


The presence of a nonconducting, or dielectric, material around the 
charges that have been dealt with alters the relations which have been 
obtained. The understanding of this dielectric effect will be the basis 
from which the electrical properties of molecules are deduced. 

The starting point is again Coulomb's law. When the charges 
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FIGURE 14-3 


A plane-parallel con- 


denser with no dielectric 
material between the 


condenser plates. 
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g1 and gz are immersed in a dielectric material, it is found that the 
force between them is less at any given value of r than when such a 
dielectric medium is absent. Coulomb’s law can be written to apply to 
both vacuum and dielectric media by writing it in the form 


(ages q192 [11] 


er2 


where «€ is a constant, at a given temperature, for any medium. It is 
known as the dielectric constant, and represents the effect of the 
dielectric material in decreasing the force between the charges. 

The definition (Eq. [5]) of the electric field as the force exerted 
on a unit positive charge can now be applied to determine the field of. 
the charge +g when it is immersed in a dielectric material. The force 
on the unit positive charge at a distance r would be qg/er?, and the total 
lines of force emanating for such a surrounded charge would be 


(anv?) = ard [12] 


The electric field is therefore lowered by the presence of the noncon- 
ducting materials by a factor equal to the dielectric constant e. 

Now we can consider the properties of the condenser of Fig. 14-3 
that can be measured and that will allow an understanding of the role 
of the dielectric material. Suppose the condenser is charged until 
the same charge qg as for vacuum accumulates on the plates. The 
charge per square centimeter is again o = q/A, but the lines of force 
per square centimeter, and therefore the electric field &, are reduced 
to 420/e. Again, ignoring the direction and sign of &, we have 
& = ‘V/d. This implies that the applied voltage is 


(3 
and the capacitance is 


pea ae oA A 


V = Anod/e ~ ‘4nd [14] 


By comparison with Eq. [10], we see that measured capacitances with. 
and without dielectric material give « from 


C 


‘Cae € [15] 


where Co is the capacitance of the condenser in vacuum. The di- 
electric material has therefore increased the capacitance of the con- 
denser. It is this relationship, Eq. [15], that is often used as a more 
directly operational definition of the dielectric constant. It is a quite 
straightforward matter to measure the capacitance of a condenser. 

Now it is necessary to investigate the mechanism by which the 
dielectric material decreases the electric field between the condenser 
plates when a given charge is placed on the plates. Again consider 
the condenser to be charged to a suitable potential so that charges 


+q and —q reside on the two plates. The effect of the dielectric can 
be understood, without going into the molecular behavior, by sup- 
posing that the dielectric material is polarizable and that the charges 
on the plates distort the electric balance within the dielectric material 
so that it develops an opposing charge arrangement, as shown in Fig. 
14-4. This opposing effect is conveniently described by introducing 
the term polarization and symbol p to represent the dipole moment 
induced in one cubic centimeter of the dielectric material. Consider- 
ing 1 cc of the dielectric, one sees that its dipole moment p can be 
described as being due to charges of +p on one end and —p on the 
other. In the interior of the dielectric material between the condenser 
plates, such charges cancel out, and one is left with only the charges 
on the surfaces of the dielectric next to the condenser plates. This 
situation is represented in Fig. 14-4. 

The manner in which the dielectric reduces the field between 
the condenser plates can now be understood. The field &o with vac- 
uum between the condenser plates is related to the plate charge 
density by 


&o = 40 [16] 


When a dielectric material is present, the charge q on the plates is 
partially balanced by the charge p on the surface of the dielectric. 
This interpretation of the factors affecting & gives 


— A4r(o — P) 
or 
Gc 4a [17] 


Combination of this mechanistic interpretation of the reduction 
of & with the expression & = 470/e leads to the desired result 


ees de [18] 


for the electric field in a dielectric medium in terms of the polarization 
of the dielectric and the dielectric constant. 


+4+4+l[4 +4 


+o —p +p —o 
———— —————— 
Beary eee 0) THE DIPOLE MOMENT OF 1 CC 
CHARGES PER SQ CM OF DIELECTRIC MATERIAL IS 


EQUAL TO THE SURFACE 
CHARGES PER SQ CM 
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The electrical behavior 
of the dielectric mate- 


rial of a condenser. 
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FIGURE 14-5 

The charges that con- 
tribute to the field & act- 
ing on a molecule which 
is treated as being in a 
cavity within the dielec- 


tric material. 


14-4. THE MOLECULAR BASIS FOR DIELECTRIC BEHAVIOR 


A molecular explanation of the role of dielectric material in effecting 
electrical phenomena will now be given. Our attention will at first be 
restricted to the effect of the induced dipole moment that all molecules 
possess as a result of the electrical distortions of the electron distri- 
bution in a molecule by an applied electric field. All molecules are 
polarizable and therefore will have contributions from this factor. 

Let the dipole moment induced in a molecule be denoted by pina. 
If there are n molecules per cubic centimeter of the dielectric material 
which has a polarization, or dipole moment per cubic centimeter, of 
p, then : 


Pp = Nina [19] 


The nature of the dielectric can be understood, therefore, in terms of 
the molecular property pina. 

The simplest relation that would account for the consequences 
of the induced dipole moment in a molecule is one in which the in- 
duced dipole is proportional to the field acting on the molecule. If this 
field is Sinternal and the proportionality constant is «, the relations 


Hing = aS internal [20] 
and 
p= NaS internal [21] 


are obtained. The polarizability a is one of the molecular properties 
that will be deduced. It represents the ease with which the electron 
configuration of the molecule can be distorted by an acting electric 
field. 

The field acting on the molecule results from several contribu- 
tions. With reference to Fig. 14-5 it can be seen that the charges on 
the plates, the charges at boundaries of the dielectric adjacent to the 
plates, and the charges on the surface of a small cavity that is sup- 
posed to surround the molecule, all generate lines of force that con- 
tribute to the field on the molecule. The net result of these terms is. 

es = Mga = Aap 

internal = +70 DS ey [22] 
where the last term is the cavity-charge contribution. It is obtained 
by integrating, over the surface of the sphere, the effects of the sur- 


+++ 4/444 4 


face charge in generating a field in the direction perpendicular to the 
condenser plates. Finally, with the help of Eq. [17], one eliminates 
o and obtains 


Ginternal =6&4 4np [23] 


The relation of Eq. [21] allows the not directly measurable 
quantity Sinternai to be eliminated and gives 


p = na& + 37p) [24] 


Substitution for S by the relation of Eq. [18], 6 = 47p/(e — 1), allows 
the elimination of & and p to give, on rearrangement, 


eee — a 
ear [25] 


The more frequently used form of this result is obtained by writing 


where p is the density, p/M is the number of moles per cubic centi- 
meter, and (o/M )9 is the molecules per cubic centimeter, to get 
. 6&—1M 
9 = 40nNa = = = 26 
a s [26] 


where 3, called the molar polarization, has been introduced for the set 
of quantities 47a. The derivation has now led to an expression, 
known as the Clausius-Mosotti equation, that allows the calculation 
of either the polarizability of a molecule a or the molar distortion 
polarization ? from measurements of the dielectric constant of the 
dielectric material. Something of the nature and importance of these 
molecular properties will be mentioned after the more general case, 
where a molecule having a permanent dipole moment, as well as being 
polarizable, is considered. 

Consider now, as was done by Debye in 1912, the contribution 
to the dielectric material of the permanent dipole moment p of the 
molecules of the material, if they have such a moment. With no 
applied field the dipoles will be lined up in all directions and will be 
ineffective in contributing to the polarization & of the dielectric. In 
the presence of a field, however, as Fig. 14-6 illustrates, the molecules 
will tend to line up with the field so that their dipole moments add to 
the polarization ?. The energy of the dipole varies with the angle with 


iR@ae 
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FIGURE 14-6 

The energy of a dipole 
as a function of its 
orientation in an elec- 


tric field Sinternal: 
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FIGURE 14-7 

The solid-angle element 
for the integration over 
all molecules with vart- 
ous alignments with re- 
spect to the field direc- 
tion. (Solid angles are 
equivalent to surface 
areas on a sphere with 


unit radius.) 


which it is oriented to the acting field direction according to 
Energy = —pSinterna COS 8 [27] 


The tendency of the molecules to go to the lowest energy posi- 
tion by lining up with the field is opposed, however, by the thermal 
motions of the molecules. The distribution expression of Boltzmann 
gives the way in which these two factors operate. Considerable 
manipulation is necessary for the calculation of the average dipole 
moment in the direction of the field. It is possible to omit this deriva- 
tion and proceed with the result shown in Eq. [34]. 

According to the Boltzmann distribution law, the number of 
molecules dN that are lined up at an angle between @ and @ + dé to- 
the field is given by the expression 


AN = AebPintema cos 6/kT (2a sin 0) dé [28] 


where A is a proportionality constant and, as Fig. 14-7 illustrates, 
2a sin 6 dO is the element of solid angle inclined between @ and 
6 + d6 to the field direction. Since the dipole-moment contribution 
of a molecule so oriented in the direction of the field is » cos 6, the 
contribution of the molecules in the solid-angle element is 


pcos 0dN = Aepiinema cos 9/kT (y cos 027 sin 6 dé [29] 


The total dipole contribution in the field direction will therefore be 
2 

{} Aet®meroa 00s 6/ET (4 Cos @)2m sin 0 dO [30] 

To obtain the average molecular contribution, this total value is 


divided by the number of molecules and this number is obtained by 
integrating dN of Eq. [28]. The average dipole contribution pay is 


AREA OF ELEMENT = 2 SIN 6 dé 


then expressed as 


2a 
Hf 277A Le#® internal cos 6/kT cos 0 sin 0 dé 


May = 


2a 
{, Dr A eusinternal cos 6/kT sin Q dé 


2a 
f eusintenal cos 6/kKT CQS A sin 6 Ab 
0 
i ind Bee [31] 
i eeSinternal Cos 6/KT sin é dé 
0 


These integrals can be simplified by writing x = u&interna/RT and 
y = cos 6. Then, since dy = —sin 6 dé, one has 


u { “yer dy 
aa 


Lay a a 
+1 
ihe et dy 


Both integrals are of the exponential type dealt with in Appendix 1. 
Substitution of the limits shown in Eq. [32] into these results gives 


= e+e _1)_,/ h -i) 3 
bay = w( E+ — 2) = p(coth x - + (33] 


[32] 


The resulting function, which also occurs in studies of the 
magnetic effects of molecules with magnetic moments, was developed 
in this connection by P. Langevin, and is often referred to by this 
name. In the present connection, the function simplifies because 
x, which is the ratio of the energy effect of the dipole in the electric 
field to kT, is much less than unity. The first two terms of the series 
expansion of tanh x can then be kept to give 


a 1 = 1 sal ee zy) 
coth x= pL = 41-11 3 


Furthermore, the binomial expansion of (1 — x2/3)~! can be used 
to give 


(gy 


Appropriate substitutions now give the desired quantity, the average 
dipole moment in the direction of the field, as 


c 
i Ll? Ginternal 


May = wax) = 3 kT 


2 


wee 34 
= Bhp memal [ ] 


Comparison of this result with Eq. [20] shows that the factor 
u2/3kT enters in just the way that the term a did. If the previous 
derivation were now carried out with the dipole-moment term as well 
as the polarizability term, it follows that the result, comparable with 
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Eq. [26], would be obtained as 


Siew 
Cpe 9) 35 
serena NS, = nx (a + sn) [35] 


This result is known as the Debye equation. It shows how the molecu- 
lar polarizability a and the molecular dipole moment yu contribute to 
produce a dielectric constant greater than unity in any nonconducting 
material. Conversely, it suggests that these molecular properties 
might be deduced from measurement of the dielectric constant. 


14-5. DETERMINATION OF THE DIPOLE MOMENT 
AND THE MOLECULAR POLARIZABILITY 


The dielectric constant of a material is measured by placing it between 
the plates of a condenser or, for liquids, filling a cell in which the plates 
are inserted. This condenser can then be used as one arm of an 
electrical bridge, like a Wheatstone bridge for measuring resistances, 
and the capacitance of the sample condenser can be balanced against 
a variable-reference condenser which has no dielectric between its 
plates. In principle, the capacitance of the reference condenser can 
be deduced from its geometry. In this way the capacitance of the 
sample condenser can be obtained, filled and empty, and the dielectric 
constant of the sample can be deduced. The measurements are gen- 
erally made with an alternating current with a frequency of about 
1 megacycle/sec. 

When the compound of interest is a liquid or solid material, 
measurements are generally made on solutions of the material in 
some inert nonpolar substance such as CCl, or benzene. The Debye 
equation is based on the independent behavior of the polar molecules. 
Molecules with dipole moments exert considerable interaction on one 
another, and it is best, therefore, to apply the Debye equation to dilute 
solutions of polar compounds in nonpolar solvents. For gaseous 
samples the intermolecular distance is usually sufficiently great so 
that these interactions present no difficulty. 

Measurement of the dielectric constant and use of the Debye 
equation do not directly lead to the separate determination of a and p. 
Two principal ways are available for sorting out these two factors. 

The first way consists in measuring « and p as functions of tem- 


perature and using these data to plot £ nae ae M against 1/T. The 


Debye equation leads us to expect such a plot e yield a straight line, 
and Fig. 14-8 shows that the data for the hydrogen halides do behave 
in this manner. From such plots the slope of the straight line can be 
used to obtain the dipole moment p, and the intercept at 1/T can be 
made to yield the polarizability a. This procedure is quite straight- 
forward and fails only if the molecules are associated to different 
extents at different temperatures or if the molecular configuration 
changes with temperature. 


The second procedure evaluates the polarizability part of the 
molar polarization by an interesting relation between the dielectric 
constant and the refractive index given by Clerk Maxwell’s theory of 
electromagnetic radiation. The theory cannot be dealt with here, but 
the basis of the relation can be suggested. The refractive index of 
a material is the ratio of the velocity of light in a vacuum to the velocity 
of light in the material. The velocity is always less in dielectric mate- 
rial than it is in vacuum. The slowing down is due to the interaction 
of the polarizable electrons of the molecules of the medium with the 
oscillating electric field of the radiation. The permanent dipoles of 
the molecules would also interfere, but the visible radiation used to 
measure the refractive index carries such a rapidly alternating electric 
field, about 1015 cycles/sec, that the molecules are unable to orient 
themselves rapidly enough to keep up with the field. Thus only the 
polarizability interferes with the passage of the light. 

Maxwell's theory shows that for materials composed of mole- 
cules with no permanent dipole moment 


e= ng [36] 


where np is the refractive index of the material. It is apparent, there- 
fore, that even when the molecules of the dielectric do have dipole 
moments, the polarizability term of the total molar polarization can 
be calculated as 


ng — 1M _4nrX | 
ieee 


[37] 


Refractive-index data provide, therefore, a value for a that can 
be used along with the dielectric-constant data to give the molecular 
dipole moment pu. 
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FIGURE 14-8 

The molar polarization 
versus the reciprocal of 
the absolute tempera- 
ture. [From the data 
of C. T. Zahn, Phys. 
Rev., 24:400 (1924).] 
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TABLE 14-1 
The dipole moment and 
the polarizability of 


some simple molecules 


Substance p. (debyes) 
HF 18 
HCl 1.07 
HBr 0.79 
HI 0.38 
BrCICO 0.13 
H20 1.82 
NH3 1.47 
NF3 0.23 
PH3 0.55 
AsH3 0.18 
CHCl; 1.94 


Some results for a few simpler molecules are shown in Table 
14-1. Theinformation on molecular polarizabilities provided by these 
experiments finds rather less molecular-structure application than 
do the dipole-moment results. The data of Table 14-1 should show, 
however, a qualitative correlation of molecular polarizability with the 
number of electrons in the molecule and the ‘‘looseness”’ with which 
they are bound. The polarizability data obtained here will be of value 
when molecular interactions are treated in the study of liquids. 


14-6. DIPOLE MOMENTS AND IONIC CHARACTER 


In considering at first only diatomic molecules, the measured dipole 
moment of a molecule gives information on the displacement of the. 
center of negative charge from that of the positive charge. In the 
past this asymmetry has been interpreted primarily in terms of an 
unequal sharing of the bonding electrons. The theoretical treatment 
of heteronuclear molecules in Chap. 11 anticipated such unequal 
sharing and introduced per cent ionic character as a measure of such 
bonding. 

The assumption that a dipole moment results from the location 
of the bonding electrons leads to a calculation of the ionic character 
from a dipole moment. The example of HCl, with a dipole moment of 
1.03 debye and a bond length of 1.275 A, will illustrate the calculation. 
If the pair of bonding electrons were completely held by the chlorine 
atom, the molecule would be represented as positively and negatively 


charged ions separated by the equilibrium bond length. The dipole 
moment of such a completely ionic structure would be 
Wines) (4,808.10 1275 10m) 
= 6.11 x 10718 esu-cm 
= 6.11 debyes [38] 
Substance u (debyes) Substance a (cc) 
CHoClo 1.60 He 0.20 « 10-24 
CH3Cl 1.05 Ne 0.39 
HCN 2:95 A 1.62 
CH3NO>5 3.50 He 0.80 
CH30H AL No 1.73 
CsFY 79 H20 1.44 
CsCl+ 10.5 Hos 3.64 
KF+ 13 CH4 2.60 
KCl+ 10.4 CCl4 25.6 
KBr+ 10.5 CeHe 25.1 


{Determined by molecular-beam techniques. N. F. Ramsey, “Molecular Beams,” Oxford 
University Press, Fair Lawn, N.J., 1956. 

SOURCE: Dipole moments except as noted are from the compilation by A. L. McClellan, 
Tables of Experimental Dipole Moments, H. Freeman and Co., San Francisco, 1963. 


On the other hand, if the pair of bonding electrons were equally 
shared, the bonding electrons would be almost symmetrically placed 
relative to the positive nuclear charges and the dipole moment would 
be zero. In fact, the dipole moment is in between these two extremes, 
and the amount of ionic character is calculated as 


% ionic character = “2S x 100% 


ionic 


= wy x 100 = 17% [39] 
The result does not, of course, tell which end of the molecule is posi- 
tive and which is negative. This aspect must be deduced, or inferred, 
by other means. 

It is necessary to point out, however, that although this proce- 
dure for obtaining ionic characters has led to a considerable body of 
apparently consistent and chemically reasonable data, the method 
appears to have some inherent uncertainties. The problem arises 
because there are other electrons in the molecule besides the pair of 
bonding electrons on which attention has been focused. The inner- 
shell electrons present little difficulty since even in molecules they 
undoubtedly remain nearly symmetrically arranged about the nucleus 
to which they belong. The nonbonding electrons of chlorine in the 
HCl example, however, cannot be so easily dismissed. The bonding 
in such a molecule might result from overlap of the 1s wave function 
of the hydrogen atom, with anything from a 3p orbital of chlorine to 
a 3(sp?) orbital of the chlorine. These two extremes are represented 
in Fig. 14-9, and it is there apparent that, if hybridized orbitals are 
used for bonding, the nonbonding electrons will project away from the 
bond and will make a large contribution to the molecular dipole. The 
role of such nonbonding electrons is not easy to evaluate, but it 
appears difficult to justify the procedure of ignoring them. Thus, 
although apparently reasonable values of ionic character are obtained 
from dipole-moment data, the reliability of such results is open to 
serious question. 

In spite of these uncertainties, the data obtained by the electri- 
cal measurements described here can be coupled with the electro- 
negativity results developed in Sec. 11-4 to represent the electron- 
attracting powers of the atoms. The data for the per cent ionic 
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FIGURE 14-9 
Descriptions of the bond- 
ing in HCl by the use 

of a p orbital of chlorine 
and by the use of an sp 
hybrid orbital of chlorine. 
With hybrid orbitals the 
center of the nonbond- 
ing electron positions 
cannot be assumed to 
coincide with the chlo- 


rine nucleus. 
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FIGURE 14-10 

Curve relating the 
amount of tonic char- 
acter of a bond to the 
electronegativity differ- 
ence of the two atoms. 
Experimental points, 
based upon observed 
values of the electric 
dipole moment of di- 
atomic molecules. (From 
L. Pauling, “The 
Nature of the Chemical 
Bond,” 3d ed., Cornell 
University Press, 
Ithaca, N.Y., 1960.) 
FIGURE 14-11 
Resolution of the total 
dipole moment of the 
water molecule into OH 
(The 
dipole direction that in- 


bond moments. 


dicates that H is posi- 
tive relative to O is 


assumed.) 


character for diatomic molecules can be obtained from measured 
dipole moments and bond lengths, as shown for HCl, and these data 
can be plotted against the electronegativity difference, as is done in 
Fig. 14-10. For these molecules the dipole moment is generally 
greater, the greater the difference in electronegativity of the bound 
atoms, as would be expected from a simple interpretation of both 
factors. Various mathematical expressions have been developed to 
express the rough relationship, which is established by the data for 
diatomic molecules in Fig. 14-10. These relations find use in the 
deduction of the ionic character of bonds in polyatomic molecules 
from the electronegativity difference between the atoms of the bond. 
In the next section some of the difficulties in the way of a more direct. 
deduction of the ionic character of such bonds from dipole-moment 
measurements will be treated. 


14-7. BOND MOMENTS 


For polyatomic molecules it is customary to try to understand the 
molecular dipole moment in terms of the contributions of the individ- 
ual bonds of the molecule in a similar manner to that in which one 
tried to understand the energy of a molecule in terms of bond 
energies. With this approach one obtains bond moments. For the 
water molecule, for example, the measured dipole moment is 1.85 
debyes, and as Fig. 14-11 shows, this quantity can be resolved into 
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two bond moments which are in the directions of the two bonds and 
which add together, vectorially, to give the observed molecular 
moment. The procedure implies that the molecular moment arises 
from within the separate bonds of the molecule. The contribution of 
any nonbonding electrons to the total dipole moment will of course be 
resolved and included in the derived bond moments. 

A real difficulty arises when the bond moments of a carbon com- 
pound are sought. Methane, for instance, has a zero dipole moment 
that results from the symmetry of the molecule rather than the elec- 
tron distribution in the bonds. If such a molecule is drawn, as in 
Fig. 14-12, it is apparent that one C—H bond is equivalent to the 
other three CH bonds projecting out at tetrahedral angles from the 
first bond. No information on the CH bond moment can be deduced 
from the zero molecular moment of CHy. In the same manner, 
CH3Cl, which is nearly tetrahedral, is equivalent to opposed CH and 
CCI bonds. Since the CH bond moment is not known, the CCI bond 
moment cannot be deduced. No direct method is available by which 
the individual bond moments of such molecules can be deduced from 
molecular dipole moments. 

Some rather unsatisfactory methods have suggested a CH bond 
moment of 0.4 debye, with the hydrogen being the positive end of the 
dipole. On the basis of this rather arbitrary value, the bond moments 
of other atoms joined to a carbon atom can be deduced. Table 14-2 
includes some results. 

The principal! difficulty with the bond-moment analysis is that 
the electron distribution that results in the molecular dipole moment 
cannot always be treated in terms of separate noninteracting com- 
ponents. Thus it is rather arbitrary to assign any contribution from 
the nonbonding electrons to the bonds of the molecule. Likewise, 
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FIGURE 14-12 
The problem of deducing 
bond moments for bonds 


of carbon compounds. 


438 


Chapter 14 
Experimental studies of 
the electrical and mag- 
netic properties of 
molecules 


TABLE 14-2 
Dipole moments deduced 


for some chemical bonds 


the presence of one bond in a molecule may alter the contribution of 
a neighboring bond. This interaction occurs through the dipole 
moment of one bond inducing an opposing dipole moment in a 
neighboring polarizable bond. In such cases the molecular moment 
is not understandable in terms of the individual bond-moment 
contributions. 


MAGNETIC PROPERTIES 


Magnetic measurements are a tool for molecular studies that have not 
been of such general applicability as have electric measurements.. 
For certain types of compounds, however, magnetic measurements 
constitute one of the most powerfu! approaches to the elucidation of 
the arrangement of the electrons in the compound. The theory of 
magnetic studies sufficiently parallels that of electric studies so that 
a detailed treatment will not be given. Following some mention of the 
parallels between electric and magnetic phenomena, the applications 
of magnetic studies will be dealt with. 


14-8. DETERMINATION OF MAGNETIC MOLECULAR PROPERTIES 


The effect of magnets on one another at a distance suggests the 
presence of a magnetic field surrounding a magnet, just as electric 
fields were suggested by the effects between separated electric 
charges. The intensity of a magnetic field in vacuum is denoted by 
K, and the field at a point is defined as the force that would be exerted 
on a unit magnetic pole placed at that point. The magnetic field 
strength is expressed in oersteds or gauss. Magnetic fields, like elec- 
tric fields, are represented in magnitude and direction by lines of 
force. Figure 14-13 illustrates this description of the magnetic field 
between two magnetic poles. 


Dipole Dipole 

moment moment 

Bond (debyes) Bond '  (debyes) 
H—F 19 F—Cl 0.9 
H—Cl 10 F—Br ike 
H—Br 0.8 Br—Cl 0.6 
HI 0.4 CH (0.4) 
i= 1.5 CP 14 
H—N 13 C0) 15 
H—P 0.4 C—Br 14 
P—Cl 0.8 ¢=I 12 
P—=Br 0.4 c—0 0.7 
As—F 2.0 C—N 0.2 
As—Cl 16 ¢—( 23 


As—Br 1.3 


When any material is placed between the poles of a magnet, the 
magnetic field is different in the material from what it was in vacuum. 
The magnetic field in the material is denoted by B. The difference 
between B and 3c is dependent on J, the magnetic moment per unit 
volume of the material, or as it is more frequently called, the intensity 
of magnetization. Unlike the case of electric fields and dielectric 
materials, the magnetic field may be either increased or decreased by 
the presence of the material. The quantities (, B, and J are related 
by the expression 


B=X+44al [40] 


and I may be either positive or negative. Each of these possibilities is 
illustrated by the lines-of-force diagrams of Fig. 14-13. 

In magnetic measurements the quantity that is obtained ex- 
perimentally is the intensity of magnetization per unit field strength, 
that is, I/K. It is convenient, for chemical treatments, to multiply by 
the molecular volume M/p and to deal with the quantity 


MI 

X¥ = “p i [41] 
called the magnetic susceptibility per mole, or the molar magnetic 
susceptibility. 

The molar magnetic susceptibility, being the magnetization per 
mole induced by unit field strength, can be recognized as the magnetic 
counterpart, on a molar basis, of the sum of the electrical polarizability 
a and the molecular-dipole term y2/3kT. This parallel does exist, 
in fact, and it is convenient to deal, therefore, with the corresponding 
terms ay, the magnetic polarizability, and jy, the magnetic moment. 
Without treating the theory in detail, the relation of these quantities 
is stated as 


yee (aw a ae) [42] 

Several qualitatively different behaviors are recognized. Most 
organic compounds have only a magnetic-polarizability contribution, 
and this term acts to reduce the magnetic field in the material; that is, 
ay is negative. It follows, since uy is zero for these materials, that 
xu and I are also negative. Materials that behave in this manner are 
said to be diamagnetic. 

Other materials, which we shall see are characterized by having 
unpaired electrons, have, on a microscopic scale, permanent magnets. 
The magnetic-moment term, when it exists, is almost always much 
larger than the polarizability term. The magnetic-moment contribu- 
tion to x is necessarily positive, and this is illustrated by a diagram 
such as that of Fig. 14-14, in which the microscopic magnets tend to 
line up to draw the magnetic field into the sample. Materials that 
behave in this manner are said to be paramagnetic. 

There are, finally, the important classes of ferromagnetic and 
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FIGURE 14-13 
Magnetic lines of force 
showing the effect of 
diamagnetic and para- 
magnetic materials on 


the magnetic field. 
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FIGURE 14-14 

The microscopic expla- 
nation of paramagnet- 
ism. The magnetic 
moments of the sample 
molecules or tons tend 


to draw the magnetic 


field through the sample. 


antiferromagnetic materials in which the magnetic properties depend 
on cooperative phenomena among many atoms of the sample. These 
materials will not be dealt with here. 

Experimentally, one frequently obtains magnetic-susceptibility 
data from measurements with a Gouy balance. In this method, as 
illustrated in Fig. 14-15, a sample is suspended from one arm of 
a balance in such a way that it is partly in the magnetic field. An elec- 
tromagnet is ordinarily used, and when the magnet is turned on, the 
sample is generally repelled by or attracted into the magnetic field. 
The force required to maintain the position of the sample is measured 
by the weight that must be added or removed from the balance pan to 
maintain equilibrium. If the sample is paramagnetic, the magnetic. 
moments will tend to line up with the field and the sample will have 
lower energy in the magnetic field and will therefore be drawn into 
the field. If the sample is diamagnetic, the reverse will be the case 
and the sample will be repelled by the field. 

The relation between the force exerted on a sample by a non- 
homogeneous magnetic field and the magnetic susceptibility of the 
sample can be determined with reference to Fig. 14-16. It is sup- 
posed that the sample is paramagnetic, so that the magnetic field lines 
up the microscopic magnets of the sample. The magnetic moment 
per cubic centimeter J is, according to Eq. [41], (0/M)xy, and the 
magnetic moment of the section of thickness dz and volume A dz in 
Fig. 14-16 which experiences a magnetic field SCis therefore 


i xuiA dz [43] 


This induced magnetic moment is in the direction of the applied 
magnetic field if, as supposed here, the material is paramagnetic. 
Since the magnetic field increases along the sample toward the center 
of the magnetic field, the lowering of the potential energy of succes- 
sive segments will be greater as a result of the lining up of the 
magnetic moments of expression [43] with the greater magnetic 
fields. The force corresponding to this varying potential energy is the 
rate of change of the potential with z. If the magnetic-field gradient 
is di/dz, the force on a sample segment is ; 


PICA dz a =O xwAK AK [44] 


M 


and if the segments of the sample extend from the center of the 
magnetic field, where the magnetic-field value is Hp, to outside the 
magnetic field, where the value is zero, the total force in the sample is 


=— Ho p lan x 
aaah P- xwAK aX 
1 p ane 
= 547 Xu AK? [45] 


This result is the basis of the Gouy-balance method and shows that, 
for an experimental arrangement such as that of Fig. 14-15, the meas- 
urement of the force exerted on the sample by a known maximum 
field strength Ko can be used to deduce the magnetic susceptibility of 
the sample. In practice, however, one frequently compares the force 
on a standard sample with that on an unknown sample instead of 
evaluating the cross-section sample area and the magnetic field 
directly. 

A typical experiment with a paramagnetic substance or solution 
might make use of a sample tube of 1-sq cm cross section and a 
magnet with Ko of 10,000 gauss. For such an arrangement the force 
exerted by the magnetic field might be equivalent to a few tenths of 
a gram, i.e., perhaps 100 dynes, and for such a value Eq. [45] 
indicates a susceptibility of about 10~4, or, as susceptibilities are 
usually reported, 100 x 10-6. Diamagnetic susceptibilities are nega- 
tive and typically are smaller than this value by a factor of about 100. 


14-9. MOLECULAR INTERPRETATION OF DIAMAGNETISM 


All materials affect a magnetic field in which they are inserted as 
a result of an induced magnetic moment, which produces a dia- 
magnetic effect, just as all compounds show an induced dipole 
moment in an electric field. This induced magnetic effect is generally 
of secondary importance and is almost always greatly overshadowed 
by the more interesting permanent-magnetic-moment contribution, 
when one exists. It is necessary, however, to be able to subtract the 
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FIGURE 14-15 
The Gouy balance for 
the measurement of 


magnetic susceptibilities. 


FIGURE 14-16 
The effect of an inhomo- 
geneous magnetic field 


on a sample. 


TABLE 14-3 

Paseal’s constants for 
the determination of the 
Gamagnetic 
suscepiibility* 


* From P. W. Seitwood, 


“Magnetochemisiry,” 2d ed. 
Interscience Publishers, Ine. 


New York, 1956. 


understood qualitatively om the basis of Lenz’s law, which States Mat, 
for an ordinary-sized system of @ current fiqwing im 2 coil of wire im 
@ magnetic field, the field will induce @ current im the coil im suc> 
@ way as to oppose the applied field. Im 2 Smilar way. Me erditei 
motion of the electrons is disturbed by the applied tele, amc Te cis 
turbance is such that 2 magnetic field contnbuton im epeesten t Me 


electrons: iLe.. it depends on the nature of the electron ordifmis, as 
these ideas would suggest. 

The diamagnetic effect of 2 givem molecule cam Oe estimeiec 
from tables that give the contribution of the various atoms wittim Me 
molecule. Such terms, some of which are shown im Tadie 143, are 
known as Pescel’s comsfamés. It is mecessery, for goed agreement 
with the observed diamagnetic susceptihilites, t2 include aiso terms 
for any multiple or unusual bonding Situation im which te atems are 
involved. Some of these terms are also included im Tadie 143. Fer 
most purposes, the diamagnetic term can be satsfacioriiy estimated 
from such a table of Pascal's constants. 


14-10. MOLECULAR INTERPRETATION OF PARAMAGNETISM 


The paramagnetic effect can be most easily introduced Dy considering 
the introductory problem of the magnetic behevier of am Hectrem re- 
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volving about a nucleus. A classical treatment is easily made and 
yields a result which can then be converted to the correct quantum- 
mechanical result. The motion of an electron in an orbit corresponds, 
in this connection, to the passage of a current through a coil of wire. 
It is known that a current in a coil of wire of ordinary dimensions pro- 
duces a magnetic field perpendicular to the coil. The magnetic field 
so produced is equal, according to Ampére’s law, to that of a magnet 
with magnetic moment jy given by the product of the current and the 
cross-section area of the loop of wire. For the magnetic moment 
produced by a current of i amp circulating in a coil of enclosed area A 
to have the proper electromagnetic units, it is necessary to divide 
the Ampére-law terms by the factor c, the velocity of light, to obtain 


ny = [46] 


The current corresponding to an electron in orbit is obtained by 
multiplying the number of times the electron passes any point on the 
orbit by its electronic charge. Thus, with this classical picture of an 
electron in an atomic orbit, 


ae [47] 


where the electron velocity is v, and the orbit has radius r. The 
cross-section area is 


Aa [48] 


Thus the magnetic moment yx obtained is 


py = 2 [49] 


which can be written as 


_ mvre 
HM = “Ome 
or 
ae Sag Se [50] 


mur 2mc 


This final form expresses the result of this classical derivation that can 
be carried over into quantum-mechanical systems, namely, the ratio 
of the magnetic moment to the orbital angular momentum is equal to 
e/2me. 

Since, as stated in Sec. 10-2, the orbital angular momentum of 
an electron of an atom depends on the quantum number / and is given 
by the expression JU + 1\(h/27), we can express the magnetic 
moment due to the orbital motion of the electron as 


eh_ 0+ 1) [52] 


HM = Agme 


The constant factor in this equation provides a convenient unit in 
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which to express the magnetic moment of atoms and molecules, and 
one therefore introduces the symbol pio, called the Bohr magneton, as 


Reina —20 
bo ee 0.9273 x 10-2° erg/gauss 
With this unit, the orbital magnetic moment of an electron of an atom 
is given by 


bu = wo VUE + 1) [52] 


When a similar approach is extended to molecules and ions, 
rather than free atoms, it would seem reasonable to expect that the 
orbital motions of the electrons would contribute a magnetic moment 
of the order of a Bohr magneton. This expectation is not generally 
borne out, and it appears that the orbital motions of the electrons in 
a polyatomic system are tied into the nuclear configuration of the 
molecule or the ion so tightly that they are unable to !ine up with the 
applied magnetic field and are therefore ineffective. Even for single- 
atom ions in solution, the interaction of the orbitals of the ion with the 
solvating molecules is apparently sufficient to prevent the orbitals 
being oriented so that their magnetic moment contributes in the direc- 
tion of the field. Thus the orbital-magnetic-moment contribution to 
the magnetic susceptibility is generally quite small. 

We must look to the spinning of the electron about its own axis 
to explain the larger part of the magnetic moment of those molecules 
and ions which have magnetic moments. The association of a spin 
angular momentum of \/s(s + 1)(h/27), where s has the value of 4, 
leads, according to Eq. [52], to the expectation of a spin magnetic 
moment. Atomic spectral data require, however, a magnetic moment 
that is twice that expected on the basis of the ratio of the magnetic 
moment to angular momentum given by Eq. [52]. For the spin 
magnetic moment due to the electron of an atom or molecule, there- 
fore, we have 


Pu = 29 VS(S + 1) [53] 


where for one, two, three, ... unpaired electrons, the spin-angular- 
momentum quantum number S is 4, %, 3,.... With Eq. [53] and 
the assumption that the ay contribution has been taken care of and 
that the orbital contribution to yy is negligible, the magnetic suscepti- 
bility of Eq. [42] is related to the total electron spin by the relation 


— Ayo? 
MS BET 


SS 1) [54] 


Thus a measurement of xy leads to a value of s, and this value can be 
interpreted in terms of a number of unpaired electrons. Table 14-4 
shows the results to be expected for xy for various numbers of un- 
paired electrons at 25°C. 


Equation [54] implies that, if the magnetic polarizability is not 


too large, the magnetic susceptibility will vary inversely as the 
absolute temperature; i.e., 


— const 
Sa [55] 
This relation, known as Curie’s law, is in fact found to be valid over 


not too large a temperature range. 


14-11. MAGNETIC RESULTS FOR MOLECULES 


The best example of a simple molecule for which the magnetic data 
bear on the electronic structure is provided by oxygen. Over a con- 
siderable temperature range the molar magnetic susceptibility is 
found to be represented by 

xw = Lge [56] 
giving, at 25°C, the value 

Xu = 3360 x 10-6 


The values of Table 14-4 show that this susceptibility is to be inter- 
preted as arising from two unpaired electrons. The bonding in Og is 
therefore unusual in that, although there are an even number of elec- 
trons, they are not all paired. The explanation for this, as was seen 
in Sec. 11-1, can be given in terms of a simple molecular-orbital 
treatment. 

A class of compounds, consisting mostly of highly aromatic sub- 
stituted systems, shows a tendency to dissociate into fragments, 
called free radicals, that have unpaired electrons. Thus hexapheny! 
ethane dissociates according to 
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Magnetic suscepti- 


Total electron- | Spin magnetic 
: . bility at 25°C 


No. of unpaired spin quantum — moment 


Belle number S 2V/S(S To) xy = HOE SS + 1) 
1 3 1.730 1,260 x 10-6 
2 3 2.83110 3360 x 10-6 
3 3 3.87 Uo 6,290 « 10-6 
4 4 4.90110 10,100 x 10-6 
3 3 5.920 14,700 x 10-6 
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Such dissociation is understandable as a result of the number of res- 
onance structures that can be drawn for the free radical. Measure- 
ment of the susceptibility for such substances in solution allows the 
effective number of unpaired electrons and the degree of dissociation 
to the free radicals to be deduced. 


14-12. MAGNETIC RESULTS FOR COORDINATION COMPOUNDS 


The principal application of magnetic susceptibility in chemistry at 
present is to the study of coordination complexes of the transition 
elements. In Chap. 11 it was shown that different reasonable bond- 
ing arrangements could sometimes be drawn for different ligands on 
a given metal ion. These bonding descriptions, moreover, were such 
that different numbers of unpaired electrons could sometimes be ex- 
pected in the partially filled d orbitals. Magnetic results are of value 
in assigning an electronic structure to such complexes and, in some 
cases, in suggesting the geometry of the ligand attachment. 

The complexes Fe(CN)g3~— and FeFg3- were used previously to 
illustrate different bonding descriptions. Magnetic studies of the salts 
K3Fe(CN)g and K3FeF, in aqueous solution yield a magnetic moment 
of 2.3 Bohr magnetons for the former and 6.0 for the latter. Refer- 
ence to Table 14-4 then shows that each Fe(CN)g.3- ion can best be 
ascribed one unpaired electron, and each FeF,3~ ion, five unpaired 
electrons. It was these data that were primarily responsible for the 
different bonding descriptions that were given in Sec. 11-9 to the 
two ions. 


PROBLEMS 


1 What is the dipole moment of a system of two particles, of charge +2q 
and —q, separated by a distance r? 


2 What is the dipole moment of a system of three charges, of + 2e, —e, and 
—e, where e represents the electronic charge at the corners of an equi- 


lateral triangle with sides 2 A long? 


3 A potential of 100 volts is placed across the plates of a condenser. The 

area of each plate is 2.4 sq cm, and the distance between the plates is 1 cm. 

a Calculate the electric field between the plates of the condenser and 

the force that would be exerted on an electron in this region. What 
would be the charge density on the condenser plates? 

Ans. &9 = 0.333 esu/sq cm; f = 1.6 x 10-10 dyne; o = 0.027 esu/sq cm. 

b If the condenser is filled with CCl, which has « = 2.238, and the 

charge density on the plates is that in (a), what would be the charge 

density on the carbon tetrachloride adjacent to the plates? What 

would be the electric field in a cavity in the CCl,? 
What would be the force exerted on an electron ina cavity in the CCl4? 
Ans. 0.42 x 10-19 dyne. 


iz) 


4 


The maximum voltage that can be applied to dielectric materials, with 
dielectric constants of about 2.4, is about 10° volts/em. Calculate the 
energy difference between most favorable and most unfavorable orienta- 
tions of a molecule with a dipole moment of 1 debye in the dielectric sub- 
jected to this applied potential. At 25°C what would be the relative 
population of the two states? Recognize from this the relative unimpor- 


tance of applied electric fields in the molecular world. 


The dielectric constant of liquid CCl,, whose molecules are tetrahedral 
and have no permanent dipole moment, is 2.238 at 20°C. The density 
of CCl, is 1.595 g/cc. Calculate the molar polarization ? and the 
polarizability a. 


In the deduction of the molar polarizability of a gas at not too high 
a pressure, the dielectric effect of the medium is small enough so that the 
final term of Eq. [22], which is due to the charges on the cavity in the 
dielectric, can be dropped. Follow through the derivation of an expres- 
sion for a and @ for a low-pressure gas. Notice that this result is also 
obtained directly from Eq. [25] or [26] when the value of « approaches 


unity. 


The following values have been reported for the dielectric constant of 
BrF; vapor at 1 atm pressure [Rogers, Pruett, Thompson, and Speirs, 
J. Am. Chem. Soc., 78:44 (1956) ]: 


T (°K) 345.6 362.6 374.9 388.9 402.4 417.2 430.8 


€ 


10 


11 


1.006320 1.005824 1.005525 1.005180 1.004910 1.004603 1.004378 


a Assuming ideal-gas behavior, calculate the molar polarization at each 
temperature. 

b Deduce a and p for BrF; from the plot of these data suggested by 
Eq. [35]. Ans. a = 8.6 X 10724; p = 1.51 debyes. 


The dipole moment of CH;Cl is 1.86 debyes, and that of CHCl; is 1.15 
debyes. Both molecules are nearly tetrahedral. Assuming that C—H 
has a bond moment of 0.4 debye with H positive, calculate the C—Cl 
bond moment for each compound. The disagreement can be understood 
in terms of the induced dipoles in the three very polarizable chlorine 
atoms of CHCl. 


The dipole moment of NHsz is found to be 1.46 debyes, and the angle 
between two N—H bonds is 107°. Calculate the NH bond moment. 


Compare several of the bond moments given in Table 14-2 with the values 
that would be obtained using the relation depicted in Fig. 14-10 and other 


data given earlier in the book. 


The dipole moment of NF; has been measured to be 0.2 debye. The 
angle between the bonds is 102.5°. Estimate, from the data of Figs. 11-7, 
14-10, and Table 13-2, the expected N—F bond moment, and on this 
basis deduce a molecular dipole moment for NF3. Consider the source of 


the discrepancy. 
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12 Calculate the ionic character of the five metal halides of Table 14-1 on 
the basis of point electronic charges separated by the equilibrium bond 
length. The bond lengths for CsF, CsCl, KF, KCl, and KBr are 2.34, 
2.90, 2.55, 2.67, and 2.82 A respectively. 


13 Compare the frequency of rotation of a representative gas-phase mole- 
cule with the frequency of visible light of about 101° cycles/sec. Rec- 
ognize the implications of this comparison on the ability of a molecule 


to rotate so as to affect an index-of-refraction measurement. 


14 Show that the units ergs per gauss for po lead to units for xy that give 
the force of Eq. [45] in dynes. 


15 The ion Co(NH3)¢3+ has been shown from magnetic measurements to 
have no unpaired electrons, whereas the ion CoF,?— has four unpaired 
electrons. Considering only the effect of unpaired electrons, calculate 
the change in apparent weight of a 0.1 M solution of salts of these ions 
in 1l-cm-diameter test tubes suspended in a Gouy balance when a 
magnetic field of 5000 gauss is turned on. Ans. For CoF¢3-, 0.0102 g. 
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CHAPTER 
FIFTEEN 


THE RATES 
AND MECHANISMS 
OF CHEMICAL REACTIONS 


Our study of the molecular world has so far been concerned with only 
one of the two broad aspects which interest chemists. So far, chemi- 
cal systems at equilibrium have been treated, and the nature of chem- 
ical compounds, which may be reactants or, products in a chemical 
reaction, has been studied. Now the actual process of chemical 
reactions is investigated, and our attention is focused not only on the 
reactants and the products, but also on the details of the transforma- 
tion from one set of chemical species to another. That this aspect 
has previously been neglected, or avoided, is emphasized by recogniz- 
ing that the time variable has so far been absent and that it will now 
play a major role. 

The principal experimental approach to the study of the reac- 
tion process is through the measurement of the rate with which a reac- 
tion proceeds and the dependence of this reaction rate on the concen- 
trations of the reacting species and on the temperature. These 
factors are grouped together in the term reaction kinetics. These 
results are summarized, for a given reaction, by a rate equation which 


often is of the general form 
Rate = k(T) x function of concentration of reagents [1] 


The quantity &(7) is called, as will be made reasonable later, the rate 
constant and, if the term involving the reagent concentrations cor- 
rectly expresses the rate dependence on concentration, will be a func- 
tion only of the temperature. Thus the experimental information on 
the reaction process is summarized in the rate equation by the nature 
of the concentration function and by the value and temperature 
dependence of the rate constant. 

Previously, our knowledge of molecular behavior was used to 
give us an understanding of the equilibrium state of a chemical system 
either directly or through an understanding of the thermodynamic 
properties of the species involved. Now the molecular details of reac- 
tions themselves can be looked into, and attempts can be made to de- 
duce detailed pictures of the nature of molecules that are in the 
process of reacting. 

Since any theory of the way in which a reaction proceeds, |.e., of 
the mechanism of a reaction, involves ideas as to how events occur 
as a function of time, thermodynamics no longer provides command- 
ments to which the theories must conform. Thermodynamics applies 
directly only to the reactants and the products of a chemical reaction 
and, as indicated by the absence of the time variable in all previous 
thermodynamic discussions, is not concerned with the reaction proc- 
ess itself. The prime factor that influences theories of reaction 
mechanisms is the experimental results summarized by the concen- 
tration dependence shown in the rate equation. The present subject, 
therefore, consists primarily of the experimental study of reaction 
kinetics and the molecular theories of reaction mechanisms. To this 
principal study must be added a section dealing with the theories that 
have been developed to explain the numerical value and temperature 
dependence found for the rate constant. 

It may seem presumptuous, and it is indeed a bold and exciting 
endeavor, to attempt to learn how, for example, two molecules come 
together, how the atoms change their positions, and how the electrons 
shift so that one or two new molecules emerge. Much certainly re- 
mains to be learned about such intimate details of molecular life, and 
the unraveling of the details of the reactions of the molecular world 
is as fascinating a story as is that already introduced of the molecular 
world in its equilibrium state. 

Just as the previous study of the molecular nature of matter let 
us more easily understand many of the properties of chemical sys- 
tems, so also does the study of the molecular details of reactions lead 
us to a better understanding of chemical reactions. Ideas arising 
from reaction-mechanism studies are contributing to our classification 
and understanding of the immense number of individual reactions 
that occur in organic and inorganic chemistry. Itis, in fact, an under- 
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standing of reaction mechanisms, rather than of thermodynamics, 
that leads to most of the qualitative ideas as to what reactions might 
occur in both organic and inorganic systems of much complexity. 

The emphasis on the relation of reaction kinetics to reaction 
mechanisms should not, however, completely obscure the fact that 
data on the rate of reactions are often of immediate practical value. 
It is frequently important to know, for example, under what conditions 
a particular reaction will proceed rapidly to give a high yield of a prod- 
uct while at the same time the conditions are such that a side reaction 
that gives an undesirable product is slowed down. Of particular im- 
portance, in this regard, is the role of catalysts. The action of cata- 
lysts in homogeneous systems will be treated here, but the very- 
important subject of heterogeneous catalysis will be postponed until 
the phenomenon of adsorption is studied. 

It is convenient to divide the present subject into two principal 
divisions. The first deals with the effect of the concentrations of the 
reagents on the rate of the reaction and the mechanisms that are 
suggested to describe the molecular course of the reaction. The 
second division treats the theories that attempt to explain the data 
for the absolute rate with which a chemical reaction proceeds for given 
reagent concentrations and a given temperature; i.e., the theories 
attempt to derive the numerical value of the rate constants for 
individual reactions. 


RATE EQUATIONS AND 
REACTION MECHANISMS 


15-1. EXPERIMENTAL APPROACHES 


The experimental results for the dependence of the rate of a reaction 
on the concentrations of the components in the reaction system are 
summarized in the rate equation. To deduce the form of the func- 
tion of the concentrations and the species involved, it is necessary 
to have data for the rate of the reaction, at some fixed temperature, 
as a function of the concentrations of the reagents. It is usually 
necessary only to determine the concentration of a reagent, or of 
a product, at various times, and, as specific examples will later show, 
these data lead to values for the reaction rate and to the deduction of 
the rate equation. 

For a reaction that is slow relative to the time it takes to remove 
a sample from the reaction mixture and to perform an analysis, the 
data from which the rate equation can be deduced can be obtained by 
any analytical method, physical or chemical, that is applicable to the 
particular system. When the reaction is a relatively rapid one, the 
time of sampling and analysis is appreciable and the analytical results 
are not then easily related to any well-defined reaction time. The two 
principal types of procedures that are then resorted to consist in 


““freezing’’ the reaction system, or a sample from it, or in using some 
rapid physical measurement that can be made on the reacting system. 

The freezing of a reaction implies doing anything that abruptly 
slows or stops the reaction so that an analytical method that would 
otherwise be too slow can be used. One procedure is to cool a sample 
rapidly and thereby slow the reaction. In other cases one can quickly 
dilute a sample of the reaction system. Reactions which proceed 
rapidly only in the presence of a catalyst can be slowed down by the 
removal of the catalyst. An often-encountered example is an acid- 
catalyzed reaction that is frozen by dilution or neutralization of the 
acid. 

Frequently more convenient than the withdrawal and analysis of 
samples is the use of some physical measurement which can be made 
on the reaction mixture and from which the concentrations of a re- 
actant or a product can be deduced. Any physical property can be 
made use of as long as the property changes as the reaction mixture 
changes from reactants to products. Thus one might use the pres- 
sure change in a gaseous reaction proceeding in a constant-volume 
system, or the volume change in a constant-pressure system, or the 
refractive-index change that accompanies many solution reactions, 
or the optical rotation when the reactants or products are optically 
active, and so forth. 

More satisfactory physical properties, however, are those that 
are more definitely related to a reactant or a product. One species 
in the reaction system, for example, may absorb radiation at a particu- 
lar wavelength in the infrared, visible, or ultraviolet regions, and the 
amount of absorption at that wavelength can be used as a measure of 
the concentration of that species. Measurements of such quantities 
are less susceptible to interference from side reactions than are the 
physical properties previously listed. 

The study of very fast reactions has become one of the most 
interesting aspects of reaction kinetics. The procedure of mixing the 
reagents and then measuring some physical property is limited, if 
a suitably rapid physical method is used, by the time required for the 
mixing process itself. Much progress has been made by using a flow 
system in which the two reagents flow together ina T arrangement and 
a physical property, such as electrical conductivity or ultraviolet 
absorption, is measured at various positions along the united stream. 
In this way reactions that proceed appreciably in times as short as 
rosy sec can be studied. 

Even more rapid reactions, however, interest the chemist. The 
reaction of an acid and a base, for example, the combination of Ht and 
OH-, is often said to be instantaneous. A number of methods are 
being developed for studying such fast reactions. Some of these, 
known as relaxation methods, depend upon the procedure of disturb- 
ing a reaction system from equilibrium, as by the sudden imposition 
of an electric field or a high pressure, and determining the time re- 
quired for the system to relax, i.e., return to a new equilibrium state. 
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It appears that reactions that occur almost as rapidly as molecules 
vibrate, i.e., in times down to 10-13 sec, are not beyond the realm in 
which the modern kineticist can work. 

The way in which the data obtained from chemical or physical 
measurements on a reacting system at various time intervals are used 
to deduce the rate of the reaction and rate equation for the reaction 
will be illustrated by specific examples in Secs. 15-5 to 15-8. 

The information provided by a rate equation for a reaction is 
seldom sufficient to lead to the postulation of a single mechanism and 
the ruling out of other possible mechanisms. Frequently additional 
experimental results can be brought to bear. For example, the course 
of a reaction might be clarified if one of the hydrogen atoms that is. 
suspected of being involved in the reaction of an organic molecule is 
replaced by a deuterium atom. Analysis of the product molecule will 
then show whether the reaction does, in fact, proceed by a mechanism 
that changes the position of that particular hydrogen atom. 

Another technique that has proved helpful in both organic and 
inorganic reactions depends on the use of an optically active reagent 
and the determination of the optical activity of the product. The in- 
formation that can be gained is illustrated by the three mechanisms 
that might be considered for the displacement of a group b from an 
optically active carbon atom by an incoming group a. These three 
paths can be depicted as 


Ry i mm 
(a), | Saee ee oe —— blet a 45.5 
Ro R3 Ro R3 | Ro R3 
Inversion of configuration 
Ri a [Ri a Ry 
SH Sar 
(b) ee = A ------ ‘|| Ss ae: tL 
Rae GR, er 
Retention of configuration 
== R, es! 
Ri | Res 
(c) Vs a = A at, [|| ss ee eeS0 
Ro R; Ro R3 Ro R3 
and 
Ri 
4 
gars 
R, Rs 


Racemization 


Thus the optical nature of the product would allow the nature of the 
displacement step to be deduced. 

It is necessary to make use of all such information, as well as 
the data on the rate of the reaction, in order to deduce, as we shall 
see, the details of the reaction process. 


15-2. INTRODUCTION TO RATE EQUATIONS 
AND REACTION ORDERS 


The rate of a reaction is usually expressed in terms of the decrease 
in the amount of one of the reagents that occurs in some time interval. 
Alternatively, the increase in the amount of a product can be used. 
If the reaction system is one of constant or near-constant volume, 
the change in the amount of reagent will correspond to a change in the 
concentration of that reagent. For liquid systems one usually states 
the rate of a reaction in terms of the rate of change of the molar con- 
centration of a reagent. For constant-volume gaseous systems it is 
generally more convenient to use the partial pressure of the reagent, 
which, for ideal gases, is seen from P = (n/V)RT to be proportional 
toa concentration term. The time units that enter into the statement 
of the rate of a reaction may be seconds, minutes, hours, and so forth. 

The rate of a reaction is always considered to be a positive 
quantity. Thus, for the reaction 


A+B—>C+D [2] 


the rate, which will be a function of the concentrations and tempera- 
ture, can be given in terms of the decrease in A by writing 


aA} 


a [3] 


Rate = — 


where [A] is the molar concentration of A. Alternatively, if one meas- 
ures the increase in the concentration of C, one might write 


Rate = + a [4] 


Some care must be taken with other reactions such as those of the type 
A + 2B— products [5] 


Depending on whether A or B is followed experimentally, one might 
write the rate as 


d{] a[B) 
ine oe Ie 


Since two molecules of B are used up for every molecule of A, the 
latter derivative will be twice as large as the former. A more satis- 
factory procedure is to define the rate for a reaction 


Gi bB Sco edd [7] 
as 
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All these expressions are equal and no ambiguity arises if such terms 
are taken to be the rate of the reaction. 
It is found that a large number of reactions have rates that, at 
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a given temperature, are proportional to the concentration of one, 
two, or possibly three of the reactants, with each reactant raised to 
a small integral power. If reactions are considered in which A, B, 
and C represent possible reactants, the rate equations for reactions 
with such concentration dependence would be of the form 


Rate = k[A] (1st order) 
Rate = k[Af?? or R[A][B] (2d order) 
Rate = R[A}8 or R{A }?[B] 

or R[A][B][C] (3d order) 


[9] 


Reactions that proceed according to such simple rate equations | 
are said to be reactions of the first, second, or third order as indicated. 
As we Shall see, not all reactions have such simple rate laws. Some 
involve concentrations raised to nonintegral powers; others consist 
of more elaborate algebraic expressions. There are, however, enough 
reactions that, at least under certain conditions, are simple first-, 
second-, or third-order to make the idea of the order of a reaction 
useful. 

It should be pointed out immediately that the rate law has no 
necessary relation to the form of the equation for the overall reaction. 
The frequently given, simplified derivation for the form of the equilib- 
rium-constant expression that depends on equating the rate of the 
forward reaction to the rate of the reverse reaction, each written in 
terms of the overall equation, is a formalism that should not be taken 
as implying anything about the form of the actual rate equations. 

The units of the rate constants for first-, second-, and third- 
order reactions can be deduced from the form of Eq. [9] and the fact 
that the rate is expressed in the form —d[A]/dt. For a first-order 
reaction, therefore, the rate constant has the units of the reciprocal 
of time, i.e., reciprocal seconds, reciprocal minutes, and so forth, and 
is independent of the concentration units. The second-order rate 
constant, on the other hand, has units such as (moles/liter)~1 sec-! or 
liters per mole second. The units of the rate constants for more com- 
plicated rate equations must be determined by inspection of the 
experimentally deduced rate equation. 

Since rate constants always involve reciprocal seconds, recipro- 
cal minutes, and so forth, a quick and approximate idea of how fast 
a reaction proceeds can be obtained from a reported rate constant by 
taking the reciprocal of the rate constant. As the units indicate, this 
gives a quantity that can be interpreted as the time required for the 
reaction to proceed appreciably when the reagents have about unit 
concentrations. A more quantitative interpretation will be given when 
individual reactions are taken up. 

It is very important to realize that the order of a reaction and the 
rate equation are summaries of experimental results. Later, when 
attempts are made to devise mechanisms that are consistent with the 
rate equations, it will be necessary to keep in mind that mechanisms 


are theoretical but that the rate equation is an experimental result. 

To this general introduction of the treatment that is applied to 
the experimental data of reaction kinetics is now added a similar in- 
troductory discussion of the new features that appear when mecha- 
nisms are devised to explain the molecular transformations that cor- 
respond to a chemical reaction. 


15-3. INTRODUCTION TO REACTION MECHANISMS 


The physical chemist's role in reaction kinetics has often been consid- 
ered to end when the experimental measurements of the rate of reac- 
tion have been obtained and a rate equation has been formulated. 
For such efforts to be rewarding, however, it is necessary to continue 
to the exciting phase of theorizing on the molecular behavior that 
leads to the observed results. In this way one is led to consider reac- 
tion mechanisms. Since the study of the details of reaction processes 
could lead to an investigation of all organic and inorganic chemistry, 
it is necessary that only a few representative reactions be considered 
and that the approach to an understanding of chemical reactions that 
comes from reaction kinetics be indicated. The qualitative and chem- 
ical considerations of this section will later be combined with the ex- 
perimental rate data for specific reactions to show the power of the 
kinetic approach for the understanding of chemical reactions. 

All the features of some reactions can be accounted for by a 
mechanism that consists of the single step of a coming together of all 
the reactant molecules, a rearrangement of the atoms and electrons 
in the moment of impact, and the flying apart of product molecules. 
Such a mechanism is said to involve a concerted process. 

In most reactions, however, such a concerted process would 
require a complicated and improbable combination of changes to get 
from reactants to products. It is then more satisfactory to attempt 
to explain the reaction as proceeding by means of a sequence of steps, 
each step consisting of simple atomic or electronic moves. It will be 
seen that such sequences of steps are often needed to explain the 
observed rate equation. 

The idea of a stepwise reaction leads one to consider the chemi- 
cal intermediates which are formed from the reactants in the first 
step and which finally react in some way to give the products of the 
reaction. On the basis of the type of intermediate that is postulated, 
or in a few cases, demonstrated, reactions can be classified as free- 
radical reactions or as tonic, or polar, reactions. 

Gas reactions appear generally to involve free-radical interme- 
diates. In addition, a few important solution reactions in nonpolar 
solvents proceed by such a mechanism, as do most of those reactions 
which are initiated by light, i-e., photochemical reactions. These re- 
actions are characterized by the fact that the postulated intermediate 
species, as well as the reactants and the products, are electrically 
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FIGURE 15-1 

The Paneth experiment 
on the pyrolysis of 
Pb(CH3)4 to demonstrate 
the formation of methyl 


free radicals. 


neutral and that some of the intermediates have an odd, or unpaired, 
electron; i.e., they are free radicals. 

Ionic reactions, on the other hand, include the bulk of reactions, 
both organic and inorganic, that occur in solution. They are charac- 
terized by charged, or ionic, intermediates. Some of these charged 
species may be the familiar ions such as are encountered in aqueous 
solutions, but many of the postulated species are never observed 
directly. The mechanisms postulated for most organic reactions, for 
example, will involve ionic species that are never observed as reactants 
or products. 

A brief introduction to some of the suggestions as to the ways 
in which these two types of intermediates arise and to the ways in. 
which they appear to react to give product molecules will provide 
a background against which specific reaction mechanisms can later 
be studied. 


The Formation of Free Radicals A number of methods are available 
that demonstrate the presence of free radicals as intermediates in 
gas-phase reactions. The first such demonstration was performed by 
Paneth in 1929, using an apparatus shown schematically in Fig. 15-1. 
The original experiment consisted in passing a stream of the inert 
carrier gas nitrogen, saturated with lead tetramethyl! vapor, through 
a tube, a section of which was kept at about 450°C by means of an 
external furnace. About 20 cm farther along the tube a lead film, 
or mirror, had been previously deposited on the inside of the tube. 
As the experiment proceeded, it was found that metallic lead was de- 
posited in the form of a mirror in the 450°C section of the tube and 
that at the same time the previously deposited mirror was gradually 
removed. The exit gas stream had the same composition as did the 
entering stream. The explanation given by Paneth was that in the 
high-temperature section a decomposition proceeded according to 
the equation 


Pb(CH3)4 > Pb + 4(-CHs) 


and that the methyl free radicals survived without further reaction 
long enough to be swept down the tube to the second mirror, where, 
at the lower temperature, they could react with the metallic lead to 
give the final, volatile product Pb(CH3)4. The experiment is not un- 


No => 
a : FURNACE, 


450°C LEAD MIRROR FORMED 


LEAD MIRROR REMOVED HEATER, 


100°C 3—> No 
TO PUMP 
Pb (CH3)4 
COLD 
TRAP FOR 
Pb (CH3)4 


derstandable on the basis of an initial decomposition that leads to 
the formation of ionic species. 

Later experiments of a similar type showed that many organic 
vapors could be passed through a heated tube and that the exit vapor 
was capable of removing a previously deposited lead mirror. Such 
experiments lead to the general conclusion that heating a vapor to de- 
composition, i.e., gas-phase pyrolysis, \eads initially to the formation 
of free radicals which react further to give the final products. 

Another chemical method that uses a flow technique to demon- 
strate the formation of free radicals was developed by Polanyi. The 
apparatus is sketched in Fig. 15-2. In chamber A, in which sodium 
vapor and an alkyl halide, such as methyl chloride, are mixed, NaCl 
is deposited in amounts that account for all the incoming chlorine 
atoms. It follows that the -CHs free radicals, which remain from the 
reaction of Na and CH3Cl, must emerge from the nozzle of compart- 
ment A. This is confirmed by the formation of CH3I in chamber 
B when iodine vapor is present. The reactions are 


CH3Cl + Na: — NaCl + -CHs in A 
‘CH, + Ig > CHsl + 1 in B 


at surface 
21: ———> Il, 


The iodine molecules, having a low dissociation energy, are easily 
broken by the active methyl free radicals. They are said to act as 
free-radical traps. It should be pointed out that in both the experi- 
ments of Paneth and Polanyi the partial pressure of the reagents and 
the inert carrier gas must be controlled to prevent the free radicals 
from entering into reactions other than those mentioned here. 

One should be reminded that not all free radicals are as reactive 
and elusive as these gas-phase intermediates. Thus, as mentioned 
in our earlier magnetic studies, hexaphenyl ethane dissociates in solu- 
tion even at room temperature to give a large concentration of free 
radicals. 

It is clear, therefore, that the ease of formation of free radicals 
varies greatly with the chemical nature of the reagent. Some quanti- 
tative data which bear this out are the dissociation energies for 
homolytic bond cleavage, i.e., for the breaking of bonds so that the 
bonding pair of electrons is divided equally between the two frag- 
ments, listed in Table 15-1. 

The study of photochemistry will be dealt with later in the 
chapter, but included in our discussion of the formation of free radi- 
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TABLE 15-1 

Energies for homolytic 
bond cleavage 
(kcal/mole) 


TABLE 15-2 
Principal types of free- 


radical reactions 


cals should be mention of the fact that the absorption of radiant 
energy by a molecule leads, for sufficiently high energy quanta, to the 
homolytic cleavage of a bond of the absorbing molecule. It follows 
that photolysis, like pyrolysis, leads to free-radical-type intermediates. 


Reactions of Free Radicals The final products that emerge from a 
free-radical reaction depend on the way in which the free-radical in- 
termediates react and produce stable molecules. Several of the types 
of reactions most frequently attributed to free radicals are listed in 
Table 15-2. The first two are steps that do not eliminate the free- 
radical center and do not therefore give directly the final products but 
constitute only steps in that direction. The abstraction step can lead. 
to chain reactions, as in the system of Hz and Clb, i.e., 


Fle te (Clb = [RICH <& Elle 
Cl = Hs => HCl -— A: 
mle te (Cbs Ss Giney 


The addition step can lead to polymerization reactions, as in the 
formation of polyethylene, 


R= + CHs=CH2 > R—CH.—CH> 
R—CH2—CHz + CH2=CHs — R—CH2CH,—CH.—CH, 
R—CH2CH2CHsCH> + CH2=CHe — etc. 


For the destruction of the free-radical centers, which must occur 
to give the final product, there must be a radical recombination. 
Although a reaction between two highly active species might be ex- 
pected to proceed easily and rapidly, one must recognize that, for 
example, two hydrogen atoms coming together will produce something 
more than 103 kcal of energy per mole and that, unless this energy is 
removed, it will be enough to redissociate the molecule. For radical 
recombination to occur, it is necessary, therefore, to have either a 
third body, usually the wall of the container, present or to be dealing 


CsHs—CHs3 89 CgHsCHo—H 77 
H3C—CH3 84 H3C—H 102 
CgHsCH2—CH3 63 HoC—H (92) 
GeHaCH>—CHeCsHe 47 HC—H 88 
(CeHs)3C—C(CgHs)3 11 (in soln) “CH 80 
Chel 102 

Type of reaction Example 


Abstraction 
Addition 
Combination 


“CH3 + CH3CHoCHoCH3 — CH4 + CH3CHCHCH3 
Br + CHo—=CH—R —> BrCH,—CH—R 
2(-CH3) —_> CoH, 


with large molecules, so that the many degrees of freedom can spread 
out the energy evolved in the bond formation. 


Formation of lonic Intermediates Only those ionic species, both in- 
organic and organic, that occur as intermediates need be dealt with 
here; the more general subject of behavior of ionic systems is treated 
in later chapters. In organic systems the most important new species 
that are postulated are those in which a positive or negative charge 
resides on a carbon atom. Positive ions of this type are called car- 
bonium ions, and negative ions are called carbanions. A knowledge 
of the conditions of the formation and of the reactions of these inter- 
mediates is of great value, not only in understanding reaction kinetics, 
but also in understanding much of organic chemistry itself. 

A few of the more common types of reactions in which carbo- 
nium ions and carbanions are postulated to occur as intermediates 
are listed in Table 15-3. 


SUBSTITUTION REACTIONS 


Nucleophilic Reaction HO- + (CH3)3CCl — HOC(CH3)3 + Cle 
Mechanism (CH3)3CCl = (CH3)3C* + CI- 
(CH3)3C¢* + OH- —> (CH3)3COH 


H NO» 
Electrophilic Reaction HNO3 + C) = C) + H20 
H 


ON. OH 


* 
Mechanism step NO2* + Ss S 


ADDITION REACTIONS 


0 
| 
Nucleophilic Reaction H3N: + CHo—CH C—OR —> HoNCH2CH2COOR 
0 0 
| r «g_| 
Mechanism H3N: + CHy—=CH—C—OR — H3N—CH.—CH—C—OR 
Electrophilic Reaction HCl + CH»>—=CH2 —> CH3—CH,Cl 
+ 
Mechanism H+ -+- CH>—=CH2 — CH3—CH2 
CHsCH> + Cl- —> CHs—CH2CI 


a 


ELIMINATION REACTIONS 


Le Ls 


Br 


| 
Reaction CH3CH—CH3 + HOn = CH3—CH=CH2 + H.0 Ale 
Br Br 


| ee Be 
Mechanism step CH3CH—CH3 + HO” — CH3,—CH—CH» + H20 
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TABLE 15-4 
Some reactions of 
carbonium and 


carbanion intermediates 


In discussing reactions which form these intermediates, or 
reactions of these intermediates, it is convenient to distinguish two 
classes of reagents. One class consists of those reagents which have 
a free pair of electrons that can be used to bind another group or 
nucleus. These reagents are said to be nucleophilic. All carbanions 
fall in this class, as do stable molecules such as amines. The second 
class consists of reagents that are lacking electrons and that react by 
combining with electron-rich groups. Such reagents are said to be 
electrophilic. All carbonium ions clearly belong to this class, as also 
do the hydrogen-ion and electron-deficient moleclules, such as BF3. 


Reactions of lonic Intermediates The carbonium ions and carban- 
ions, being unstable intermediates, must react further, in any com- 
plete reaction, to give the final products. Again a large number of 
possibilities exist, but a few representative types of reactions of car- 
bonium ions and carbanions are shown in Table 15-4. 

Some reactions will be considered in detail later, and these will 
further illustrate the formation of charged intermediates and their 
further reactions to final products. 


Concerted Reactions Some reactions, as has been mentioned, do 
not occur by the stepwise formation and further reaction of inter- 


REARRANGEMENTS (TO LEAD TO A DIFFERENT INTERMEDIATE) 
Ee a ee eee eee 


[ (tts ] CHs 
CH3CHoCHCH3 —> | cha—cii—cn 


CH3CHoCHCH; —> CH3CHyCHoCH, 


————— eee 
REACTIONS TO GIVE STABLE PRODUCTS 


ee eee 
Addition of an ionic species: 


(CH3)3C* aia OH- > (CH3)3COH 
ue : 
i eae 
| HoN—CH.—CH—COOR — Ho2N—CH2CH2COOR 


H3NCH»CH—COOR —> 


Elimination of an ionic species: 


NO» H N02 H NO» 
y -H X H H H 
=55 “3 + Ht 
H H H H 
4 te deal 
Br ig Br 
lke eee VT. 
CH3—CH—CH, —> | CHs CH—CH, | — CH3—CH=CH» + Br- 


mediates but appear to proceed by a single concerted process. These 
reactions do not involve either free-radical or ionic intermediates. 
Some concerted reactions, however, can be classified along with ionic, 
or polar, reactions. Two important reactions of this type are displace- 
ment reactions and elimination reactions. 

The first can be illustrated by the example of the displacement 
of the bromide of an alkyl bromide by an amine. 


ee 4 
3 | 5 y 

R3N: + CH3Br > |R3N--—-— x es Br| > RsN*—C—H +- Bro 
| Hy | H 


The postulated mechanism consists of the formation of the N—C 
bond and the simultaneous breaking of the C—Br bond. The inter- 
mediate is depicted as the reaction species when this concerted 
process is partly complete. Since such displacement reactions can 
be said to result from the nucleophilic character of the attacking 
amine group and since two species must collide or come together for 
the reaction to occur in this single step, the reaction can be said to be 
a substitution, nucleophilic and second-order, abbreviated as Sy2. 

A representative concerted elimination reaction is the removal 
of HBr when an alkyl halide is placed in alkali media. The postulated 
mechanism is 

a i oe z 
HO- + H—C—C—Br — | H—O---H---C---C---Br | + HOH 
[1 4 [ | 
SS x 
+ Bae + Br 
in which the net effect is the removal of HBr. Since this type of reac- 
tion is an elimination reaction and it is again expected to be second- 
order, it is sometimes designated as an E2 reaction. 

Concerted reactions also are postulated for nonpolar systems 
and belong with the previous classification of free-radical reactions. 
It will later be seen that the reaction of H» and I, in the gas phase to 
form 2HI appears to go by the path 


[H—H H--H 
Heeta s) fae) ble 2HI 
es a bee 
Such a reaction is an example of the class known, for obvious reasons, 
as four-center reactions. 


15-4. THE RELATION BETWEEN THE RATE EQUATION 
AND THE REACTION MECHANISM 


Although it is apparent that both experimental determinations of re- 
action rates and theoretical ideas about the mechanism of a reaction 
treat aspects of the reaction process, it has not yet been made clear 
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how the reaction rate and the reaction mechanism are related. The 
basic idea can be reached by considering a simple gas-phase reaction 
in which the mechanism is, by some means, known to depend on the 
coming together of two molecules of A to give directly the final product 
B. The kinetic-theory treatment of Chap. 2 showed that for ideal 
gases the number of binary collisions in a unit volume per unit time is 
proportional to the square of the pressure of the gas. The rate equa- 
tion for the reaction with the simple mechanism 2A — B would there- 
fore be expected to show that the rate was proportional to P,? or to 
[A ]?; that is, the reaction would be second-order in A. 

A development to be given in Sec. 15-13 will show that for a gas 
mixture of components A and B the number of collisions per unit 
volume per unit time between a molecule of A and one of B is propor- 
tional to the product P4Ps or to [A][B]. A rate law involving such 
a concentration term could therefore be explained by a mechanism 
in which one molecule of A came together with one of B to give 
immediately the final product. 

Ideas such as these are carried over to liquid systems. For 
dilute solutions of noninteracting components this extension seems 
reasonable. One assumes that the concentration terms of the rate 
law can be used, just as can the pressure terms in the simple gas- 
phase example, to deduce the molecule species that must collide, or 
come together, for the reaction to occur. 

The basis for the use of kinetic studies in the deduction of 
mechanisms can be stated as follows: The rate of a single reaction 
step is proportional to the product of the concentrations of the species 
that occur as reactants in that step. 

It is necessary to emphasize that this idea is directly applicable 
only to a single reaction step. One can appreciate, even before a de- 
tailed treatment is encountered, that if a reaction proceeds by a series 
of individual steps and if some or all of these steps control the rate, 
the rate of the overall reaction will not necessarily be simply related 
to any concentration terms. A simplification occurs in many stepwise 
reactions. If the initial step that forms intermediates is slow relative 
to all the succeeding steps, this first step is said to be rate-deter- 
mining. If the initial step, for example, is the relatively slow reaction 


A+ B-[AB] 


where [AB] is an intermediate that, as soon as it is formed, quickly 
passes through a series of steps to give the final product, the rate 
of the overall reaction will be just that of the initial rate-determining 
step. This mechanism therefore would be consistent with a rate 
equation involving the concentration product [A ][B]. 

For stepwise reactions in which the simplification of one slow 
step followed by fast steps cannot be expected, the relation of the 
mechanism to the rate equation is more complicated, as specific 
examples will show. 


With these background sections we are now in a position to in- 
vestigate, for specific reactions, the observed rate data and the 
postulated mechanisms. 


15-5. FIRST-ORDER REACTIONS 


A first-order reaction is defined as one for which, at a given tempera- 
ture, the rate of the reaction depends only on the first power of the 
concentration of a single reacting species. If the concentration of 
this species is represented by c (for solutions the units of moles per 
liter are ordinarily used) and if the volume of the system remains 
essentially constant during the course of the reaction, the first-order 
rate law can be written as 


ea a = ke [10] 
The rate constant & is then a positive quantity and has the units of 
the reciprocal of time. 

The experimental results obtained in a study of the rate of a 
reaction are usually values of c, or some quantity related to c, at 
various times. Such data can best be compared with the integrated 
form of the first-order rate law. If the initial concentration, at time 
t = O, is co and if at some later time t the concentration has fallen 
to c, the integration gives 


is "de =k [at 
Co Cc 0 
and 
a ae 
Co Cc 
or 
Lid eren lS. ran 
log = 3303" fy 


A sometimes more convenient form is 


logc = — x53 + log Co Li) 
A reaction can therefore be said to be a first-order reaction if a plot of 
log (co/c), or of log ¢, against ¢ gives a straight line. Ifa straight line 
is obtained, the slope of the line can be used to give the value of the 
rate constant k. An alternative to this graphical procedure is the cal- 
culation of a value of k from the individual measurements of c at the 
various times ¢, from Eq. [11], for example. The reaction is classified 
as first-order if all the data lead to essentially the same values for 
k, that is, if Eq. [11] is satisfied with k a constant. 

These equations can be illustrated by a reaction which is found 
to be first-order, under certain conditions, and whose mechanism is 
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TABLE 15-5 

The concentration of 
tert-butyl bromide as a 
function of time for the 
reaction (CH3)3CBr + 
HO — (CH3)3COH + 
HBr in a 10 per cent 
water-90 per cent 


acetone solvent* 


* From the data of L. C. 
Bateman, E. D. Hughes, 


and C. K. Ingold, J. Chem. 


Soc., p. 960, 1940. 


of some interest. The conversion of tert-butyl bromide to tert-butyl 
alcohol in a solvent containing 90 per cent acetone and 10 per cent, 
that is, 5 M, water has been studied by Bateman, Hughes, and Ingold. 
The overall reaction is 


(CH3)3CBr Jt |AO)—s (CH3)3COH + HBr 


and is slow enough so that its progress can be followed by the titration 
of samples for their HBr content. Some of the data that were obtained 
are shown in Table 15-5. Figure 15-3 shows the concentration of the 
tert-butyl bromide plotted against time and also the plot of the loga- 
rithm of these concentrations versus time. The linearity of this 
second plot shows that, in this water-acetone system, the reaction 
follows first-order kinetics. The rate equation for the reaction is 
therefore 


= k{(CH3)3CBr] 


d[(CH3)3CBr] 
dt 


and the slope of the line of Fig. 15-3 leads to a value for k of 
1.4 x 1075 sect. 

As is frequently the case, the rate equation is informative but 
by itself does not rule out all but one of the reasonable mechanisms. 
In this example, the concentration of water is large and almost con- 
stant throughout the course of the reaction. Even if water molecules 
were involved in the rate-determining step, the water concentration 
would not show up in the rate equation but would be one of the con- 
stant factors that are contained in the rate-constant term. If, in fact, 
the water of the solvent should enter into the tert-butyl bromide 
displacement reaction, the reaction would be said to be pseudo-first- 
order. 


At 25°C 


Conc. of (CH3)3CBr 
(moles /liter) 


Conc. of (CH3)3CBr 


Ti h 
ime (hr) (moles /liter) 


Time (min) 


Two reasonable mechanisms can be written for this reaction. 467 


If the solvent does not play a role, one might postulate the steps 
Section 15-5 


(CH3)3CBr —> (CH3)sCt + Br- _ slow and rate-determining Hiret-orderreachions 
(CH3)3C* + :OH2 > (CH3)3C—OtH2 fast 
f 
(CH3)3C—OH2 => (CH3)3COH + H* fast 


On the other hand, a concerted Sy2 displacement can be written if the 
reaction is pseudo-first-order. Thus 


r 


CH3 | CHs 
Nn | | + 
BLO sO Be 0 CBr | > H20—-C(CHas BO 
cron CH; CH; | slow and rate-determining 
(CH5)sC—OH» > (CHs)sCOH + H* fast 


Additional evidence must be brought to bear to decide between these 
two mechanisms, and any others that are proposed. The original 
workers were, in fact, led to the first, or carbonium-ion, mechanism. 

It is characteristic of first-order reactions that; as. Eq. [12] 
shows, all that need be measured to see whether or not a reaction is 
first-order is the ratio of the concentrations of the reagent at various 
times to the concentration at some initial time. The measurement of 
any quantity that is proportional to the concentration of the reagent 
can therefore be used, and the actual concentrations need not be cal- 
culated. Thus, if some quantity a, perhaps the absorption of some 
wavelength of light by the reagent, is related to the concentration by 
the proportionality equations 


c = (const)a 
and {13] 


Co = (const)ao 


FIGURE 15-3 
Graphical representa- 
tion of the 25°C rate 
data of Table 15-5, 


2 aoe li ie showing that, for the 
Se are | Za iss || ] sy sae 
2 0.09 2 =i i | | 4 | conditions used, the re- 
a 
2 0.08 - 4 a1 = + iL 4 =| action 
d = 
0.07 ee Nl 1 | (CH;)3CBr + H20 > 
= co 
3 0.06 ia = 1.47 { a T ir (CH3)3COH + HBr 
a — = 5 . 
> a | ® f | is first-order with re- 
5 0.04 + SW ater t t t 
a ° | spect to (CH3)3CBr. The 
ee rT Sa ia r 
5 002 ie = _1< | | rate constant is found 
. &, ma . 
2 o.01t | < 19} —1—_| + to be 1.44 x 10° sec"! 
8 ie Lj mf, = IE | ees 
It Al 1 
oy 0-80 «0 150 20 poe aon aso oe, a te half-life 


TIME, HR > TIME, HR ———> 0.48 10° sec, or 13.4 hr. 
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then Eq. [11] becomes 


a _ 14 
ee a os0s [ed 


From this, or directly from Eq. [12], one gets 


log a = -~ 545+ log ao [15] 
A linear plot of log (ao/a) or of log a versus ¢ indicates a first-order 
reaction. Furthermore, the slope of the straight line gives the same 
rate constant as would be obtained if the treatment had been in terms 
of concentrations. ? 

This aspect of first-order reactions can be demonstrated by the 
gas-phase thermal decomposition of di-tert-butyl peroxide, which, in 
a reaction vessel packed with glass wool, proceeds predominantly 
according to the overall reaction 


| 
(CH3)3C—-O—O—C(CH3)3 — 2CH3—C—CH3 + CH3CH3 


In a constant-volume system the reaction proceeds with a con- 
tinual increase in pressure due to the occurrence of 3 moles of gaseous 
products compared with 1 mole of gaseous reactant. If the initial 
pressure of the di-tert-butyl peroxide in some experiment is Po, the 
final pressure, when the reaction is complete, will be 3Pp. A net pres- 
sure increase of 2Po occurs, therefore, for the complete reaction. The 
increase in pressure that occurs from any time ¢ until the end of the 
reaction is proportional to the amount of di-tert-butyl peroxide exist- 
ing, i.e., that has not yet reacted, at time ¢. If the pressure of the 
system at time tis P, the proportionalities that can be set up are 


Co & (Prinal = Po) = 3Po _ Po = 2Po 
and [16] 
OOP 2) 3ho— PF 


where co and ¢ are the concentrations of di-tert-butyl peroxide at time 
Oandt. The plot that tests whether or not the reaction is first-order 
can be based on Eq. [15], which in this case becomes 


log (3Py — P) = t + log 2Po [17] 


tee 

2.303 
and is seen to be a plot of log (83P) — P) versus t. Figure 15-4 in- 
dicates that the data of Table 15-6, which have been calculated from 
the work of Raley, Rust, and Vaughan, do yield a linear plot. The de- 
composition, under these reaction conditions, is first-order, and this 
conclusion is reached without calculation or measurement of the 
actual concentration of the reacting species. 


The use of a quantity such as the total pressure to follow such 469 
a reaction is subject to disturbance by any of the side reactions that 
might occur. A more direct analysis for the reagents is therefore 
much to be preferred. The data of Table 15-6 have, in fact, been cal- 
culated, merely to illustrate that the total pressure could be used, from 
the original mass-spectrometric analyses of Raley, Rust, and Vaughan. 

A mechanism that explains the rate equation and the observed 
products consists of the slow, rate-determining homolytic-bond- 
cleavage step 
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First-order reactions 


followed by the fast disproportionation step 


ee i 
ee —>» CH3—C—CHs + -CH3 
CH3 


and, probably to an appreciable extent at the surface of the glass wool, 
the fast radical recombination step 


2(-CHs) —> CH3CH3 


The homolytic cleavage of such peroxides occurs relatively 
easily, even in solution, and such a free-radical-formation step finds 
considerable use as an initiating step for polymerization reactions that 
occur by a free-radical mechanism, such as the one indicated in 
Sec. 15-3. 

For first-order reactions it is customary to use not only the rate 
constant & for the reaction but also the related quantity, the half-life 
of the reaction. The half-life is defined as the time required for the 
concentration, or amount, of the reagent to decrease to half its initial 
value. For a first-order reaction the relation of the half-life, denoted 
by t,/2, to the rate constant can be found from Eq. [11] by inserting 


35 0 met a | FIGURE 15-4 
Graphical represen- 
tation of the tert-butyl 

300} aie —- —- f y 

= peroxide decomposition 

a 

a | data of Table 15-6 at 

al fo | 

Sen a S 147.2°C. The first- 

< 

a S order rate constant is 
SES = | 1.43 x 10-4 sec". 
150 a 1 2.35L I L 5 
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TABLE 15-6 

The total pressure of the 
gas-phase system in 
which di-tert- butyl 
peroxide is decomposing, 
predominantly by the 
reaction (CH3)3 
C—O—O—C(CHs3)3 > 


ale + 
C2He7f 


{Calculated from the results 
of J. R. Raley, R. F. Rust, 
and W. E. Vaughan, J. Am. 
Chem. Soc., 70:88 (1948). 


the requirement that at ¢ = t,/2 the concentration is c = 4co. In this 
way one obtains 


BS een | 
log = 2.303 1”? 


or 
0.693 [18] 


hy2= ae 
This result shows that, for a first-order reaction, there is a simple 
reciprocal relation between k and ¢,,2._ Furthermore, since the ex- 
pression involves no term for the concentration, or amount, of mate- 
rial, the time required for half the reactant to be used up is independ- 
ent of the initial concentration, or amount, of the reactant. This can 
be seen graphically in Fig. 15-3, where dashed lines have been drawn 
to show that the time intervals for the amount of tert-butyl bromide 
to decrease to half its value are all equal. It is the simple relation of 
Eq. [18] that makes the half-life a useful quantity for first-order 
reactions. Higher-order reactions, as we shall see, have a half-life 
that is a function of the initial concentration as well as of the rate con- 
stant, and the concept of half-life is then of little value. 

A type of reaction which is in some ways outside the realm of 
chemistry but which conforms beautifully to first-order kinetics is 
that of radioactive decay. It is found that the rate with which a radio- 
active species decays is proportional to the amount of that species. 
The decay is therefore first-order, and one can, as is invariably done, 
use a half-life to characterize the decay rate. 


Total pressure 
(mm) 


Total pressure 


Time (min) ea 
mm 


Time (min) 


0 179.5 0 169.3 
Z 187.4 2 183.1 
6 198.6 3 189.2 
10 210.5 5 201.1 
14 221.2 6 207.1 
18 231.9 8 218.7 
22 242.3 9 224.4 
26 252-9 11 235.6 
30 262.1 12 240.2 
34 271.3 14 250.3 
38 280.2 15 259.2 
42 288.9 17 264.5 
46 297.1 18 269.7 

20 277.8 
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15-6. THEORY OF FIRST-ORDER GAS-PHASE REACTIONS 


Before leaving first-order reactions we might consider, in more detail 
than has been done so far, the implications of a first-order rate de- 
pendence on the molecular nature of the reaction. 

The simplest molecular explanation of a first-order reaction is 
that some fraction of the reactant species has sufficiently high energy 
so that, depending on how this energy is distributed throughout the 
different vibrational modes of the molecules, there is a certain chance 
of these activated molecules decomposing. The rate of reaction 
would then be proportional to the number, or concentration, of such 
activated molecules, and at a given temperature, this number is 
proportional to the number, or concentration, of the reactant mole- 
cules. With these proportionalities the reaction would conform to 
a first-order rate law. 

A difficulty arises when it is asked how the high-energy mole- 
cules accumulate their greater-than-average thermal energy. Since 
they must do so asa result of collisions with other molecules and these 
collisions can be assumed to be binary collisions, one could write, if 
the reactant molecules are designated by A and those with rather 
large thermal energies by A*, the reaction 


A+A—>A +4 A* 


The rate of this reaction, and the rate of formation of A*, would then 
be proportional to [A }’. 

The implication that this process should correspond to a second- 
order reaction can be avoided by saying that in the gas there is an 
equilibrium reservoir of high-energy molecules, as could be calculated 
from the Boltzmann distribution, and that the reaction being consid- 
ered never proceeds fast enough to deplete this reservoir. In this 
case the reaction rate is proportional to the number of high-energy 
molecules and not to the rate with which they are formed. 

These ideas were first put forward by Lindemann. He sug- 
gested considering the reaction 


A+ASA +A" 


where the rate constants for the second-order forward and reverse 
reactions are indicated by kz and k_». Itis this reaction which builds 
up the reservoir of activated molecules. A first-order decomposition 
might then occur as 


ky 


A* =>) B EB 


Anet rate of formation of A* can be written in terms of its forma- 
tion and destruction in the second-order step and its destruction in 
the first-order step. Thus 


d1A"] — pap — bofAYA] — lA“) [19] 
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Furthermore, if the formation of the fragments B does not occur 
rapidly compared with the steps of the second-order activation 
process, the rate of change of [A*] will be small and d[A*]/dt can be 
set equal to zero. The supposition of 


k_.[A][A*] > k[A*] 


i.e., that the deactivation of A* is a more rapid process than is its de- 
composition, leads, with a zero value of d[A*]/dé, to 


ko[A? = k_.[A]A*] 
or 


BA is 
[A] ~ ks 


= aconst [20] 


Thus these assumptions of relative rates lead to the conclusion that 
the A* molecules are in equilibrium with A molecules and that the con- 
centration of A* is proportional to that of A. The first-order decom- 
position step has therefore the rate. 


— TAT = iyfar] = [4] = eit) [21] 

t k_» 

The above explanations of the details of first-order reactions 
imply that at low pressures, where the rate of collisions is decreased, 
the rate of the reactions by which the equilibrium concentration of 
energy-rich molecules is formed might not be very much greater than 
the rate of decomposition of the activated molecules. Evidence for 
a falling off of the rate constant at low pressures has in fact been found 
for a few unimolecular reactions. 

It should now be pointed out, and the delay in doing so corre- 
sponds to the historical development of unimolecular-reaction theory, 
that the unsubstantiated assumption that the rate of decomposition 
is simply proportional to the number of activated species has been 
made. It is now beginning to appear that a detailed understanding of 
first-order gas-phase reactions may require’ a consideration of the: 
details of the energy distribution of the reacting species since the prob- 
ability of a molecular decomposition occurring in a given time interval 
must be expected to be very dependent on just how much extra energy 
the activated molecule has. 


15-7. SECOND-ORDER REACTIONS 


A reaction is classified as second-order if the rate of the reaction is 
proportional to the square of the concentration of one of the reagents 
or to the product of the concentrations of two species of the reagents. 
The second situation leads to the same equations as the first if the 
two reactants are used up at the same rate and if their initial concen- 


trations are equal. For these situations, the rate law is 


dc 
=e ke? [22] 
where c is the concentration of the single reagent or of one of the two 
reagents. Again the kinetic data are usually compared with the 
integrated form of the equation. One has 


Soi ae a 
a Se [23] 
and 

ty es ee 

Soe [24] 


A reaction, of the types considered so far, is second-order, therefore, 
if a plot of 1/c versus ¢ gives a straight line. The slope of the straight 
line is equal to the rate constant. As Eq. [24] shows, this constant 
involves the units of concentration and, in this respect, differs from 
the first-order rate constant that involves only the units of time. 
Furthermore, the time for the concentration to drop to half its initial 
value is deduced from Eq. [24] to be 


a Ee [25] 
The half-life depends, therefore, on the initial concentration and is 
not a convenient way of expressing the rate constant of second-order 
reactions. 

Sometimes it is more convenient to develop the rate equation by 
introducing a term for the amount of reaction that has occurred at 
time ¢t. The overall reaction might, for example, be of the form 


A + B= products 


and it might be inconvenient to arrange to have the initial concentra- 
tions of A and B equal. The kinetic data can then be treated in terms 
of the following quantities: 


a = initial concentration of A 
b = initial concentration of B 
— decrease in A or Bat time ¢; therefore x is equal to the 
amount of product at time ¢ 
a — x = concentration of A at time ¢ 
b — x = concentration of B at time t 


| 


II 


The differential second-order rate equation might then be 


dx _ 
ape [ALB] 


— k(a — x\(b — x) [26] 
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TABLE 15-7 

The concentrations of 
isobutyl bromide and 
sodium ethoxide in ethyl 
alcohol at 95.15° C* 


The integration can be performed by using partial fractions. Thus 


dx > 
Ga ay 


Lf (- e+ te) ar fie 
tf aa ee ao As 


which, on integration, gives 


and 


1 oe 
— plin (a — x) — In(6 — x)}§ = kt (27), 


Insertion of the limits and rearrangement gives, finally, 


1 bla — x) _ 
ae eae [28] 


The data obtained by Dostrovsky and Hughes for the reaction of 
isobutyl bromide and sodium ethoxide are shown in Table 15-7. Such 
data can be compared with the second-order rate equation by calculat- 
ing the values of k for the various times, to get the values listed in 
Table 15-7, or by making the appropriate plot, as in Fig. 15-5, and 
observing the linearity of the data. Either test shows that the reaction 
under these conditions is second-order and has the rate equation 


_ d{CyHoBr] _ _ d[NaOEt] 
a dt 
= 5.5 x 10-3[CyHoBr][NaOEt] [29] 


where the concentrations are expressed in moles per liter and the time 


e—_—_——————— 


Fini) b — x = moles/liter a — x = moles/liter x = decrease in conc. k (from Eq. 
of C4HoBr of NaOEt of C4HoBr or NaOEt [28]) 

0 0.0505 0.0762 0.0030 5.6 
2.5 0.0475 0.0732 0.0059 5.6 
5 0.0446 0.0703 0.0086 5.8 
15 0.0419 0.0676 0.0107 5.6 
10 0.0398 0.0655 0.0135 5.8 
13 0.0370 0.0627 0.0166 5.8 
17 0.0340 0.0596 0.0182 ay) 
20 0.0322 0.0580 0.0230 5.4 
30 0.0275 0.0532 0.0277 5.5 
40 0.0228 0.0485 0.0311 5.6 
50 0.0193 0.0451 0.0335 55 
60 0.0169 0.0427 0.0355 5.5 
70 0.0150 0.0407 0.0386 5.4 
90 0.0119 0.0376 0.0421 5.4 

120 0.0084 0.0341 


ee Sh ssss—s—sSsS—h 


*From the data of I. Dostrovsky and E. D. Hughes, J. Chem. Soc., p. 157, 1946. 


in seconds. Analysis of the products, which has not been necessary 
in the deduction of the rate equation, shows that the reaction involves 
some displacement of the bromide for which the mechanism 


CH3 


| 
H 
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CH3 
Ho o 

+ |CHs—¢—C-——-Br| = 
LierOus 

L Et 
c 

acetate aa + cia 
H 


can be suggested and some elimination to form the olefin according 


to the mechanism 


CHs CHs 
Et0- + CHj—C—CH»—Br > CHj—C=CH» “Br = 
4 ay 
-OEt 
CH; 


| 
CHa—C—-CHe HOR Br- 


Since the two reactions, referred to as an Sy2 reaction and an E2 re- 
action, are second-order, the kinetics of the total reaction, if the 
reactant concentrations are measured, can be studied without any 


complication. 


If, however, reactions following different rate equa- 


tions compete with one another, the overall rate will not be simply 


related to the reagent concentrations. 
A similar treatment involving the amount of reaction that has 


occurred at time ¢ can be applied if, for example, the overall reaction 


FIGURE 15-5 


50 


Plot of Eq. [28] for the 
data of Table 15-7. 


, LITERS/MOLE 


The slope of the line 
gives k as 0.33 liter/ 


b(a — x) 
a(b — x) 


mole min or 5.5 x 1073 


liter/mole sec. 


60 80 100 
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follows the equation of the form 
A + 2B -— products 


The integrated rate equation corresponds to, but is different from, 
Eq. [28]. Such reactions are not very frequently encountered. 


15-8. THIRD-ORDER REACTIONS 


Very few examples of third-order reactions are known. In the gas 
phase, the reactions of nitric oxide provide the only thoroughly studied 
reactions which follow third-order kinetics and involve the chemical 
reaction of three species. The gas-phase reaction 


2NO + Cle > 2NOCI 
for example, proceeds according to the rate equation 

— FINO} = ANOPLCI] [30] 

dt 

Similarly, only a few reactions have been shown to be third-order 
in solution. In spite of this, it is probably true that the rate-determin- 
ing step of many reactions in solution involves the coming together of 
three molecules. These reactions usually fail to exhibit third-order 
kinetics because one or two of the participating molecules are solvent 
molecules. When the solvent is present in large molar excess over 
the other reagents, its role in the rate-determining step, as has been 
mentioned, will not show up in the rate equation but will be lumped 
into the rate constant. 

The displacement reaction of the type that can be used to illus- 
trate both first- and second-order kinetics can, in suitable systems, be 
made to illustrate third-order kinetics. The reaction 


} } 
ff N + CH3Br > ll vCal 2 [By 


proceeds, in benzene, according to the rate equation 


= atesieN =) & aed = R{CsH;N][CH3Br] [31] 


and is apparently a straightforward example of an Sy2 displacement 
reaction. It has, however, been shown by Swain [-J. Am. Chem. Soc., 
70:2989 (1948)] that when an alcohol or phenol is added to this reac- 
tion system, the rate increases although the added hydroxyl com- 
pound does not enter into the equation for the overall reaction. The 
rate of the accelerated reaction is found to be not only first-order in 
the bromide and first-order in pyridine, but also first-order in the 
hydroxyl compound; i.e., 


— ACHE rT _ p{CHsBr][CsHsNJ[ROH] [32] 


A mechanism that is in accord with this rate equation is a ‘‘push- 
pull’ type of displacement, with the rate-determining step leading to 
the intermediate 


Similar solvation of such a displaced group as the bromide ion must be 
expected in similar reactions that occur in aqueous and alcoholic solu- 
tions. Such solvent participation then does not directly show up in 
rate equations, and must be deduced from reactions in other solvents 
or by some other means. 

It should be mentioned, although the subject will be treated 
more fully in a later section, that the role of the hydroxyl compound in 
the displacement reaction can be looked upon as being that of a 
catalyst. It speeds up the reaction without itself being consumed. 


15-9. CONSECUTIVE AND OPPOSING REACTIONS: 
THE METHOD OF THE STATIONARY STATE 


Although some of the mechanisms suggested in Sec. 15-3 lead one to 
expect that many reactions do not proceed by a single step from 
reactants to products, the treatment so far has assumed that, even 
with a sequence of steps, the rate of the reaction can depend on one 
rate-determining step. Now, well worked out, stepwise mechanisms 
for two reactions will be considered in more detail. The possible in- 
fluence on the reaction rate of more than one of the mechanism steps 
and of the reversal of one of the steps will be treated to illustrate the 
general method used when the simplification of a single rate-deter- 
mining step involving reactants cannot be assumed. 

The first example is the reaction of bromine with acetone in a 
basic aqueous solution. This is known as the bromoform reaction, 
the products being the acetate ion and bromoform. The overall reac- 
tion, which is seen to involve a complicated interchange of atoms, can 
be written as 

O O 


| | 
CH;—C—CH; + 3Bre +40H">— CH;—C—O- + CHBrs 


+ 3Br- + 3H20 


Studies of the rate of this reaction lead to the rate equation 


ee 
d\CHy—C—CH 1 
5 = Be CHa CCH} [047] [33] 


A mechanism which is consistent with this rate equation has as 
its first and rate-determining step the formation of the enolate ion of 
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acetone, according to 


I | 
CH3—C—CH3 + OH- — CH3—C—CH2— + H2O 


The ion formed can, of course, be written with the alternative 
resonance form 


, 
CH3—C=CH, 


Enough supporting evidence exists for this initial step so that it can 
be considered to be one of the best-established of all organic mecha- 
nisms that have been postulated. After these supporting arguments 
are indicated, a complete mechanism will be suggested. 

First, it has been found that the basic racemization of an opti- 
cally active ketone, with the asymmetric carbon atom a to the car- 
bonyl, occurs with the same rate equation and with the same rate 
constant as does the bromination of that compound. It seems very 
reasonable to suggest that the racemization occurs through the loss 
of configuration accompanying the formation of the enolate ion. For 
the ketone that has been studied, one has 


OH 0 
aoe OH- ss 
C—C*-CHp = C—C—CH, 

le. Coo- Ce. COO- 


At equilibrium only a small amount of the carbanion exists, but since 
a proton can add in the reverse reaction to the charged a-carbon atom 
to give either the d or / ketone, the optical activity is lost at a rate which 
corresponds to the rate of formation of the ion. Since this rate is the 
same as the rate of bromination, it can be expected that the two reac- 
tions proceed by the same rate-determining step, the formation of 
the enolate ion. 

Another indication that the removal of an a-hydrogen from a 
ketone is a valid mechanism step is the finding that, for the optically 
active ketone . 


ei 
Cee 


CoH; 


the rate observed for the loss of optical activity is the same, in basic 
media, as the rate of exchange of the a-hydrogen with deuterium in 
alkaline D20. Again the equality of the rate of the two reactions is 
understandable in terms of the formation of the enolate ion in the 
rate-determining step. 

Finally, it is found that the rate of the reaction of acetone with 
iodine in aqueous alkali is the same as that with bromine. The mech- 


anism of the reaction, therefore, must be one that can be independent 
of the kind of halogen as well as of its concentration. The suggested 
rate-determining step clearly fits this requirement. It will, however, 
be shown later that the chlorination of acetone proceeds at a different 
rate and according to a different rate law. This behavior, we shall see, 
is understandable in terms of the same mechanism as that proposed 
for the bromination. 

The initial step of the mechanism, with these supporting argu- 
ments, can be accepted with some confidence. The remaining steps 
that are postulated and that can reasonably be assumed to be fast 
compared with the first step are 


0 
are ere Pag: ee ee eicHiet 4 Br 
‘oe 
CHs—C—CHsBr + OH- > CH;—C—CHBr + H20 
0 0 
| | 


CH3—C—CHBr + Br2 > CH3—C—CHBrz + Br- 


O 


| see 
CH;—C—CHBr2 + OH- > CH3;—C—CBrz + H20 


eters I 
CH3;—C—CBr2 + Bre CH3;—C—CBr3 + Br- 


O 
] |i ; 
CH3;—C—CBr3 + OH” > See micas —» H—O—C—CH3 
C 


4 :CBrs —> CH;—C—O- + HCBrs 


Let us now consider what rate equation this mechanism would 
lead to if the simple assumption that the first step is slow and rate- 
determining and all succeeding steps are fast is not made. We shall 
treat the possibility of the first step being reversible and the second 
step not necessarily fast compared with the first step, but to keep 
the analysis reasonably simple, all steps after the first two will be 
assumed to be fast. With the symbols A for acetone and I for the 
intermediate enolate ion, the reaction steps to be considered are 


A + OH" 21 + H.0 


I 
1 + Bro “3 CHs—C—CH2Br + Br- 


where the rate constants for the various reactions are ky, Rx, and Re. 
The net rate with which acetone is used up, considering its reac- 
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tion by the first step and its formation by the reverse of the first step, is 
— TAL = a,{ANOH-] — ka] [34] 


where the concentration of water is assumed to be essentially constant 
and can be included in k&_;. This expression cannot be used without 
some knowledge of the concentration of the intermediate species 
I. To obtain this information, we can write the net rate of formation 
ofl as 


a = k[A][OH™] — &_,{1] — Ag {1][Bre] [35] 
The complications from this immeasurable species I appear to be in- 
creasing, but they can be diminished by use of the method of the 
stationary state, or the method of the unstable intermediate. In this 
method one recognizes that the concentration of the intermediate is 
always very small; it is, for example, not detectable. The rate of the 
increase of its concentration, except, possibly, for times very near 
t = O, must therefore also be very small. The assumption is made 
that the net rate of growth @[I] /dt can be neglected for the time in- 
terval studied, or can be put equal to zero in Eq. [35]. This assump- 
tion allows the equation to be rearranged to give 


— _AilAJLOH™] 
a= k_, + k,[ Bry] 36) 


which is a helpful expression in that it gives the concentration of the 
intermediate in terms of the concentrations of the reagents. Elimina- 
tion of the troublesome [I] term from Eq. [34] gives, for the net rate 
of reaction of acetone, the expression 


= afA] es = ko[ Bre] : 
ge — MMALOW Iba [37] 


The recognition that a step may be reversible and that two steps 
may need to be considered leads, therefore, to a rather more com- 
plicated rate equation than that deduced on the basis of a single, 
initial rate-determining step for the reaction of acetone with bromine 
in aqueous alkali. 

The idea that the first step of a mechanism, such as that being 
considered, is the rate-determining step amounts to the assumption 
that when the intermediate is formed in the first step, it is used up 
much more rapidly by the second and all succeeding steps than it can 
react reversibly to give the initial reagents. The assumption corre- 
sponds to the inequality 


k[Bro](1] > ki] 
or 


k[Bro] > ky [38] 


Use of this inequality in the denominator of Eq. [37] allows &_, to be 


neglected. The k2[Br2] terms then cancel, and the deduced rate law 
d 
— GAY = ps[AJOH-] [39] 


shows that the mechanism, with the assumed relative rates of the 
different steps, is consistent with the observed rate law for the bromo- 
form reaction. 

The reason why the chlorination of acetone does not, as men- 
tioned previously, obey the same rate equation is that, although the 
same mechanism can be written, the inequality of Eq. [38] does not 
apply and the complicated concentration dependence of Eq. [37] can- 
not be reduced to a simpler expression. 

The second reaction that has been extensively studied and that 
serves as an illustration of the effect of reverse and consecutive 
mechanism steps is the alkaline hydrolysis of chloroform. The com- 
plete reaction yields carbon monoxide, formate ions, and chloride 
ions. The overall equation 


CHCl, + 7ZOH- > CO + HCOO- + 6CIr + 4H20 


can be written. 
The rate of the reaction is found to be expressed by the rate 
equation 


= = = k{CHCI][OH-] i 


Another datum that is pertinent to mechanistic considerations is that 
the rate of deuterium exchange of CHCI; in alkaline D2O is very much 
faster than is the hydrolysis reaction. 

A mechanism that has been proposed to account for these re- 
sults has the first two steps 


HCCl3 + OH- = -CCls- + H20 


CCiz ye Ceuse Cl 


followed by the rapid reaction of the carbon dichloride with hydroxide 
to give, after a series of steps, the final products. 

An analysis of the first two steps, in a way analogous to that 
indicated for the bromoform reaction, gives 


= anes] = ok jjICHChIOH [41] 
which agrees with the observed rate equation when & is identified 
with kyko/(k_1 + Re). In this example, regardless of the relative 
values of 1, ki, and ke, the mechanism leads to the observed rate 
expression. The observation that exchange is more rapid than 
hydrolysis leads us, however, to write 


kel :CCl3-1 < kal :CCl3] 
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or 
ko K€ kR-1 [42] 


and to interpret the rate constant for the reaction simply as kyk2/k_1 
rather than as kyk2/(R_; + ke). 

It is interesting to notice that the same result can be obtained 
more directly by assuming, to begin with, that the first step of the 
mechanism is an equilibrium step and that the further reaction of the 
small equilibrium amount of :CCl3~ is the rate-determining step. For 
the equilibrium step one writes 


esa ee Bk 
[CHCIs[OH=] ~~ Raa 
or 
[:CCls-] = Et [CHCIsOH] [43] 
= 


The net rate depends on the rate of the rate-determining step. Thus 


d[(CHCls] _ AEC C saa 
= dt a. dt 
== /PA| CClle=|| 


Substitution of the equilibrium expression for the concentration of 
:CCl3~ gives, again, 


d[CHCl3] _ kok S 
era 3) _ I [CHCl3][OH-] [44] 


which is the same result as obtained from the steady-state method 
with ky < k_4. 

These two reactions, which have been treated in some detail, 
indicate how a rate equation is deduced from a stepwise reaction when 
the initial step cannot be assumed to be the rate-determining step. 
It should also now be especially clear that the rate equation for a step- 
wise reaction may be, but need not be, a simple function of the reagent 
concentrations and that the rate equation need not be simply related 
to the equation for the overall reaction. 


15-10. CHAIN REACTIONS 


All the reactions encountered thus far can be understood in terms of 
mechanisms that lead after one or, at most, a few steps to the final 
products. There are some very important reactions, however, that 
proceed by a series of self-propagating steps. Representative of such 
reactions are gas-phase free-radical chain reactions, such as occur in 
combustion reactions, and liquid-phase free-radical polymerization 
reactions. 

A gas-phase example is the reaction of hydrogen and chlorine 
to give hydrogen chloride. In the dark and in relatively clean con- 
tainers no reaction occurs when the reagent gases are mixed. It is 


characteristic of chain reactions that an initiator is required, and it 
is found that the hydrogen-chlorine reaction proceeds appreciably 
when light falls on the system or when a relatively small number of 
sodium atoms are admitted. These chain-initiation steps produce 
chlorine atoms by 


Cy 4h Japs AG 
or 
Clo + Na— NaCl + Cl: 


The reaction then proceeds—and it is found that as many as 10° HCl 
molecules result from each initiating chlorine atom—by the steps 


Cl] 2 Wo HCl he 
H- + Cle— HCl + Cl- etc. 


The chain is energetically self-sustaining because, as can be checked 
from the bond energies of Table 6-7, the pair of reactions that con- 
stitute the chain are, taken together, exothermic. 

The chain is terminated when two atoms come together in the 
presence of a third body, usually the container wall, that can take away 
the energy liberated when the atoms combine. 

Such a mechanism can be analyzed and a rate law can be 
deduced by using the steady-state assumption that the chain-carrying 
atoms are present only in low concentrations. The derivation is not 
different in principle from the derivations of the previous section. It 
is necessary, however, to take into account the chain-initiating and 
the chain-terminating steps. Since the latter generally occur on the 
surface of the container, one finds that chain reactions have a 
characteristic surface-area dependence. 


15-11. HOMOGENEOUS CATALYSIS 


One of the most dramatic effects in the field of chemical kinetics is 
that of catalysis. A catalyst is a material that increases the rate of a 
chemical reaction without itself being used up. Remarkable accelera- 
tions of reactions can occur, and this is often the result of a very small 
amount of catalysts. Catalysis, moreover, occurs in a great variety of 
reactions, and the catalysts may be anything from a solid metal to the 
complicated organic structures that constitute enzymes. 

The general mode of operation of all catalysts can be clarified 
by considering a reaction in solution catalyzed by an added solute. 
It is, in fact, frequently possible to deduce the exact role of a catalyst 
in such a homogeneous system. The details of the important phe- 
nomenon of heterogeneous catalyses, where the catalyst is usually 
a solid and the reaction system is a liquid or vapor, remain, however, 
quite obscure. Since heterogeneous catalysis is closely tied up with 
the process by which reagents are adsorbed onto solids, detailed dis- 
cussion of this subject will be postponed until adsorption is studied 
in Chap. 24. 
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One of the most frequently encountered types of catalysis in 
solution is that in which a reaction is accelerated by the presence of 
an acid or a base. The molecular nature of catalysis is perhaps best 
illustrated by the example of the hydrolysis of an ester. The reaction 
is catalyzed by both acids and bases. The designation of a base as 
a catalyst is, admittedly, a little upset by the reaction of the base with 
the acidic product. In spite of this, the reaction will nicely illustrate 
the role of the catalyst. 

In neutral aqueous systems, an ester such as methyl acetate 
hydrolyzes very slowly according to the overall reaction 

i 1 

cHeauowers + H 20 — CH3—C—OH + CH30H 
A reasonable mechanism suggests that the reaction proceeds through 
attack of the water molecule on the carbonyl—recall resonance form 


i 
CH3;—C+t—O—CH3 
—as 
O Ox 
g | 
as ee >» CH3 ‘ O—CHs3 
ve O+ 
O aN 
OX 
H H ql H 


Redistribution of the electrons gives 
(Oe 
ee 


p) 
cH, —€-9—CH, + CHC + OCHs 
KX 
iat 
which, with proton transfer, yields the observed final products. The 
rate-determining step is the initial attack of water on the carbonyl, 
and it is to the difficulty of this step that the slowness of the reaction 
is attributed. ' . 
The addition of acid to the aqueous methyl! acetate system re- 
sults in a greatly accelerated reaction, and the added acid does not 
enter into the equation for the overall reaction. It is therefore a 
catalyst. For this reaction it is possible to suggest a mechanism that 
explains this catalytic process. 
In the presence of acid a small amount of acid-base reaction will 
occur to give the rapid equilibrium 
H 


Oo 


O 
| | 
CH3—C—O—CH3 + H+ ann CH3—C+—O—CHs 


The ion that is formed will be much more susceptible to nucleophilic 


attack by a water molecule, and the rate-determining step will now be 
the easier reaction 


H H 
v y 
CH3 fe O—CH3 —> oer aie 
HO ON 
H H 


which can be expected to proceed rapidly. Rearrangement of the 
electrons and protons again yields the final products. The presence 
of acid in the solution and its participation in the rate-determining step 
have provided a better, i.e., lower-energy, path for the rate-determin- 
ing step. This is the role that all catalysts can be assumed to play. 
For reactions that a mechanism cannot be suggested for, itis of course 
impossible to understand the action of the catalyst. In heterogeneous 
catalysis the surface reactions are little understood, and the role of 
the surface, which is the catalyst, is therefore also obscure. 

Before leaving the methyl acetate example, a mechanism should 
be suggested to show how the hydrolysis is base-catalyzed as well as 
acid-catalyzed. The attack of negative hydroxide ions on the partially 
positively charged carbon atom of the carbonyl can be expected to 
proceed much more rapidly than the corresponding attack by water. 
The suggested rate-determining step for the base-catalyzed reaction 
is therefore the hydroxyl-ion attack 


a ie 
Chae FA a a 
HO- ae 


the product of which can again be easily converted to the final reaction 
products. 

The rate equation for such a reaction can be written to include 
these catalytic effects if the rate constant is given the form 


hehe Rath  hor 10H] [45] 


where &p is the rate constant of the noncatalyzed reaction, such as 
occurs in neutral solution where [H*] and [OH] are both small, and 
ky and Row are the catalytic constants for H* and OH-. It should 
be mentioned that some reactions need not, of course, be catalyzed 
by both acid and base. Also, it can be pointed out that, if only H* or 
OH- is an effective catalyst, the reaction is said to be specific acid- or 
base-catalyzed, whereas, if any acid, such as CH3COOH molecules, 
or any base, such as NEts, is effective, the reaction is said to be 
subject to general acid or base catalysis. 

Many other types of catalysts are known, but they need not be 
mentioned here. It appears that, no matter how the systems vary, 
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TABLE 15-8 

The rate constant as a 
function of temperature 
for the reaction 

CH3I + C2Hs0Na > 
CH30C2Hs + Nal 

in ethyl alcohol* 


ky 
t,°C__ (liters/mole sec) 
0 5.60 «x 1075 
6 11.8 
12 24.5 
18 48.8 
24 100 
30 208 


*From W. Hecht and 
M. Conrad, Z. Physik. 
Chem., 3:450 (1889). 


the catalyst will enter into the rate-determining step to provide an 
easier path in some way such as that illustrated for catalytic hydrolysis 
of methyl acetate. 


THEORIES OF THE RATE CONSTANT 


The previous sections have shown that the form of the concentration 
terms of the rate equation is of great value in influencing theories of 
reaction mechanisms. It is this aspect of kinetics which leads to 
much of our present understanding of the reactions of organic and | 
inorganic chemistry. So far almost no attention has been paid to the 
numerical values of the rate constants appearing in the rate equations. 
A considerable extension of our understanding of molecular phenom- 
ena results from attempts to explain the actual values of the rate 
constants and therefore the actual rates of reactions for given reagent 
concentrations. 

When this problem is approached, the first striking feature that 
is noticed is the large variation of all rate constants with temperature. 
This dependence proves not to be merely a troublesome factor, but 
rather furnishes the most important clue to the approach that must be 
used to understand the molecular basis of rate constants. 


15-12. TEMPERATURE DEPENDENCE OF THE REACTION RATE 


The rate equation and the rate constant for a reaction are determined 
from kinetic data at a fixed temperature. If experiments are per- 
formed at several different temperatures, it is generally found that the 
concentration dependence exhibited in the rate equation is unchanged 
but the value of the rate constant is much greater at the higher 
temperatures. 

In 1889 Arrhenius showed that the rate constant increases in 
an exponential manner with the temperature. It is perhaps best to 
recognize that by an entirely empirical procedure he could have found . 
that a plot of log k versus 1/T gives a linear relation. The data on the 
rate constant of a second-order reaction as a function of temperature 
given in Table 15-8 are shown in such a plot in Fig. 15-6. 

Such linear plots imply the relation 


Ink « F [46] 
or 
k cx econst/T [47] 


In view of later deductions, and in line with the treatment of Arrhenius, 
this empirical relation can be conveniently written as 


k = Ae Ea/RT [48] 


where A is called the pre-exponential factor, and E, is known as the 
activation energy. With this notation one writes the logarithmic form 
of Eq. [48] as 


E 
ti eee 
nk np t ina 
or 
mH Ey 1 
logk = — 5303p 7 + 084 [49] 


The empirical constants E, and A can therefore be deduced from the 
slope and intercept of the appropriate plot of the values of k at differ- 
ent temperatures. 

Although these expressions are empirical correlations of rate 
data and the terms E, and A are, for the present, to be treated as 
empirical parameters, the form of the expression for the rate constant 
might have been anticipated from the previously derived relation for 
the temperature dependence of the equilibrium constant. The 
thermodynamic equation 


d(|In K) AH 
dT. RT? ie) 
can be written as 
K = const e~4#/8T [51] 


and if K is interpreted as ki/k_1, the simplest temperature depend- 
ence that can be assumed for the rate constants that is consistent 
with Eq. [51] is 


hy = Aye eye and ky = A_ye~fa)-1/RT 

which gives 
Ay = At 6-(Ba):-(Ea)-1V/ RP [52] 
Raa Asy 


and agreement with the form of Eq. [51]. 


== 25 
3.0 { 
N 
x 
2 3.5L 4 
(eo) 
al 
4.0+ | =| 
45 | | 
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FIGURE 15-6 

The Arrhenius plot 

[Eq. (49)] for the data 

of Table 15-8. The 
straight line ts rep- 
resented by log k = 
—4250/T + 11.38 or 

Ink = —19,490/RT + 
26.21, giving E, = 19,490 
cal and A = 26.21. 
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Most reactions that proceed at a reasonable rate, i.e., that have 
half-lives of minutes or hours, have values of E, of about 20 kcal. For 
such reactions one can use Eq. [48] to verify the photographer's rule 
of thumb that reactions go two or three times as fast when the tem- 
perature increases by 10°C. 

The empirical breakdown of the rate constant according to 
Eq. [48], for example, introduces the two new quantities A and E,. 
Attempts to understand the nature of k become, therefore, attempts 
to understand the molecular basis and interpretation of A and Ey. 
A beginning to this was made by Arrhenius himself. 


15-13. THE ARRHENIUS THEORY 


Arrhenius developed a simple and primarily qualitative theory for the 
molecular behavior that leads to the form of the empirically deter- 
mined expression for the rate constant. Later theories elaborate and 
make more quantitative these original ideas. 

The very simple reversible vapor-phase reaction of hydrogen 
and iodine to give hydrogen iodide can be used to illustrate the ideas 
of Arrhenius. The reaction 


He + Ip = 2HI 


is second-order in both the forward and the reverse direction and 
apparently proceeds by a one-step four-center process so that the 
path of the reaction can be depicted as 


[HH = -H---H] 


Hee loca a) 2H 
[t b---] 


For more complicated systems, even when a mechanism has been 
postulated, it is not so easy to see how the electrons and atoms move 
around as the reaction proceeds. Even Arrhenius, however, recog- 
nized that any reaction process could be considered as proceeding 
by means, first, of the formation of some high-energy species, which 
we now Call the activated complex, and second, of the breakdown of . 
this complex into products. 

If the activated complex is assumed to have an energy E, 
greater than the reactants, the number of activated-complex mole- 
cules compared with the number of reagent molecules can be written 
in terms of the Boltzmann distribution as . 


No. of activated-complex molecules 
No. of reagent molecules 


= e-Fi/RT [53] 
Alternatively, this type of expression can be written from the thermo- 
dynamic result 


d(InK)_ AH 
dm = PT? 


The theory of Arrhenius now says that the rate of the reaction is pro- 
portional to the number, or concentration, of the activated complex. 
If the proportionality factor is denoted by A, one deduces the relation 


Rate — A (no., or concentration, 
of activated-complex molecules) 
— Ae-®/RT (concentration of reagents) [54] 


which, if the reagent-concentration term is treated in more detail, 
agrees with the observed rate equations since it leads to the relation 


k = Ae-#d/kT 


The theory, moreover, says that the empirical constant E, is to be in- 
terpreted as the energy of the activated-complex molecules compared 
with the reagent molecules. 

The idea of an activated complex can be presented on a plot of 
the energy of the system as ordinate versus the reaction coordinate 
as abscissa. The reaction coordinate is not any single internuclear 
distance, but rather depends on all the internuclear distances that 
change as the reactant molecules are converted into product mole- 
cules. In general, it is impossible, and for the present purpose un- 
necessary, to give a quantitative description of the reaction coordinate. 
It consists merely of a qualitative description of the extent of the trans- 
formation from reactants to products. The diagram that can be con- 
structed to represent the hydrogen-iodine reaction is shown in Fig. 
5 -7e 

The Arrhenius theory suggests that the energy of the system 
which is partially transformed from the reactants H» and I, to the 
products 2HI is given by the activation-energy term from the empirical 
expression for the rate constant. This information is added to Fig. 
15-7, and a smooth, but otherwise undetermined, curve is drawn to 
pass through the three known energies. The hydrogen-iodine ex- 
ample is especially nice in that the reverse reaction has also been 
studied and the energy of activation from the products to the activated 
complex has been obtained. 

The Arrhenius theory leads to a considerable improvement in 
our understanding of the reaction process. It is, however, still a very 
qualitative theory in that it does not show how the pre-exponential 
factor A depends on the molecular properties of the reaction system, 


40 KCAL 


43 KCAL 
H» +te/ 2HI 
3 KCAL 


a 
Hp +I > 2HI 
REACTION COORDINATE ——> 
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FIGURE 15-7 

The energy of the reac- 
tion Ho + In— 2HI as 
a function of the reac- 


tion coordinate. 
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nor does it attempt to predict the value of H,. Two later theories make 
some progress in the interpretation of the factor A, but the energy of 
the activated complex remains too subtle a quantity for evaluation, 
except in the very simplest examples. 


15-14. THE COLLISION THEORY 


The collision theory, as its name implies, focuses attention on the 
idea that the reaction of molecules, considering particularly molecules 
in the gas phase, can occur only as a result of a coming together, or 
a collision, of the reactant molecules. Thus, in this view, the rate 
should be proportional to the number of collisions per unit time be- _ 
tween reactant molecules. The idea of an activation energy still 
enters, however, because it seems reasonable to expect only those 
collisions to lead to reaction in which there is enough energy available 
so that in the moment of impact the necessary rearrangements of 
atoms and electrons can occur. 
It is necessary first of all, if the reaction 


A + B— products 


is considered, to calculate the number of collisions that occur each 
second in a volume of 1 cc containing N% molecules of A and Ng mole- 
cules of B. This calculation can be performed for gases, and the col- 
lision theory restricts itself, therefore, to the interpretation of gas- 
phase reactions. The basic equation, obtained for a single gas 
species, has been given in Sec. 2-7 as 


Tae TE ro2e(N*)2 [55] 
where N* is the number of molecules per cubic centimeter, ¢ the 
average speed, and o the molecular diameter. If for simplicity it is 
assumed that the molecules A and B are similar in molecular weight 
and diameter, the total number of collisions in 1 cc containing a total 
of N{ + Ns molecules is 


Zi Trp TaN + Ngy [56] - 


We are interested, however, only in collisions involving one molecule 
of A and one of B. Subtraction of the number of collisions involving 
just A molecules and just B molecules gives 


VP 
= \/2n0?¢N4Né [57] 


Substitution of the relation obtained in Sec. 2-6 for the average speed 
gives 


gee N AEN) B no2e(N#)2 — Tens) 


Zin Done: one NiN# [58] 


vis 


where M and o are the molecular weight and collision diameter, which 
have been assumed to be the same for A and B. 

Recognition that A and B can have different molecular weights 
and diameters leads to the relation 


ZB 


2a (24 + oz) SRT NiNi 
2 2 tem 


II 


Pas 
(04 + 05) oe NiNS [59] 


where tty = M4Mz/(M, + Ms) and is the molar reduced mass. 

It is now necessary to calculate the fraction of these collisions 
that will have enough energy to permit the necessary rearrangement 
to product molecules to occur. Let the necessary energy once again 
be designated by E,. If for simplicity a head-on collision of mole- 
cules of similar mass is pictured, one sees that the 1 degree of free- 
dom of translational energy of each molecule is converted by the col- 
lision into other forms of energy within the collision system, and at 
least the energy of these translational degrees of freedom is available 
to surmount the energy hump blocking the reaction. The number of 
molecules having various speeds in two dimensions is given by dis- 
tribution expressions like those for one and three dimensions in Sec. 
2-6 as 


GN _ M_ 4-(1/2yme2/k7, 
w= ee c de [60] 


The expression is usually applied to one molecule with 2 degrees of 
freedom, but the problem is the same as that of two molecules each 
with 1 degree of freedom. The expression can be put in terms of 
molar energies, i.e., the energies of an Avogadro's number of particles, 
by the relations 


ld = 49Unc? 
and 

dE = 9unc de [61] 
which give, with Eq. [60], 


dN _ _1_o-merrdE 62 
Ne RT [62] 
Finally, the fraction of pairs of molecules moving relative to one an- 
other that have more energy than E, is obtained by the integration 
AN nie (arent war" 
Wo RT Jz. ~ Poel 
— e-le/RT [63] 


A similar exponential type of expression would have been 
obtained even if the simplifying assumption of head-on collisions had 
not been made. The rate of a reaction, according to the collision 
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theory, is therefore 


Rate = (no. collisions/sec)(fraction that are effective collisions) 


or 
* 
_ oe as = (Z4p)e Ey RT 
= (04 + 00)? /-GE- eet NENG [64] 
M 


Comparison can be made with the equation for an observed rate 
if this relation is expressed in terms of molar concentrations, denoted 
by c4 and cg, rather than in terms of molecules per cubic centimeter. © 
Since 


 N@Bai- 
7 N 
or 
Fu OI ol 65 
IN i07¢ and GIN? = 103% [65] 
one obtains 
de, = dcg =. (o4 + Op)” 9 cTRT —E,/RT 
Sodiia, wad mee Ose ae eae lhee 


This result corresponds to the rate equation for a bimolecular reaction 
between A and B if the rate constant is interpreted as 


i (G4 ae Op) g aRT —Ho/RT 67 
om a a: ee 


Finally, this derived result for the rate constant can be compared 
with the empirical Arrhenius expression of Eq. [48]. When it is 
recognized that the \/7 term shows a usually negligible temperature 
dependence compared with the exponential term, one sees that the 
derivation has led to a result of the form 


k= Ae Ha/kT 


and furthermore that the pre-exponential factor A is predicted and 
can be calculated from the expression 


Ae (04 + op)? 5 aRT 
103 et 2umu 


[68] 


In all but one or two very simple reactions it is too severe a test 
of the theory to put in actual values of o4, og, and py and to compare 
the calculated and observed values of A. The principal accomplish- 
ment of the collision theory is that it gives a value of A, for reasonable 
values of o4, og, and py, that is typical of that found for a number of 
second-order gas-phase reactions. To see this, the simpler equation, 


with 
Op 0B and M = M, = Mz 


is sufficient and gives 


A = 402N atRT 


108 M [69] 


Thus, with reasonable values of o = 3.5 A and M = 50, one 
calculates 


A = 66 x 109\/T liters/mole sec 


The pre-exponential factors in Table 15-9, page 497, are seen mostly 
to fall around this value. The theory has therefore been successful to 
some extent. Closer inspection will show that disagreement can be- 
come quite appreciable, amounting often to a factor of 10 and some- 
times to several powers of 10. 

The details that the collision theory has overlooked are readily 
recognized but are less easily rectified. It seems likely, for example, 
that for a reaction to occur as a result of a collision, there must not 
only be enough energy but also a suitable orientation of the colliding 
molecules. For larger molecules this steric factor can be expected to 
be much less than unity, as many collisions would not bring the reac- 
tive parts of the molecules together. There seems, however, to be no 
satisfactory quantitative way of allowing for this effect, and all that 
can be done is to expect the observed pre-exponential factor to be less 
than that calculated when such geometric considerations are impor- 
tant. 

An even more serious difficulty arises in the activation-energy 
term. The result that has been obtained is based on the supposition 
that only 2 degrees of freedom can contribute the energy that goes 
into surmounting the activated-complex-energy barrier. There is, 
however, no reason to ignore energy contributions from rotational 
and vibrational degrees of freedom. If these contribute appreciably, 
a larger fraction of the collisions will be effective and the rate of the 
reaction will be greater than that calculated on the basis of 2 degrees 
of freedom. Although it is easy to see that corrections of several 
powers of 10 are in this way possible, there is as yet no way of deter- 
mining what molecular energies should be included in the calculation. 

The chief contribution of the collision theory is that it leads to 
a definite prediction for the rates of gas-phase reactions. Its chief 
defects are that it is inflexible in that there is no definite way to allow 
for steric effects and for participation of the energy from various 
degrees of freedom and that it is applicable only to gas-phase 
reactions. 

The second theory that attempts to explain reaction rates is now 
given. Judgment of it is, as we shall see, rather the opposite of that 
applied to the collision theory. It generally makes no quantitative 
prediction and thereby avoids the test that the collision theory could 
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be put to. Its chief merit is that it is very flexible and that the varia- 
tions found in the rates of different reactions can be discussed in 
terms of the quantities introduced by the transition-state theory. 


15-15. THE TRANSITION-STATE THEORY 


The collision theory is from the outset tied to the kinetic-molecular 
theory and, as a consequence, is removed from the realm of thermo- 
dynamics. The transition-state theory, on the other hand, is an 
approach that allows some use to be made of the important thermo- 
dynamic concepts. The transition-state theory, like the collision . 
theory, falls far short of the goal of a completely theoretical prediction 
of rate constants. Nevertheless, the approach of the transition-state 
theory helps us to understand not only the molecular features of gas- 
phase reactions but also some of the molecular features that operate 
on reactions in solution. 

The transition-state theory focuses attention on the species in 
the reaction process that corresponds to the maximum in the energy 
curve such as that of Fig. 15-7. This species, called the activated- 
complex, or transition, state, is in this theory treated formally as a 
molecule in spite of its ill-defined nature and transitory existence. 
More specifically, the theory assumes that this species can be treated 
as a thermodynamic entity. 

To illustrate, let us again consider the hydrogen-iodine reaction. 
At equilibrium, which is a dynamic balancing in this case of the two 
simple opposing steps, one could recognize explicitly that there must 
be at all times some small number of molecules that are in the process 
of reacting. Itis customary to label these reacting, or transition-state, 
molecules by +, and with this notation a more detailed statement of 
the equilibrium system can be written as 


Ho + I, — (Ho,12)+ 22 Anil 


It will now be indicated that such explicit consideration of the transi- 
tion state, together with a thermodynamic development, leads to a 
new and valuable view of the reaction process. The development of 
this approach has been due mainly to the work of Eyring. 

When the molecules A and B react to give products, one now 
can suggest, in an approach similar to that originated by Arrhenius, 
that A and B establish an equilibrium concentration of the transition- 
state species and that this species reacts further to form products. 
Thus 


A + B= (AB) = products 


The rate of the reaction depends on two factors: the concentration of 
the transition-state species and the rate with which it breaks up to 
give products. 

The concentration of the activated complex can, at least 


formally, be written in terms of the equilibrium expression 


_ (AB): 
Ke = TAB] 
or 
[(AB)+] = K+[AJB] [70] 


Although no value is given for K#, it will be seen that its thermo- 
dynamic interpretation is profitable and justifies its introduction. 
The rate with which the complex breaks up can be estimated by 
recognizing that it can fly apart into product molecules when a suit- 
able vibration happens to have a large enough amplitude to break 
open the complex. The frequency of such a vibration will therefore 
be something like the rate with which the complex breaks up. An 
activated complex is an unstable species, and is held together by loose 
bonds. The vibrations of such a species will have, therefore, rather 
low frequencies, and the average energy of such a vibrational degree 
of freedom will have approximately the classical energy kT. (Boltz- 
mann’s constant will be written as &, and the rate constant will, in what 
follows, be written with a subscript as k2.) Planck’s expression 
Ae = hy can now be used to convert this energy to a corresponding 
frequency, and we obtain the average frequency of this vibration as 


ae an ean 


It should be noticed that this argument leads to a value of vay of 


Pes sc 1074 °x1300) 2 63 x 1012 cycles/sec 


Mav = 6 62. SC 10°27 

or 
oF | 6S 30108 A 
Vay = S35, 108 er et ae 210 cm 


and according to the data of Sec. 12-2, it is reasonable to expect the 
vibrational level spacing to be less than this for weak chemical bonds. 

The rate of the reaction is therefore given by the transition-state 
theory as 


__ d@Al_ _ dB) _ gs kF rare oe 
Rate = — Sl = — Sol = K+ [ANB] [72] 
Comparison with empirical rate equations for second-order reactions 


shows that the second-order rate constant k is to be identified 
according to 


Le K+ AT [73] 


This result becomes of value when the equilibrium constant is 
interpreted thermodynamically. To do this, one introduces the free 
energy of activation, the entropy of activation, and the enthalpy of 
activation. The equilibrium constant can be related to the free energy 
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of formation of the activated complex by the expression obtained in 
Sec. 8-7. Thus 


(AG°)? = —RT In Ke 
and 
K+ = e7(aG°yt/RT [74] 


For the reaction at a given temperature the free energy of activation 
can be interpreted in terms of an entropy and an enthalpy contribution 
according to 


(AG°)* = (AH°)+ — T(AS*)* [75] 
Substitution of this relation in Eq. [74] yields 

Ket = et(s8°)*/Re-(aH?) /RT [76] 
With this expression for K+, the derived rate constant becomes 


ko = a e+(aS°)*/Re—(4H°)*/RT [77] 


which, with the recognition that the variation of T is small compared 
with that in the exponential term, agrees in form with the empirical 
Arrhenius expression. 

The exponential temperature-dependent term now involves an 
enthalpy rather than an energy of activation. For liquid systems the 
difference, as discussed in Sec. 6-3, will be completely negligible and 
for gaseous systems will be small and, if necessary, can be calculated 
from RT An. 

It is again the theoretical interpretation of the pre-exponential 
A factor that is of particular interest. 


15-16. THE ENTROPY OF ACTIVATION 


The transition-state theory interprets the pre-exponential A factor of 
the Arrhenius equation as 


At AT eros [78] 


and therefore requires an evaluation of the entropy of activation be- 
fore a quantitative prediction of A can be made. Since (AS°)# is the 
entropy change in going from the reagents to the activated complex 
and since little can be easily said about the properties of the activated 
complex, the transition-state theory tends to avoid any definite quan- 
titative predictions. In spite of the ill-defined nature of the transition 
state, a number of conclusions can be drawn concerning (AS°)+, and 
these can be compared with the kinetic results. 

In gas-phase reactions, such as the formation of hydrogen 
iodide from hydrogen and iodine, one can recognize that, when the 
two reagent molecules come together to form the transition state, the 
total number of translational degrees of freedom decreases from 6 to 


3 and the total rotational number from 4 to 3 (or from 6 to 3 if each of 
the reagents were nonlinear). These degrees of freedom which are 
lost become 4 (or 6) vibrational degrees of freedom of the activated 
complex. No matter how weak the bonds are in the transition state, 
there will be a net loss in freedom of motion when translations and ro- 
tations become vibrations. The energy levels of the complex will be 
more widely spaced, and the entropy of the complex will be less than 
that of the two reagent molecules. These ideas can be carried through 
more quantitatively, as will be done later for a specially simple case, 
if expressions are available for the entropy of the various degrees of 
freedom. The experimental pre-exponential factors for quite a num- 
ber of reactions, like the hydrogen iodide reaction, all lead, with Eq. 
[78] and the standard states adopted here, to negative values for 
(AS°)+ as the above argument requires. If, however, the rigidity 
imposed by the complex is quite small, the entropy change will be cor- 
respondingly small. The variation in the pre-exponential factors, as 
shown in Table 15-9, are therefore readily allowed by, if not calculated 
from, the detailed nature of the transition-state complex. 

An alternative to the interpretation of K+ in terms of AS+ and 
AH+, as was done to obtain Eq. [76], is to recall the understanding 
achieved in Secs. 9-1 and 9-3 of an equilibrium constant in terms of 
the allowed energy levels of the molecular species involved in the 
reaction. 

The molar free energies of the reagents (AB)+, A, and B can be 
interpreted, according to the discussion of Sec. 9-3, as 


Q 


OF) ne, dos 
Ga By RT ing 


For (AG°)*/RT, as occurs in Eq. [74], we thus have 


(AG°)* _ Gug: — Gi — GB 


EL: if & 


Pee 
ra) 


Reaction Rate constant (liter/mole sec) 
H. + Ip > 2HI 2.0 x 109 \/T e~42,500/RT 
2HI — He + Ie 3.3 < 109 \/T e-38,900/Rr 
2N0. — 2NO + 02 2.6 x 108 \/T e-26,600/RT 
2NOCI — 2NO0 + Cle 3.3 < 109 \/T e725.800/RT 
NO + Clo > NOCI + Cl 1 x 108 \/T e719,600/R7 

NO + 03 — > NOo + 02 6.3 x 107 \/T e-2300/Rr 

CHal + HI—> CHy + Ie 5.2 < 1010 »/T e-33,100/Rr 


2CoF4 — cyclo-C4Fs 3.8 x 106 \/T e-25,600/RT 
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The logarithm of Eq. [74] gives In K# = —(AG)+/RT, which can 


Baa ee AY rts pace nh ee 
me (SG), 


The equilibrium constant for the formation of the activated complex 
can now be interpreted as 


Qiks = 


Kt = e-(a83)t/RT (Q/MaB) 
(Q/2)A(Q/MNB 


N Qu4B): e 7 4Eo*/RT [79] 
AQB 


With this interpretation of K#, the transition-state theory, which views 
the rate of reaction in terms of a frequency times the concentration of 
the activated complex, leads to a rate constant of 


ho = Vay LUBY em abot/RT [80] 
Qu B 

This expression shows, even more explicitly than does Eq. [78], 
that it is necessary to know the details of the energy-level patterns of 
the transition-state complex in order to calculate the pre-exponential 
factor in the rate constant. 

Some progress can be made, but the uncertainties in rigidity of 
the complex, and the consequent lack of information on the vibrational 
contributions to the partition function for the complex, impose severe 
limitations on this approach. 

For a simple bimolecular reaction involving monatomic species, 
the partition functions of Eq. [80] can, however, be written down. It 
is necessary only to recall, from Chap. 9, the results that for 3 transla- 
tional degrees of freedom 


2amkT \3/2 
Qtrans — (2emekT) 


and for 2 rotational degrees of freedom, such as the activated complex. 
ABwill have, 


872LkT 
Qrot = h2 


Finally, the activated complex will have 1 vibrational degree of free- 
dom. The vibrational partition function Qyin = 1/(e””*? — 1) can be 
simplified with the assumption that the complex is not very tightly 
bound, v is low, and Av is small compared with RT. The exponential 
can then be expanded in a series, and only the first two terms retained 
to give 


Qvin = i RT 


> eas ey eee eo 


Substitution of the partition-function terms in Eq. [80] gives 


[eee + mp)kT ees RT 
he he hy 

k = REG Rea 

ae (2am4kT/h2)3/2(2amgkT/h2)3/2 erate [82] 


The principal unknowns in this expression are vay, the frequency 
factor for the breakup of the activated complex, and », the vibrational- 
energy spacing of the activated complex. Although the assumption 
made in the derivation is that the former is larger than the latter, we 
can reach an interesting result by equating and canceling them in 
Eq. [82]. Furthermore, we can write the moment of inertia of the 
complex as 


I= pur? — DEAE (= as o2)" 
ms + mpg 2 


With these steps, Eq. [82] becomes 


ky = 2(% SE 2B)’ Ql 2akT (ma ae mp) e7(4Bo)*/RT 
Z Vv ™mamg 


= (64 + op)? N = e@7(AEo)*/RT [83] 


Equation [83], derived from the transition-state theory, is re- 
markably similar to the rate constant implied by Eq. [67], obtained 
from the collision theory. It should be noticed, however, that one 
expression has the energy difference for the lowest allowed energy 
levels, whereas the other has an energy corresponding to an activation 
energy. 

The differences between the two theories of reaction rates is 
well brought out by the partition-function calculation of the transition- 
state theory. It is clear that the degrees of freedom of the activated 
complex must be considered and that these are ignored in the collision 
theory. On the other hand, the activated complex is often too little 
understood to proceed with the necessary detailed treatment. 

Solution reactions present a rather different situation. All sol- 
utes, and particularly ions, in solvents other than very inert ones, inter- 
act with solvent molecules. The solvent molecules are to some extent 
oriented about the solute, and this orientation imposes a restriction on 
the motion of some of the solvent molecules. This solvation is an 
appreciable factor in determining the entropy of the system. Changes 
in this solvation entropy must therefore be considered in the forma- 
tion of the activated complex. The uniformly negative value of AS+ 
for gas-phase reactions, corresponding to a loss of freedom of motion, 
does not therefore hold for reactions of solvated species in solution. 

When oppositely charged ions, for example, react to form a 
neutral molecule, the extent of solvation is greatly reduced. Even the 
activated complex, in which the opposite charges will, at least, be close 
together, can be expected to be formed with a decrease in solvation 
and a corresponding positive entropy of activation. An example of 
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such a situation is provided by the displacement of water molecules 
in the reaction 


Cr(OH2)g3+ + CNS~ — [Cr(OH2)5CNS]}** + H20 


which has a value of AS# of +29 cal/deg mole. 

On the other hand, the formation of an activated complex that 
carries charges when the reagents do not will lead to a large negative 
value for AS+ corresponding to the additional loss of freedom of 
motion by the solvating molecules. The displacement of bromide in 
the reaction step 


fe) [ H a 
| \ot Ne 5+ 
NH2 + C—CH2Br > No a Br 
Halas 
H C 
N 
YA No } 


is an example of such a situation. The entropy of activation for this 
reaction has been reported as —50 cal/deg mole, a very large 
negative value. 

Although not all entropies of activation-of-solution reactions 
can be so easily rationalized, this type of argument shows how the 
transition-state theory gives a valuable framework within which 
observed rate constants can be understood. 


RADIATION CHEMISTRY 


There are a number of methods for stimulating chemical reactions or 
decompositions by the interaction of the molecules with high-energy 
radiation. Of particular importance is the method of photochemistry, 
in which electromagnetic radiation in the visible or ultraviolet region 
initiates a reaction. Much of the remainder of the chapter will be 
devoted to photochemistry. It seems appropriate, however, to men- 
tion also the recent and more specialized process in which molecules 
are bombarded with high-energy electrons. The molecular ions that 
are produced are generally detected with a mass spectrometer. 
Finally, some chemical results due to the interaction of very high 
energy radiation with matter will be pointed out. This subject tends 
now to pre-empt the title radiation chemistry. 


15-17. LIGHT ABSORPTION 


In ordinary chemical reactions the energy of activation is supplied by 
the chance collection in a molecule, or a pair of molecules, of a large 
amount of thermal energy. An alternative way in which the necessary 
activation energy can be acquired is through the absorption of quanta 
of visible or ultraviolet radiation. Reactions which follow as a result 


of energy so acquired are classified as photochemical reactions. With 
this description, photochemistry appears as a special branch of 
kinetics. In practice the theory and the experimental arrangements 
used in photochemistry set it off as a rather special subject. The goal 
of these reaction studies is, however, still the elucidation of the 
mechanism of the reaction. 

Basic to the understanding of photochemical processes Is an 
appreciation of the energy acquired by a molecule as a result of the 
absorption of light. It will be recalled that the energy of a light quan- 
tum is related to the frequency of the light by Planck’s law, Ae = Ap. 
The energy of an Avogadro’s number of light quanta is called an 
einstein. The einstein is therefore the energy acquired when each of 
an Avogadro’s number of molecules absorbs one quantum of radia- 
tion. The name of the einstein unit of radiation stems from Einstein's 
photochemical law, which states that each molecule is activated by 
the absorption of one light quantum. 

The amount of energy in an einstein of radiation can be appre- 
ciated from a calculation of this quantity for visible light, say, of 
6000 A wavelength. The frequency of such light is given by c/A, and 
the energy in ergs per quantum by hy = hc/A. Multiplication by 
Avogadro's number gives the value of the einstein in ergs. Conver- 
sion to calories is then obtained by division by 4.18 x 107. In this 
way it is found that 1 einstein of yellow light has an energy of 45 kcal. 
Light of shorter wavelength will have a correspondingly higher energy. 
In the ultraviolet, for example, at a wavelength of 2000 A, the energy 
of 1 einsteinis 3 x 45 = 135 kcal. 

From these energy values and the bond energies deduced in the 
thermodynamic studies of Chap. 6, it is seen that the absorption of 
light in the visible or ultraviolet can be expected to be sufficient to 
break a chemical bond or at least to produce a high-energy reactive 
molecule. 

The amount of the chemical reaction that occurs in a photo- 
chemical experiment is related to the amount of light that is absorbed. 
The decrease in the intensity of a given wavelength of light as the light 
traverses a length dl of a cell containing a light-absorbing compound 
of concentration c is found to be proportional to J, c, and di; that is, 


dI = —acl dl [84] 


where a is a proportionality constant, the absorption coefficient. This 
coefficient is generally very dependent on the wavelength and is large 
for wavelengths at which absorption occurs. If the incident-light 
intensity on the cell is Jo and the intensity after traversal of the cell of 
length J is I, the Beer-law expression is obtained from an integration 
of Eq. [84] as 


in af =| [85] 


The experimental arrangement for a photochemical experiment 
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FIGURE 15-8 
Apparatus for photo- 


chemical studies. 


is indicated in Fig. 15-8. The source of radiation may be either one 
that emits a continuum, i.e., radiation of all wavelengths, as does a 
common tungsten lamp, or one that emits only certain wavelengths, 
i.e., is a line source, such as a mercury arc. With either type of source 
an optical filter system is generally used so that only a certain wave- 
length or range of wavelengths of radiation enters the reaction cell. 
The reaction cell consists of a tube with flat ends, and is made either of 
Pyrex glass or, if ultraviolet radiation, about 3000 to 2000 A, is being 
studied, of quartz. The detector measures the light intensity with and 
without the absorbing, reacting material in the reaction cell. The 
most convenient detectors are a large-area thermopile, a photocell, 
or a photomultiplier cell. Each of these must, however, be calibrated, 
usually against a standard lamp placed a specified distance from the 
detector, so that an absolute value of the amount of light correspond- 
ing to the observed electrical output of the detector can be calculated. 
The data that are obtained in an experiment with the apparatus of 
Fig. 15-8, using a setup that has been suitably calibrated, allow the 
determination of the number of light quanta that are absorbed in a 
particular experiment. 

A characteristic, and often limiting, feature of photochemical 
studies is the fact that only a small fraction of an einstein of radiation 
can be absorbed in a reasonable time with typical monochromatic light 
sources and experimental systems. In a typical photolysis of methyl 
cyclopropyl ketone using 2537-A radiation, for example, experiments 
lasting about 6 hr resulted in the absorption of about 101° quanta, 
or 1.6 x 10-5 einstein, of radiation. We shall see that one frequently 
gets something like one product molecule for each quantum absorbed, 
and therefore a number of moles of product that is equal to the num- 
ber of einsteins of radiation absorbed. The analyses of such small 
fractions of a mole of products, as in this methyl cyclopropyl ketone 
example, can present considerable experimental difficulties. The use 
of the mass spectrometer, and more recently of gas chromatography, 
has been an invaluable aid in the analysis of these small quantities. 


15-18. THE PRIMARY PROCESS 


A photochemical reaction follows from the absorption of a quantum 
of radiation by a species in the reaction mixture. This absorption of 
radiation is known as the primary process in the photochemical 
reaction. 


FOCUSING FILTER 
LENS 


LIGHT aed 
SOURCE > i 


REACTION CELL 


THERMOPILE 


In a system involving atoms, those most commonly studied 
being mercury atoms, this primary process consists in the formation 
of an excited atom or, if short-wavelength high-energy radiation is 
used, of the ionized atom. 

In molecular systems the equivalent of these two types of pri- 
mary processes can be recognized, but a great variety of detail can 
occur. Some of the possible results of the absorption of a quantum of 
visible or ultraviolet light were mentioned in Sec. 12-3. Again it is 
convenient to consider the excitation in terms of potential-energy 
curves which represent the potential energy of the molecule as a func- 
tion of the internuclear distance of some bond in the molecule. 

It is sufficient, for our purposes, to consider again the two 
excited-state potential-energy curves shown in Fig. 12-16a. 

The excited electronic state may, as in Fig. 12-16a, correspond 
to an electronic form in which the electrons of the bond of the absorb- 
ing molecule no longer maintain a chemical bond. In such cases the 
upper-state potential curve shows no minimum, and the absorption of 
radiation leads to the dissociation of the absorbing molecule. The 
fragments that are obtained may, furthermore, be in their jowest or 
in some excited electronic state. In almost all photochemical studies 
one finds that, when a bond breaks as a result of the absorption of 
a quantum of radiation, a homolytic cleavage of a chemical bond 
occurs; i.e., dissociation leads to the formation of free radicals. The 
previous discussions of reaction mechanisms lead us to expect chem- 
ical reactions to be initiated by these free radicals. 

On the other hand, the absorption of radiation may lead to an 
excited, but bound, state, as in Fig. 12-166. Such species have the 
necessary activation energy for many chemical reactions. The photo- 
chemical consequences of such species depend, however, on the life- 
time of this species, or some other related high-energy species, com- 
pared with the average time between collisions of this species and 
a molecule with which it can react. The fate of an excited molecule, 
or of the directly formed molecular fragments, is treated under the 
following heading, Secondary Processes. 


15-19. SECONDARY PROCESSES 


A detailed story of the fate of an excited molecule can seldom be given. 
A number of courses are generally open to a molecule in a high-energy 
electronic state; some of these lead to the return of the molecule to the 
ground state by the emission or dissipation of its excess energy, 
whereas other paths produce chemical decomposition or reaction. 
The most direct path that returns the system to the ground state 
is, as indicated in Fig. 15-9, the rapid loss of vibrational energy to form 
the excited state with its lowest vibrational energy and the subsequent 
emission, which the Franck-Condon principle requires to be vertical, 
to the ground electronic state. Such a process, known as fluores- 
cence, occurs after a relatively short lifetime of about 10-9 sec of the 
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FIGURE 15-9 
Electronic excitation 


and fluorescence in a 


molecule. (Both elec- 


tronic states are 


singlets.) 


upper state. The process allows the excited molecule little chance to 
participate in a photochemical reaction. 

A second process that involves the emission of radiation is 
phosphorescence. Phosphorescence is characterized by an emission 
of radiation at times longer than about 10~° sec and up to minutes or 
hours. It is now quite well established that such long excited-state 
lifetimes depend on the molecule getting into an excited triplet state, 
as by the crossing over from one potential-energy curve to another, as 
shown in Fig. 15-10. Such triplet states cannot readily emit radiation 
and form the ground singlet state because of the selection rule that 
transitions can occur only between states of like multiplicity. This 
rule is particularly effective if the molecule under study is embedded . 
in a rigid glass, which minimizes the intermolecular electric-field 
fluctuations and increases the lifetime of the excited triplet state to 
times even up to hours. It follows that, if the molecule attains the 
excited triplet state, it is susceptible to photochemical reaction during 
its relatively long lifetime. 

It may not, however, be necessary for the molecule to emit 
radiation for the ground state to be reached by the initially excited 
molecule. For a molecule of any complexity there will be a large num- 
ber of different excited electronic-energy states, and furthermore, one 
or more of these may have a potential-energy curve that crosses that 
of the ground state. Just as the triplet state was reached from the 
excited singlet state of Fig. 15-10, so also can the ground state be 
reached by the crossing over from the potential-energy curves of 
excited states. Such a process, which appears to be very important in 
polyatomic molecules, is known as internal conversion. Since this 
process can be rapid, the molecule with such potential-energy curves 
will probably be returned to the ground state before a photochemical 
reaction occurs. 


ENERGY ———> 


INTERNUCLEAR DISTANCE ——> 


A photochemical reaction can therefore be expected to occur 
if the excited state is a repulsive one and free radicals are formed and 
do not immediately recombine. Furthermore, if the lifetime of a 
bound excited state is long enough, i.e., if the energy is not lost too 
rapidly by fluorescence, or internal conversion to the ground state, 
a collision can occur which forms intermediate or product species and 
thereby leads to a photochemical reaction. 

One can determine the number of quanta absorbed and the 
number of molecules of reactant used or of product formed in a given 
experiment. From these data the quantum yield, or quantum effi- 
ciency, defined as the ratio.of the number of molecules reacting to the 
number of quanta absorbed, is determined. The quantum yield is 
usually denoted by ®. A number of reactions have quantum yields 
close to unity. The extremes, however, go from quantum yields of 
zero for molecules that absorb visible or ultraviolet radiation and show 
no photochemical reactions to quantum yields as high as 10° for chain 
reactions such as that which will be discussed for the reaction of Hz 
and Clo. 


15-20. SOME PHOTOCHEMICAL REACTIONS 


A few representative photochemical reactions will now be discussed to 
show that detailed reaction mechanisms can be written for such re- 
actions. Although photochemical reactions are studied in both gas 
and liquid phases, the present examples will be drawn from gas-phase 
studies. 

A particularly clean reaction which can be nicely understood is 
the photochemical decomposition of HI to give hydrogen and iodine. 
The absorption of radiation occurs in the ultraviolet at around 2500 A. 
The absorption band is a continuum and corresponds to a transition 
of the type shown in Fig. 12-16a. The primary process can be 
written as 


HI + hy >H: +1: 


ENERGY ———> 
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FIGURE 15-10 

The formation of an 
excited triplet state by 
internal conversion from 
an excited singlet state. 
(At point A the mole- 
cule has the same poten- 
tial energy, the same 
internuclear distances, 
and zero kinetic energy, 
regardless of whether it 
has the S or T electronic 
configuration. Crossing 
from one to the other 


is therefore relatively 


easy.) 
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Quantum-yield measurements show that two molecules of HI 
are decomposed for each quantum absorbed. Secondary reactions 
that lead to this yield and are energetically reasonable are 


ale Se [Ali slab de is 
and 


Ml 6 Ile 2h Ie Il =& [My 


where M is some third body, perhaps the container wall, that takes up 
the energy liberated by the bond formation. The sum of the three 
reaction steps is 


2HI + is H» aa I, 


which agrees with the quantum-yield data. 

A number of other steps can be written, but arguments can be 
given for assuming them to be unimportant contributors. As bond 
energies indicate, for example, the reaction 


is endothermic to the extent of 35 kcal and would not be expected to 
be as important as a reaction of H atoms with HI, which is exothermic 
to the extent of 32 kcal. 

It should also be emphasized that, although it is expected that 
there is very little activation-energy requirement for the reaction be- 
tween free radicals, the reaction between two monatomic radicals can 
occur only if a third body, usually the container wall, is present to re- 
move the energy that would be released by bond formation. The 
combination of two iodine atoms can occur, therefore, only in the 
presence of an energy-accepting third body. 

The photochemical reaction of Hz and Cle to form hydrogen 
chloride is the example par excellence of a photochemical chain reac- 
tion. The primary process is again a molecular dissociation, now re- 
sulting from the absorption of radiation by Cl»; that is, 


Cheah 2Cli 
The reactions that follow are 


GiJe ae aly — > IRI] se dale 
and 
H-: + Cle > HCl + Cl: 
Again the bond energies of Table 6-7 can be used to show that these 


reactions are energetically feasible. The pair of reactions proceed 
with an energy output of 


2Dyucr — Du, — Da, = 2(103) — 104 — 58 = 44 kcal/mole 


Repetition of the two steps will not therefore be limited by energy re- 
quirements. The chain-terminating steps that will occur are the 


three-body processes 


M + 2Cl: > Cle + ™M 
or 

M+ 2H: >H.+M 
or 


M+H: + Cl: —>HCI+M 


At low free-radical concentrations these three-body collisions, or wall 
reactions, will be highly unlikely, and it appears that as many as 
1 million chain steps can occur before such a chain-terminating step 
destroys the free radicals. The quantum yield in such chain reactions 
is dependent on the size of the reaction vessel, and this dependence 
can be attributed to the chain-terminating surface reactions. 

More typical of the photochemical reactions that are now being 
studied is the photolysis of acetone. The presence of the carbonyl 
group results in the absorption of radiation of about 3000 A. Such 
quanta have energy of 95 kcal/mole and are insufficient, therefore, 
to cause rupture of the carbonyl double bond. Dissociation does 
occur, however, and it appears that the weaker adjacent C—C bond 
breaks to give the primary process 


O 
] | 
CH3—C—CHs3 + hv — CH3—C: + -CH3 
Secondary reactions that explain the principal reaction products of 
some experiments are the further radical breakup 


O 
CHy—c: — CO + ‘CH3 
and the radical combination 
‘CH3 + *CH3 — C2He 


Small amounts of the other products that are observed can also be 
accounted for by the reactions of the species postulated here. 

In one of the early studies on the photolysis of acetone, the 
quantum yield, based on the number of acetone molecules that were 
decomposed, was measured by Daniels and Damon to be 0.17. 
Furthermore, a green fluorescence was observed from the reaction 
cell, and measurements of the quantum output of this radiation 
showed that it comprised about 3 per cent of the quanta lost by the 
radiation beam in passing through the reaction cell. It follows, there- 
fore, that about 80 per cent of the absorbed radiation is in this case 
degraded without emission or reaction. 

The primary bond-breaking process in acetone appears typical 
of such processes in that the bond cleavage occurs near the group in 
the molecule which is responsible for the absorption of the radiation. 
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FIGURE 15-11 
A flash-photolysis 


apparatus. 


It appears to be generally true that either the absorbing bond, or 
group, or an immediately adjacent bond breaks when the primary 
process leads to bond cleavage. 


15-21. FLASH PHOTOLYSIS 


The deduction of a mechanism to explain the products of a photolysis 
experiment postulates various intermediates and reaction steps. The 
use of radiation to generate the reaction intermediates gives us a bet- 
ter idea of some of the high-energy species than can be obtained in 
ordinary thermally controlled chemical reactions. In both thermal 
and photochemical reactions these high-energy intermediates, or 
transition states, are present at any time at only a vanishingly low con- 
centration. It is possible, however, to generate these interesting and 
elusive species in appreciable amounts by the photochemical method 
known as flash photolysis. The apparatus is indicated schematically 
in Fig. 15-11. 

A flash of light, of duration of about 10-> sec, can be generated 
with as much as 500 cal of light energy. In the visible region this 
means that about 10-3 einstein of radiation is emitted, and therefore, 
if this flash is allowed to fall on a small sample of millimole size, most 
of the sample molecules can be brought to an excited state. The 
opportunity is thereby given for directly studying the initial excited 
state or those states which follow quickly from it. The opportunity, 
however, must be quickly grasped, since within a matter of milli- 
seconds all intermediates will have been converted to final products. 
It is possible, however, to synchronize a spectroscopic flash of light 
to follow the principal flash by some fraction of a millisecond. This 
spectroscopic flash can be used, in the setup of Fig. 15-11, to obtain 
an absorption spectrum of the species present at the time of the 
spectroscopic flash. In this way one can obtain not only indications 
of what species are generated by the principal flash but also data as 
to how these species vary, or give rise to others, in the milliseconds 
that follow the formation of the primary process products. A very 
direct picture of the kinetic behavior of reaction intermediates can ° 
thus be obtained. 


Many interesting results are being produced by this difficult but 
powerful technique. 


SPECTROSCOPIC FLASH REACTION CELL | : Z| 
PHOTOLYSIS FLASH 


CAPACITOR BANKS 


15-22. MASS-SPECTROSCOPIC RESULTS 


Mass spectroscopy provides a rather special, but very promising, 
method for studying molecular species that do not exist under ordinary 
conditions but may be important as reaction intermediates. The mass 
spectrometer has already established itself as an analytical tool of 
great value, and although the data that are obtained are used primarily 
for analyses, it is being recognized that interesting chemical features 
are exhibited by these data. 

Mass spectra are obtained in an apparatus shown schematically 
in Fig. 15-12. Positive ions of the gas sample are produced as a result 
of the bombarding electron beam which knocks electrons, or negative 
groups, from the molecule and thereby produces excited and reactive 
species. Of the ions that are produced, only the singly positively 
charged ions are usually detected. They are accelerated, passed 
through the magnetic field, and detected by an ionization gauge. In 
the same way as isotopic species are separated by the different cur- 
vatures of their paths in the magnetic field, so also are the particles 
of different mass separated when a molecule is fragmented by an 
electron beam. Typical mass-spectral fragmentation patterns for 
some small molecules are shown in Fig. 15-13. 

It is such patterns, which are characteristic of the sample mole- 
cule, that are of use in analyses. The parent peak, which has the 
same mass number as the molecule under study, may or may not 
show up prominently. In any case the overall pattern is characteristic 
of the molecule, and such patterns can be used to distinguish, for ex- 
ample, isomers such as normal butane and isobutane. Clearly, more- 
over, the data on the fragments that are produced when a gas-phase 
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FIGURE 15-12 
Schematic diagram of 
an analytical mass spec- 
trometer. (General 


Electric Company.) 
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FIGURE 15-13 

The mass spectra of 
several hydrocarbons. 
Most fragments that are 
detected have a single 
positive charge. The 
abscissa numbers then 
show the mass numbers 
of the fragments formed 
by the electron impact. 
(Spectra courtesy of 

G. Barenholz, Case In- 
stitute of Technology.) 


ion is formed provide a wealth of information on the manner in which 
these reactive species decompose. 

The mass spectrometer can also be used to obtain the minimum 
energy of the impinging electron beam that is necessary to disrupt the 
molecule. In this way appearance potentials are obtained. For a 
sample of CH, a gradual increase in the electron-beam energy results 
in the appearance, at about an energy of 12 volts, of CH,y*, and at 
about 14, 15, and 22 volts the species CH3*, CH2*, and CH* appear. 
The electron-beam energy necessary to form the parent positive ion 
is Known as the appearance potential, and is an indication of the 
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electron-binding power of the molecule, as is the ionization potential 
of atoms. Some values are shown in Table 15-10. 

A further indication of the power of mass spectroscopy in provid- 
ing valuable physical-chemical data is apparent when mention is made 
that free radicals can be formed, as by the methods mentioned in 
Sec. 15-3, and led directly into a mass spectrometer. The mass 
spectra of these radicals can then be obtained. Not only does the 
mass spectrometer become a tool for the analysis of these active 
intermediates, but it also allows the direct study of these species. 

It is found, for example, that the appearance potential of CH3* 
from -CHs radicals is 10.0 volts. This datum can be combined with 
the appearance potential for CH3* from CH, of 14.4 volts to give 
a value for the energy required to break a bond of methane. Thus 


(1) *CHs —> CHs* + eF AH = 230 kcal/mole 
(2) CH, > CH3* + H: + e7 AH = 330 
‘CHAS Chas ree Ons AH = 100 kcal/mole 


It should be recognized that such a bond-dissociation energy is not 
the same as the average bond energy obtained from thermochemistry 
methods in Sec. 6-11. Here one has the more specific information, 
the energy to break one of the CH, bonds. From such applications of 
mass spectroscopy much detailed information is being obtained on 
molecular energies. 

It is necessary now to point out, as Fig. 15-13 indicates, that the 
appearance of fragments of a molecule does not generally correspond 
to the simple pattern exhibited by CHs. Furthermore, the predomi- 
nant ion may well be something other than that of the parent molecule. 
These features suggest that mass-spectral studies can give much in- 
formation about the interesting chemistry of these gas-phase high- 
energy carbonium ions. The cracking patterns shown in Fig. 15-13 
for a number of hydrocarbon molecules indicate that there is, for each 
molecule, a characteristic pattern of fragments. Although little prog- 
ress has been made in understanding the basis for these patterns, it 
is clear that a wealth of information on the disintegrations of gas-phase 
molecules is given by these mass spectra. 

Results such as these suggest some of the many interesting 


Ionization potential 
(volts) 


Ionization potential 
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radicals* 


* From F. H. Field and 

J. L. Franklin, “Electron 
Impact Phenomena,” 
Academic Press Inc., New 
York, 1957. 
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structures that occur in these ion fragments. Their importance as 
possible reaction intermediates is the purpose for which mass-spectral 
results were introduced here. However, it should be mentioned that 
the occurrence of species such as CH5+*, which are formed, presents 
interesting challenges to our theories of chemical binding. 


15-23. HIGH-ENERGY RADIATION 


The photons used in photochemical studies have energies up to about 
150 kcal/einstein, or about 6.5 ev. The electron beam of a mass 
spectrometer consists of electrons accelerated to voltages of about . 
100 volts. Radiation with much higher energy is, however, available. 
Electromagnetic radiation with energies up to about 500 ev is usually 
classified as X rays; beyond this and up into the million-electron-volt 
(Mev) range, the electromagnetic radiation, such as is given off by 
radioactive Co®, is known as y rays. Also of interest in radiation 
chemistry are the high-energy electron beams, typically with million- 
electron-volt energies, produced in a linear accelerator. 

The study of the consequences of the passage of such radiation, 
with energies enormously greater than that required to excite a mole- 
cule or break a chemical bond, is relatively recent. It is already 
evident, however, that this branch of radiation chemistry is exceed- 
ingly complex. The selectivity of photochemistry, which allows a 
particular high-energy electronic state to be populated, is entirely lost. 
At present few general results can be recognized in the chemical de- 
compositions that follow the passage of very high energy radiation 
through a material. 

Cloud-chamber experiments, in which, for example, cosmic rays 
are detected as they pass through a supersaturated methyl alcohol 
vapor by the track of condensed vapor that they leave, are early ex- 
periments that can suggest the mechanism of many high-energy radia- 
tion reactions. These cloud-chamber tracks apparently consist of 
groups of condensed droplets along the path of the high-energy 
particle. It appears that the high-energy particle knocks out an elec- 
tron from a molecule and that this electron has sufficient energy, Say, 
100 ev, in turn to ionize many molecules. The clusters of condensa- 
tion correspond, therefore, to the positions where the primary electron 
was generated and reacted further to form many more charged 
centers. It appears, from ionization-chamber experiments, that, 
quite independently of the nature of the material, it takes about 30 to 
35 ev to form an ion pair. A 1-Mev particle penetrating a material 
will therefore form many clusters of ions. 

Itis generally accepted that, with very high energy radiation, the 
molecular disruption is such that ionized species are formed, as they 
certainly are when such radiation passes through a gas-filled ioniza- 
tion chamber. 


Thus, in the radiolysis of water, the initial step has been postu- 


lated to be 


Hs0=> HeO>3-e= 


The high-energy H2,O* species can be expected to decompose 
readily according to 


H20+ — Ht + °OH 


Likewise, the ejected electron will probably travel away from the site 
at which it was generated and will be captured by a molecule to give 
the reaction 


H,0 + e- > H: + OH- 


Thus the expectation is that, along the track of the high-energy radia- 
tion, particles H* and -OH will be formed, and in the body of the solu- 
tion there will occur the species H: and OH~. The small amounts of 
H» and H20, that are formed can be accounted for by combinations 
of H- and -OH radicals. 

The most actively investigated area in radiolysis is, perhaps, 
that of polymer irradiation. Modification of polymeric materials on 
irradiation is the chief goal of such studies. The chemical conse- 
quences in these rather rigid systems, however, provide problems of 
considerable chemical interest. Irradiation of polyethylene is, appar- 
ently, typical in that a chief resuit is the formation of cross links be- 
tween the polyethylene chains and the evolution of hydrogen. The 
cross-linked material that is formed has a greater rigidity and higher 
melting point than the original material, and such modifications are 
often very desirable in polymer technology. The mechanism consists, 
apparently, of the formation of free-radical centers in the polyethylene 
chains. These free radicals cannot, particularly at low temperatures, 
readily react since they are held in the more or less rigid polymer 
molecule. At ordinary temperatures the centers can apparently 
migrate along the molecular chain until radical sites on neighboring 
chains are in a position to combine to form a cross-linking chemical 
bond. 


PROBLEMS 


1 What are the units of the rate constants of first-, second-, and third- 
order reactions if the concentrations are expressed in moles per liter and 
the time in seconds? If the rate of a reaction obeyed the rate law 
k[A][B??2, what would be the units of k? 


2 Using the data of Table 15-5, prepare graphs like those of Fig. 15-3 for 
the hydrolysis of tert-butyl bromide at 50°C. 
a Is the reaction first-order at this temperature? 
b What are the rate constant and the half-life at 50°C? 
Ans. k = 0.013 min“. 
c Show the half-lives on the plot of c versus ¢. See that the concentra- 
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tion does fall to half its value in time ¢1/2 regardless of the concentration 


considered. 


The reaction by which a tertiary chlorine, as in tert-butyl chloride, 
is replaced by a hydroxyl group appears to result from the forma- 
tion of a carbonium ion which subsequently adds water or hydrox- 
ide. The reaction with (CH3)3;CCl is quite rapid, whereas that with 
CH2—CHy2 


HCmCH, CH» SC Cl is imperceptibly slow. What do these relative 


ater 


rates imply about the preferred geometry of the carbonium ion? 


The hydration of ethylene oxide in aqueous solution proceeds according 
to the overall equation 
C2 CH2 + H20 — CH2OHCH:0H 

O 
The rate of the reaction has been followed by Bronsted, Kilpatrick, and 
Kilpatrick [J. Am. Chem. Soc., 51:428 (1929)] by measuring the change 
in volume of the liquid system. (This is done by observing the height of 
the liquid in the capillary tube of a dilatometer, a large thermometer-like 
reaction cell.) They obtained the following results, at 20°C, using 0.12 M 
ethylene oxide and 0.007574 M HC1Q,. 


t (min) 0 30 60 90 120 240 300 360 390 
h (arbitrary units) 18.48 18.05 17.62 17.25 16.89 15.70 15.22 14.80 14.62 12.30 


Confirm that the reaction is first-order with respect to ethylene oxide. 
What is the rate constant? Suggest a mechanism for the reaction that 
is consistent with the rate data. Ans. k = 0.00247 min=}. 


Deduce the pressure of unreacted tert-butyl peroxide as a function of 
time, at 147.2°C, from the total pressure data of Table 15-6. By a suit- 
able graphical treatment, show that these pressure data also indicate 
a first-order reaction and that the same rate constant as that reported 
in Fig. 15-4 is obtained. 


Show that the pressure data for the tert-butyl peroxide decomposition 
at 154.9°C given in Table 15-6 are consistent with a first-order rate equa- 
tion. What are the rate constant and the half-life of the reaction at this 
temperature? 


According to the Lindemann description of the process of a first-order 
gas-phase reaction, could the addition of an inert gas ever alter the rate 


of such a reaction? Under what conditions and in what way? 


Calculate a first-order rate constant for each concentration datum at 
25°C for the reaction of tert-butyl bromide given in Table 15-5. Do these 
results indicate a first-order reaction? 


Assume that the reaction is second-order in tert-butyl bromide. 


10 


Tt 


12 


Calculate values for the second-order rate constant at each of the re- 515 


ported times. Does the reaction follow a second-order rate law? 
Problems 


The gaseous dimerization of butadiene has been followed by measure- 
ment of the total gas pressure by Vaughan [J. Am. Chem. Soc., 54:3863 
(1932)]. The following data were obtained at 326°C: 


t (min) 0 8.25 8.02 12.18 17.30 24.55 33.00 42.50 
P (mm) (632.0) 618.5 599.4 584.2 567.3 546.8 527.8 509.3 


t (min) 55.08 68.05 90.05 119.00 176.67 259.50 373 
P(mm) 490.2 474.6 453.3 432.8 405.3 381.0 357.1 


What is the order of the reaction, and what is the rate constant? Suggest 
a mechanism. Ans. k = 2.4 x 10-5 mm min“1. 


The displacement of bromide by thiosulfate ion has been studied at 
37.50°C, in the reaction 


n-C3H7Br + S203 > C3H7S203” + Br- 


by Crowell and Hammett [J. Am. Chem. Soc., 70:3444 (1948)]. The 
thiosulfate-ion concentration remaining at various times was determined 
by titration with iodine. From these data and the known initial con- 
centrations the following data were obtained: 

t (sec) 0 1110 2010 3192 5052 7380 11,232 78,840 


Conc. S203~ (moles/liter) 0.0966 0.0904 0.0863 0.0819 0.0766 0.0720 0.0668 0.0571 
Conc. C3H7Br (moles/liter) 0.0395 0.0333 0.0292 0.0248 0.0196 0.0149 0.0097 0.0000 


Derive the rate equation, including a numerical value for the rate con- 
stant, for this reaction. Ans. k = 1.6 x 1073 liter/mole sec. 


Benzene diazonium chloride in aqueous solution decomposes according 


to the equation 


( \-tien, Cl- > { so +No 


and the reaction can be conveniently followed by the amount of Ne 
evolved. Cain and Nicoll [J. Chem. Soc., 81:1412 (1902)] report the 
following results for 20°C and 35 cc of a solution containing 10 g of 


diazobenzene chloride per liter: 


t (min) 116 192 355 481 1282 1429 oo 


Cc of Nz evolved (measured 
at 13°C and 750 mm) 9.7 16.2 26.3 33.7 51.4 54.3 60.0 


What is the order of the reaction, and what is the rate constant? 


The radioactive decay of radium, with half-life 1590 years, leads to the 
formation of the inert gas radon, which, with a half-life of 3.82 days, 
decays further. If a sample of radium is kept in a sealed vial, the radon 


gas collects. 
a Derive an expression for the number of radon atoms present as a func- 


516 


Chapter 15 

The rates and 
mechanisms of 
chemical reactions 


13 


14 


15 


16 


7 


18 


19 


tion of time if a 1-g sample of radium is considered. The expression 
need be valid only for a time interval of less than about | year. 

b Plot the number of atoms of radon as a function of time in the time 
interval 0 to 2 weeks. 

c The amount of radon is seen to reach a constant value, and radon is 
said to be in secular equilibrium with radium. Why does this differ 


from ordinary equilibrium? 


Consider the schematic hypothetical reaction mechanism 
ky 
is\ — 183 
ky 
B+A a 6; 


a Write down expressions for the net rate of change of each of the species 
A, B, and C. 

b If B is a species that is present in only undetectably small amounts at 
all times, obtain an expression for the concentration of B in terms of 
the concentrations of the major reagents A and C. 

c Obtain, with the result of part 6, rate equations for the disappearance 
of A and for the formation of C. 

d What relative values of the rate constants would result in the reaction 
being first-order with respect to A? What values would make it 
second-order? 


By what factor would the rate of a reaction, for which the activation 
energy is 35 kcal, be increased by a temperature rise of 10°C, from 25 to 
35°C? Ans. 6.7. 


Calculate the entropies of activation at 25°C for the reactions of Table 
15-9. Recognize that low pre-exponential factors can be explained by 
either a steric difficulty, as the collision theory would suggest, or a very 
unfavorable entropy of activation, as the transition-state theory would 
express it. Ans. AS+ = — 20.6 cal/deg for Ho, Ip. 


According to Table 7-3, the entropy of a fairly simple gas-phase molecule 
is in the range 40 to 50 cal/deg mole at room temperature. Recognize 
that the entropies of activation obtained in Prob. 15 do not correspond 
to the formation of one firmly bound transition-state complex from two 
reagent molecules. How can the difference between 40 to 50 and the 
values of Prob. 15 be explained? 


What is the absorption coefficient of a solute which absorbs 90 per cent 
of a certain wavelength of light when the light beam is passed through 
a 1-cm cell containing a 0.25 M solution? Ans. a = 9.22 liters/mole cm. 


How many kilocalories of energy would 1 mole of acetone acquire if 
1 mole absorbed 1 einstein of ultraviolet radiation of wavelength 2537 A? 
How does this compare with the C=O bond energy? 


Irradiation of HI vapor with ultraviolet radiation of wavelength 2070 A 
leads to the formation of Hy and Iy. It has been observed that for every 


calorie of radiant energy that is absorbed, 0.00184 g of HI is decomposed. 517 
How many HI molecules were decomposed per quantum of absorbed 
radiation? Ans. 2. References 


20 A reaction vessel of 1-liter volume contained, at the beginning of a photo- 
chemical study, an amount of Cl, to give a partial pressure of } atm at 
25°C and an equal pressure of Hy. Irradiation with radiation of 4000-A 
wavelength results in the absorption of 1.50 cal of radiant energy and the 
decrease in the partial pressure of Cly from 0.5 atm to 10 mm Hg, the tem- 
perature being held at 25°C. How many molecules of HCl are formed for 


each quantum absorbed? 


21 A 100-watt sodium-vapor lamp radiates most of its energy in the yellow 
D line at 5890 A. How long would such a lamp take to excite more than 
half the molecules of an absorbing species in a 1-millimole sample if all 


the radiant energy were absorbed by the sample? Ans. 1.0 sec. 


22 The bond energy of Hz is 103 kcal/mole, the ionization potential of a 
hydrogen atom is 13.60 volts, and its electron affinity is 0.747 volt. What 
appearance potential might be calculated for H* in a mass-spectroscopic 
analysis of H2? 

The bond energy of H2* can be calculated quantum-mechanically 
to be 61 kcal/mole. What would be the appearance potential of H2* in 


the mass spectrum of H2? 


23 How can the observation that high-energy radiation produces a number 
of ion pairs that is approximately equal to the energy of the radiation, 
expressed in electron volts, divided by 30 or 35, be understood when it 


is known that ionization potentials are much less than 30 volts? 
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LIQUIDS 


Our study of those physical-chemical phenomena that depend pri- 
marily on the mutual effects of a large number of molecules begins 
with an investigation into the nature of the liquid state. As with most 
of the succeeding subjects, our knowledge of the properties of in- 
dividual molecules will be of frequent help. Of prime importance, 
however, in the behavior of condensed states are the interactions 
among the individual molecules. Since the nature of these interac- 
tions is not easily understood and since it is the mutual interactions of 
many molecules, or atoms, or ions, the theoretical treatment of con- 
densed states is less satisfactory than the corresponding treatment 
of individual molecules. A greater dependence on experimental re- 
sults will therefore be evident. 


16-1. THE VAPOR PRESSURE OF LIQUIDS 


A suitable property with which to introduce the study of liquids is the 
equilibrium vapor pressure, OF simply, the vapor pressure. The vapor 
pressure, i.e., the pressure of the vapor that produces equilibrium 
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FIGURE 16-1 

Methods of vapor-pres- 
sure determination. (a) 
The isoteniscope. When 
the external pressure 

ts equal to the vapor 
pressure, the sample 
manometer will show 
equal heights in the two 
(b) The Ramsey- 
Young apparatus. The 


arms. 


bulb of the thermometer 
is at the temperature 

of the liquid, which is 
in equilibrium with the 


pressure in the system. 


between the vapor and the liquid, is readily susceptible to thermo- 
dynamic treatment, and such treatment, moreover, leads to values 
for the heat and entropy of vaporization of the liquid. Since we have 
some understanding of the heat contents and entropies of gases, at 
not too high pressures, we can use these results on AHyap and ASyap 
to initiate a study of the heats and entropies of liquids. Molecular- 
type models of the nature of liquids, as we shall see, can be set up in 
attempts to interpret such thermodynamic results. 

A number of different techniques and devices are available for 
the measurement of vapor pressures. The apparatus of two methods 
that are frequently encountered is shown in Fig. 16-1. These methods 
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are applicable to the pressure range from millimeters of mercury to 
about 1 atm. The high vapor pressures encountered near the critical 
temperature and the low vapor pressures, of high-molecular-weight 
compounds, for example, call for special procedures. Table 16-1 and 
Fig. 16-2 show some of the results that have been obtained for the tem- 
perature dependence of the vapor pressure of some simple liquids. 

The temperature dependence of the equilibrium between liquid 
and vapor can now be related, through thermodynamic relations pre- 
viously obtained, to other thermodynamic properties. The treatment 
here assumes a liquid-vapor equilibrium, but it should be recognized 
that the derivation is equally applicable to solid-vapor and liquid-solid 
equilibria. 

The free energy of 1 mole of liquid is equal to the free energy 
of 1 mole of the vapor that is in equilibrium with the liquid. Wecan 
write, therefore, 


Gliq = Gyap [1] 


and for an infinitesimal change in the system for which equilibrium is 
maintained, the differential equation 


dGiig = dGyap [2] 


can be written. 

In Sec. 8-4 it was shown that such free-energy changes, since 
only one component is present and the composition is not variable, 
could be related to the pressure and temperature changes that are 
imposed on each phase of the system. The equation, written here for 
one mole, 


ee ——— eee 


Vapor pressure (mm Hg) 
ee 
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FIGURE 16-2 

The dependence of the 
vapor pressure of some 
liquids on the tempera- 


ture. 


= (ica 0G) gt 
oe (25), aP + a 


v dP — sdT [3] 


was derived. 

Application of this equation to the liquid and to the equilibrium 
vapor, it being recognized that both phases are at the same tempera- 
ture and pressure, gives 


Vi eaisad ays Pe ee [4] 
or 


dP = Syap = Slig 5 
she Vvap — Viiq [ ] 


The entropy difference between 1 mole of liquid and 1 mole of 
vapor can be calculated directly from the definition of entropy changes 
(Eq. [22] of Chap. 7) and the fact that the heat absorbed in the equilib- 
rium transformation, at a fixed temperature, of liquid to vapor is the 
heat of vaporization at that temperature. Thus the conversion of 
1 mole of liquid to 1 mole of vapor is accompanied by the entropy 
change 


= ay Oh AH nel 


_. Giger 
= 7p 


Substitution of this relation into Eq. [5] gives the Clapeyron expression 
for the liquid-vapor equilibrium, 


QP _ _AByap 
Ee Ge [6] 


where AVvap = Vvan — Viig 


This expression should be recognized, moreover, as being exactly 
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applicable to any phase transitions if the appropriate AH and Av terms 
are entered. 

For liquid-vapor equilibria at temperatures well below the critical 
temperature, as is often the condition of interest, the liquid volume 
Viiq can be neglected compared with the vapor volume Vyap in Eq. [5]. 
With this approximation and Eq. [6] we obtain 


aP _ Mt 
oh) eT [7] 


This equation is one form of the expression for the temperature-vapor- 
pressure relation that is known as the Clausius-Clapeyron equation. 
It is convenient, however, to introduce a further simplifying approxi- 
mation. 

If the equilibrium vapor is treated as an ideal gas, the molar 
vapor volume can be expressed as 


Vyap = a [8] 


and substitution of this approximation in Eq. [7] gives 


dP _ MHvapP 
af = RT? EA 


This result rearranges to the most generally used differential forms 
of the Clausius-Clapeyron equation, 


d(In P) _ Atyap 
Gh Wis a 
and 
d(In P) _ Atyvap 
Le ew ae Ee 


The integrated form, with the assumption of a constant value of AHyap 
over the temperature range considered, written in terms of logarithms 
to the base 10, is 


DNStes, 
ee ne va 1b 
log P 5 303R T + const (2) 


The preceding derivation indicates that a plot of log P versus 
1/T should give a straight line and that the slope of such a line is to be 
identified with —(AHyap/2.303R). As the curves of Fig. 16-3 show, 
essentially linear plots are obtained. A more careful look at such re- 
sults, however, reveals deviations from linearity, and these deviations 
can be attributed to the approximations that have been introduced in 
obtaining Eqs. [10] to [12]. 

An interesting kinetic-molecular description af the way in which 
the equilibrium vapor pressure is established can be given. In this 
view the equilibrium is described in terms of the balancing of the rate 
of evaporation with the rate of condensation. 

At any temperature, as a result of the thermal jostling of the 
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FIGURE 16-3 
log P versus 1/T for 
the vapor pressures of 


the liquids of Table 16-1. 


liquid molecules, some molecules will acquire sufficient energy to 
overcome the forces of the neighboring molecules and to break away 
from the liquid. At any temperature there will therefore be a rate of 
escape of molecules from the liquid. There will, furthermore, be con- 
tinual collisions of the vapor molecules with the liquid surface. Again, 
at a given temperature, a fraction of the colliding molecules will have 
so little kinetic energy, or will so dissipate their energy on collision with 
the surface, that they will add to the liquid phase rather than bounce 
back into the vapor. These opposing processes of evaporation and 
condensation, at a given temperature, reach an equilibrium state that 
is characterized by the equilibrium vapor pressure. 

On the basis of this picture, an interpretation of the temperature 
dependence of the vapor pressure can be given. Only those liquid 
molecules can escape that acquire an amount of energy, enough to 
overcome the attractive forces of the neighboring molecules. The 
fraction of liquid molecules that have energy greater than this amount 
will be proportional to a Boltzmann-type expression e-ezersy 8M) Thus 
we can expect the vapor pressure to be given by a relation 


Px ev (energy RT) [13] 
and 
nP = — sar ce + const [14] 


In this way a molecular interpretation is given to the form of the 
Clausius-Clapeyron equation. 

Although the above derivation can be carried out in greater de- 
tail, this will not be done here, and a more profitable molecular inter- 
pretation of the free energies of the liquid and the vapor will be 
considered in Sec. 16-3. 
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16-2. THE HEAT OF VAPORIZATION 
AND INTERMOLECULAR FORCES 


The energy required to overcome the intermolecular forces that 
operate between the closely packed molecules of a liquid is the prin- 
cipal component of the heat of vaporization. This heat is obtained 
either from the vapor-pressure relations of the previous section or by 
direct measurement. Direct measurement usually depends on the 
collection and measurement of the amount of liquid converted to 
vapor by a measured electrical heat input. Table 16-2 shows some 
heats of vaporization, i.e., the heat required for the conversion of 
liquid to the equilibrium vapor, for a number of compounds at various 
temperatures. 

Such data, and Fig. 16-4, emphasize the temperature depend- 
ence of the heat of vaporization and show the trend of these heats 
toward a zero value as the critical point, where the properties of liquid 
and equilibrium vapor merge, is approached. The dependence of 
AH on temperature is given by the thermodynamic relation previously 
derived for a chemical reaction, 


HAH) _ nc, [15] 
It is equally applicable to a physical reaction if, for 1 mole, 

Au = Ayap = Hvap — Hhiq [16] 
and 

ACp = (Cp)vap — (Cp)iia (17] 


The nonzero value for d(AHyap)/dT implies, therefore, that the heat 
capacity of a liquid is, as would be expected, different from that of the 
equilibrium vapor. In a later section we shall return to consider a 
molecular interpretation of the heat capacities of liquids. Now, how- 
ever, the source of the interactions that are overcome in the vaporiza- 
tion process must be looked into. 

Aside from the relatively small zero point and thermal-energy dif- 


Tompetasure H»0 CoH, 0H (CoHs)20 CCl, 
(°C) 
0 10,710 10,130 6890 8000 
40 10,320 9,910 6150 
80 9,940 9,360 5340 7120 
120 9,490 8,400 4520 6500 
160 8,940 7,160 3260 5870 
200 8,330 5,280 5040 
240 1,760 3950 
280 1610 


el 
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TABLE 16-2 

The heats of 
vaporization of liquids 
to their equilibrium 
vapor at various 


temperatures” 


* From International 
Critical Tables, vol. 5, 

p. 138, McGraw-Hill Book 
Company, New York, 
1926-1930. 
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FIGURE 16-4 
The heat content of the 
vapor, liquid, and solid 


phases of water as a 


function of temperature. 


ferences that can arise from the different patterns of allowed energy 
levels for the liquid and vapor molecules, the heat of vaporization can 
be identified with the potential-energy difference between the inter- 
molecularly bound molecules of the liquid state and, if ideal gas 
behavior is assumed, the free molecules of the vapor. 

The intermolecular forces of attraction and repulsion due to the 
interaction of the molecules can be dealt with as a function of the dis- 
tance between the molecules, and the balancing of these attractive and 
repulsive forces at some intermolecular distance corresponds to a min- 
imum in the potential energy at that distance. For a liquid the inter- 
molecular distance that must be considered is some average value 
between a molecule and its nearest neighbors. 
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It is more convenient to consider the corresponding potential-en- 
ergy terms. The repulsive contributions to the potential energy form 
the curve that falls off very steeply with the average molecular sepa- 
ration, as shown in Fig. 16-5. This contribution results principally 
from the interaction, or bumping together, of the outer electrons of 
one molecule with those of the adjacent molecules. The calculation 
of the form of this repulsive energy with intermolecular distance is 
difficult. Often-used expressions represent this term either by an 
exponential of the type 


Urep = be-2" [18] 


b and a being empirical constants, as was mentioned in connection 
with intramolecular forces in Sec. 10-7, or by a high inverse power of 
the internuclear distance such as 


Uyep = 2 ELS] 
where the B and 9 are empirical constants. 

Some understanding of the contributions to the attractive forces 
can be reached, and it is convenient to consider the interactions that 
occur between a single pair of molecules. The liquid-state forces will 
depend on the operation of these forces over many molecules rather 
than between a pair of molecules. Four types of contributions to in- 
termolecular attractions can be recognized in ordinary liquids. (The 
forces involved in molten salts and molten metals are best treated in 
connection with the solid state.) 
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FIGURE 16-5 

The net attraction, re- 
pulsion, and total 
energy effects among the 
molecules of a liquid. 
The coordinate ray can 
be considered to be an 
average distance from 

a molecule to its nearest 


neighbors. 
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TABLE 16-3 
Intermolecular-attraction 
terms for some simple 
molecules. (An arbitrary 
intermolecular distance 
of 5 A has been used for 


the comparison.) 


Dipole-Dipole Attraction Molecules with permanent dipole moments 
exert a net attraction on each other as a result of the interaction of 
their dipoles. Ifthe position of one polar molecule is considered to be 
fixed and if a neighboring molecule is rotated through all possible 
orientations, the net attraction between the molecules would be zero 
because of the equal number of repulsive- and attractive-charge 
orientations. All orientations of the second molecule relative to the 
first do not, however, occur to the same extent since the attractive, 
low-potential arrangements are favored over the repulsive, high- 
energy orientations. A net attraction between two polar molecules 
therefore results. The average attraction can be worked out, although 
this will not be done here, by allowing a Boltzmann distribution to yield 
a higher probability for the attractive orientations. For two polar 
molecules, with dipole moments pu, separated by a distance r, the 
dipole-dipole energy of attraction, for values of r large compared with 
the charge separation in the dipole, can be calculated to be 


[20] 


Table 16-3 shows the contribution to the total energy of attrac- 
tion between a pair of molecules to be expected from this dipole-dipole 
effect for a few of the simpler molecules. At higher temperatures, as 
the reciprocal of the temperature in Eq. [20] indicates, the thermal 
motion of the molecules competes with the tendency toward favorable 
orientations, and the dipole-dipole attraction becomes less important. 


The Induction Effect The presence of a permanent dipole in a mole- 
cule always results in an additional contribution which is not included 


Interaction energy (ergs/molecule) at 7 = 5 A and T’ = 298°K 


Dipole Polariza- 
Molecule moment bility ANT 

(debyes) (A3) Up-v X 10! Una X 1025 Unondon X 1015 Total yx 1015 (Kcal/ 

mole) 

a ea ra are a Se a ed PS Se 
He 0 0.2 0 0 0.05 0.05 0.022 
A 0 1.6 0 0 2.9 29 1.59 
CO 0.12 2.0 0.00021 0.0037 46 4.6 1.44 
Xe 0 4.0 0 0 18 18 cael 
CCl4 0 10.5 0 0 116 116 7.14 
HCl+ 1.03 2.6 1.2 0.36 78 9.4 3.86 
HBry 0.78 3.6 0.39 0.28 15 16 4.21 
HI} 0.38 5.4 0.021 0.10 33 33 4.34 
Ho0+ 1.84 iS 11.9 0.65 2.6 15 9.42 
NH37 1.5 Die 5.2 0.63 5.6 ll 5.58 


CC sh 


{| Possibility of hydrogen bonding in addition to listed attractions. 


in the previous dipole-dipole term. The dipole of one molecule can 
interact with and polarize the electrons of the neighboring molecule. 
The electrons of the second molecule are thereby distorted in such a 
way that their interaction with the dipole of the first molecule is an 
attractive one. The induced dipole moments of two nearby polar mole- 
cules are sketched in Fig. 16-6, and qualitatively it can be seen that 
an attraction results. In 1920 P. Debye showed that, for a pair of 
molecules with dipole moments j and polarizabilities a, the attractive 
potential resulting from the dipole-induced-dipole, or induction, 
effect is 


Una = — “8 [21] 
The polarizability a, introduced in Chap. 14, is defined as the dipole 
moment induced in a molecule by an electric field of 1 volt/cm, and 
a few results for this quantity were given in Table 14-1. More cor- 
rectly, one should recognize that the polarizability is different in differ- 
ent directions in the molecule and that again one must be concerned 
with the relative molecular orientations. Here, however, it is a very 
good approximation to assume all orientations, the induction effect 
being operative at least to some extent with all molecular orientations. 


London Dispersion Forces All molecules, including those without a 
permanent dipole, attract each other. The liquid state, for example, 
is exhibited by all compounds and even by the noble gases. The 
source of the forces that act independently of the molecular dipole, 
which is necessary for the attractions discussed under Dipole-Dipole 
Attraction and The Induction Effect above, was first recognized by 
F. London in 1930. The effect can be treated only quantum-mechani- 
cally, being dependent on the detailed motion of the electrons in the 
neighboring molecules. 

The basis for the attraction, known now as London, or disper- 
sion, forces, can be indicated by reference to a pair of H atoms at a 
separation great enough so that the exchange of electrons between 
the atoms can be ignored. Although a time average would indicate 
that each atom has a zero-dipole moment, instantaneous-dipole 
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FIGURE 16-6 
Mutual attraction of 


randomly oriented polar 


molecules through in- 


duction. Note that the 


induced charges are 


favorably arranged rela- 


tive to the permanent 


dipole for attraction to 


occur. 
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moments can be recognized. The two instantaneous dipoles of two 
neighboring atoms cannot effectively orient themselves favorably with 
respect to each other as can the permanent dipoles of molecules. An 
induction effect, analogous to that treated above, can, however, act 
between the instantaneous dipole of one atom and the polarizable 
adjacent atom. Similar effects, which can be calculated only approxi- 
mately and only with considerable difficulty, operate in all molecules, 
regardless, of course, of whether they have a permanent dipole or not. 

Detailed treatments of the quantitative aspects of this interac- 
tion yield results that can be variously expressed, but all agree that the 
potential energy is proportional to the square of the polarizability of 
the molecules and inversely as the sixth power of the separation; i.e., 

Uenden oC . [22] 
The proportionality constant turns out to be approximately the same 
for many molecules and has the value 1.8 « 107° erg. 

Some values that have been calculated for this contribution to 
the attraction exhibited by a pair of molecules are shown in Table 16-3. 


Hydrogen Bonding One further, and rather special, interaction must 
be included. The long-range dipole-dipole interaction calculated from 
the molecular-dipole moments is not always an adequate treatment 
of the electrostatic interactions between polar molecules. More local- 
ized effects can occur, and the one most often recognized is the 
hydrogen bond. When a somewhat acidic hydrogen atom carrying 
a partial positive charge, as in the bonds O—H, F—H, N—H, and so 
forth, can approach an electron-rich basic-type atom, such as the 
oxygen in water, alcohols, or ethers or the nitrogen in amines, an 
association occurs that can be represented by 


: H 
oF ay 
ae 
R R 


A more revealing diagram emphasizes that it is the details of the 
charge arrangement in the two molecules that is responsible and not 
the molecular dipoles. The lone pair of nonbinding electrons on the 
oxygen can be exhibited, and this leads to the diagram 


« 2.7A > 


«—1A 4 1.7A + 


Typical hydrogen-bond distances have been included to emphasize 
that the hydrogen bond is too long for much covalent character to be 


expected and is best interpreted as the result of a localized elec- 
trostatic attraction. 

When hydrogen bonding occurs, it plays a prominent role in 
determining the intermolecular properties. The high boiling points 
of HO compared with H2S and of alcohols compared with ethers of 
the same molecular weight and atomic constitution are primarily the 
consequence of hydrogen bonding. 

A general expression for the potential energy of a hydrogen- 
bonded pair of molecules as a function of intermolecular distance can- 
not be given. It can be mentioned, however, for comparison with the 
other data of Table 16-1, that a pair of alcohol molecules that have 
approached their equilibrium intermolecular distance are held by a 
potential-energy contribution of about 6 kcal/mole, or 400 x 10°19 
erg per molecular pair. 

The relative importance of the contributions listed in Table 16-3 
should be noted. One cannot, however, go easily from the interac- 
tions between pairs of molecules to the net effect of a given type of 
force when the molecules of a liquid are considered. The dipole- 
dipole forces, for example, require certain favorable orientations, and 
in a liquid all the neighbors of a molecule must compete for this 
orientation. London forces, on the other hand, can act as effectively 
in large collections of molecules as in molecular pairs. Only qualita- 
tive relations can therefore be seen in a comparison of the molecular- 
pair intermolecular forces with the boiling points and heats of 
vaporization. 


16-3. ENTROPY OF VAPORIZATION, TROUTON’S RULE, 
AND FREE-VOLUME THEORIES OF THE LIQUID STATE 


The heat-of-vaporization data, dealt with in the preceding section, can 
be used directly to give values for the entropy of vaporization. This 
quantity can also be investigated from a molecular point of view, and 
when this is done, one is led to some further ideas that have been 
developed regarding the behavior of the molecules of a liquid. 

An interesting empirical generalization involving heats of vapori- 
zation at the normal boiling point was made by F. Trouton in 1884. 
Trouton’s rule states that the heat of vaporization in calories per mole 
divided by the normal boiling point, on the absolute scale, i.e., the 
entropy of vaporization ASyap, is approximately 21 for most liquids; i.e., 


ASvap = SHva = 21 cal/deg mole [23] 
Ts 

Tests of Trouton’s rule are shown for a number of compounds in 
Table 16-4, and as these data indicate, a very large number of com- 
pounds with very different boiling points and heats of vaporization 
give values of the entropy of vaporization close to 21. Two classes 
of compounds, however, show serious disagreements, and for both 
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TABLE 16-4 

Heats and entropies of 
vaporization of liquids 
at their normal boiling 


points 


classes these deviations from the rule can be given qualitative 
explanations. 

Those liquids which have entropies of vaporization appreciably 
higher than the average value of 21 are all of the type that are associ- 
ated through hydrogen bonding in the liquid state. Water is the best 
example. The hydrogen bonding in the liquid results in a considerable 
restriction on the freedom of the molecules of the liquid and, therefore, 
in a decrease in the entropy of such liquids compared with normal 
liquids. Since association of such molecules is of minor importance 
in the vapor, the unusually large entropy of vaporization can be under- 
stood. 

The carboxylic acids in Table 16-4 illustrate the opposite devia- 
tion, showing small values of the entropy of vaporization. These 
molecules also form hydrogen bonds, but here the bonds result in the 
formation of dimers, which persist to an appreciable extent in the 
vapor state. One mole of liquid in which association is complete in 
both the liquid and the vapor state would effectively consist of 4 mole 
of dimers and would have half the expected molar entropy, since, 
according to Trouton’s rule, the entropy of vaporization is independent 
of molecular weight. The observed carboxylic vaporization entropies 
show some of this effect. 

It has been shown by Hildebrand, it should be pointed out, that 


feud Normal bp AHvap . ASwap = Abani 
(°C) (cal /moie) (cal/deg mole) 
Helium, He — 268.9 24 aw 
Hydrogen, H» LV | 216 10.6 
Acetic acid, CH3COOH 118.2 5,830 149 
Formic acid, HCOOH 100.8 5,760 15.4 
Nitrogen, No = IRS 1.330 17.1 
n-butane, CyH16 SF 5,320 19.6 
Naphthalene, CyoHs 218 9.670 19:J 
Methane, CHy —161.4 2,216, 19.8 
Ethyl ether, (C2H5)20 34.6 6,210 20.2 
Cyclohexane, CgHy2 80.7 7,190 20.3 
Carbon tetrachloride, CCly 76.7 7,170 20.5 
Stannic chloride, SnCly 112 7,900 20.5 
Benzene, CgHg 80.1 7,353 20.8 
Chloroform, CHCl; 61.5 7,050 21.0 
Hydrogen sulfide, HoS —596 4,500 alla] 
Mercury, Hg 356.6 14,166 25 
Ammonia, NH3 Sou 5,560 72 
Methyl alcohol, CH30H 64.7 8,430 24.9 
Water, Ho0 100.0 9717 26.0 
Ethyl alcohoi, C2H;0H 78.5 9,220 26.2 


SS 


a more consistent set of entropies of vaporization are obtained if they 
are calculated, not at the normal boiling point, but rather at tempera: 
tures at which the vapors of the different compounds have the same 
molar concentrations. This variation of Trouton’s rule, as the results 
of Prob. 5 will show, improves the overall constancy of the calculated 
entropies of vaporization, but the abnormalities of the hydrogen- 
bonded liquids still show up. 

Now let us turn to the majority of the compounds that conform 
to Trouton’s rule and show entropies of vaporization near the value 
21 cal/deg mole. A molecular interpretation of this thermodynamic 
quantity might be expected to be more easily accomplished than was 
the corresponding attempt with heats of vaporization because the 
relative constancy of Asyap implies an independence from the individ- 
ual molecular characteristics. 

The entropy of the process 


Liquid — vapor 


can be treated, as were the chemical reactions of Sec. 9-1, in terms 
of the energy-level spacing of the product molecules as compared 
with that of the reactants. The energy difference for a molecule in 
the two states is not now involved. (It is not, it should be admitted, 
a straightforward matter to think of molecules in the liquid state. 
A clear illustration of the difficulty is presented by a liquid metal. The 
vapor that comes off the liquid is clearly composed of metal atoms, 
but the properties of the liquid indicate that it is better thought of as 
metal ions in a sea of electrons. Ina similar way any liquid can be 
thought of as composed of interacting molecules, but if the interac- 
tions are very important, the molecular description becomes less satis- 
factory. For the present entropy calculation it will be assumed that 
the liquid consists of rather closely packed molecules which compare 
with similar but less closely packed molecules in the gas phase.) 

It will be assumed, furthermore, that the rotational- and vibra- 
tional-entropy contributions are nearly the same for the molecules of 
the liquid and the vapor. One finds, for example, that vibrational 
transitions of a molecule that can be studied in the infrared spectral 
region are generally only slightly shifted between gas- and liquid-phase 
spectra. It follows that the allowed vibrational-energy-level pattern 
is not greatly disturbed by this change of phase. Other infrared 
spectral results show that small, light molecules do have appreciable 
rotational freedom in the liquid state. The contours of the infrared 
absorption bands shown in Fig. 16-7 suggest that, although the dis- 
crete, well-defined rotational energy levels that lead to the rotational 
structure in a gas-phase rotational band are absent, some rotational 
effects remain. More empirical justification of the assumption that 
entropy contributions from vibrational and rotational degrees of free- 
dom are not appreciable in ASyap comes from the recognition that 
monatomic and polyatomic molecules, the former having no rota- 
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FIGURE 16-7 

The vapor and CCl, 
solution spectra of HCl. 
In (a) the vapor spectra, 
shown schematically, is 
due to changes in the 
rotational energy of the 
HCI molecules. In (6) 
such changes accompany 
a change in the vibra- 
tional energy. Some of 
the features of the solu- 
tion spectra suggest 
energy changes due to 


similar motions. 


tional degrees of freedom and the latter having 2 or 3, conform equally 
well to Trouton’s rule. Furthermore, the near equality of As... for 
CH, which in the vapor phase has a negligible entropy due to rotation 
and vibration, and CCly, in which these degrees of freedom contribute 
almost half of the total of the vapor-phase entropy, suggests that no 
appreciable change in these CCl, rotational and vibrational contribu- 
tions occurs. It is necessary, therefore, to look to changes in the 
translational entropy to account for the principal part of the Trouton- 
rule entropy value. 

The translational entropy of vapor molecules is well understood 
and has been treated in Sec. 9-7. A setof closely spaced translational 
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energy levels exists, and the spacing of these levels can be calculated 
by treating each gas molecule as a particle-in-a-box. An actual value 
for this translation entropy can be calculated, as has been done in 
Sec. 9-7, but for the present purpose it is enough to recognize that the 
energy-level spacing decreases with increasing size of the container 
and that the translational entropy includes the term R In v. 

The counterpart of translation for the molecules of a liquid is 
less easily defined. A simple assumption that can be made is that a 
given liquid molecule is free to move around in some small volume, or 
cell, and that it is generally confined to this cell by the neighboring 
molecules. These molecules are also moving about, and the cell is 
therefore not of fixed geometry, nor is it escape-proof. The potential 
energy experienced by a liquid molecule will be a very complicated 
function of the nature and positions of the neighboring molecules. 
The effect of these neighbors can, however, be approximated by a 
simple square-well-type potential which has some low potential-energy 
value throughout the cell volume but is infinite outside this volume. 

The assumption of a simple square-well potential for the mole- 
cules of the liquid has made the liquid-to-vapor transformation, as far 
as the energy-level pattern is concerned, similar to an expansion of a 
gas from a very small volume and a large volume. The energy-level 
patterns that are involved are illustrated schematically in Fig. 16-8. 

If the volume in which the liquid molecules are free to move, 
called the free volume, is denoted by vy, the entropy of transformation 
to the vapor state is given by 


Vy 
ASyap = Svap — Sliq = Rin aa [24] 


Instead of attempting to determine v; and to obtain thereby 
a calculated value of ASyap, it is more satisfactory to insert the Trouton- 
rule result and write 


21 = Rin=2 [25] 
Vr 


VAPOR 


il 


— ~ AH yap 


LIQUID 
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The liquid-vapor system 
represented by square- 


well potentials. 


536 


Chapter 16 
Liquids 


which requires 


Yap ~ 10,000 [26] 
Vy 

Support is given to our explanation of the entropy of vaporization if 

all normal liquids can be expected to have the ratio of Eq. [26]. 

First it must be recognized that the entropy of vaporization Is 
very insensitive to the value of Vyap/V, and that it is necessary only 
that this ratio can be expected to be within a factor of about 2 of the 
value in Eq. [26] for a reasonable value of the entropy of vaporization 
to be obtained. 

The volume of 1 mole of vapor will be about 20,000 or 30,000 CC, 
depending on the normal boiling point, and such values correspond, 
according to Eq. [26], to a free volume of 2 or 3.cc. Since a typical 
molar volume of a liquid is 100 cc, this implies that 2 or 3 per cent of 
the liquid volume is free volume in which the liquid molecules can 
move. Such a result seems not unreasonable. 

A number of other liquid properties can be made to yield values 
for the free volume of a liquid, and there is general, rough agreement 
with the idea of a free volume of about 1 per cent of the liquid volume. 

There are a number of other approaches to the nature of the 
liquid state. One of these replaces the free volume that is distributed 
throughout the liquid cells by holes, or vacancies, in the liquid struc- 
ture that can move around and impart to liquids their characteristic 
properties. 

There are some real difficulties connected with improvements 
of the cell model and also with the simple treatment given here. The 
assignment of each liquid molecule to a cell is a treatment that differs 
from that which we adopt for a gas. The restriction of a given mole- 
cule to a given cell raises a number of complications which, with the 
less clearly defined cells of the liquid state, cannot easily be taken 
care of. 

We return, finally, to the schematic energy diagram of Fig. 16-8 
to understand the equilibrium between the liquid and the vapor. The 
molecules in the liquid experience a lower potential energy and have 
a lower enthalpy than do the gas molecules. The close spacing of the ' 
energy levels of the vapor, however, gives the vapor a higher entropy. 
At equilibrium the vapor volume is such that these two factors balance 
and lead, with the equation 


AG = AH — TAS 


to a zero free-energy difference. 


16-4. THE HEAT CAPACITY OF LIQUIDS 


One remaining thermodynamic property of liquids, the heat capacity, 
can be dealt with. Again the way in which the thermodynamic data 
are obtained and treated will be taken up, and then the interpretation, 
in terms of molecular behavior, will be indicated. 


Measurements of the heat capacities of liquids are invariably 
performed in a constant-pressure apparatus and therefore directly 
give values of Cp. These constant-pressure results are not, unfortu- 
nately, easily approached from a molecular viewpoint because the 
values for these quantities contain appreciable contributions from the 
energy absorbed in overcoming the intermolecular attractive forces 
as the liquid expands with increasing temperature. It is necessary, 
therefore, to obtain values of cy, and, in Sec. 5-11, an equation 


c-— cv=[P+ (38) 18), an 


was obtained that provides the first step in the development of a 
useful, generally applicable expression for Cp — Cy. Now this ex- 
pression must be developed further so that the difference Cp — Cy 
is expressed in terms of measurable quantities. 

We begin by combining the second-law expression ddrey = T'dS 
and the work term dw = P dV with the first-law statement to obtain 


dE = TdS — PdV [28] 


The expression for (¢E/0V)r follows when Eq. [28] is divided through 
by dV and then constant temperature is specified to give 


oF oS 
aE) — 7(25) =P 29 
ae aV I 27 
Rearrangement to 

ob re ey) 30 
Se Ls eT ; [30] 

allows the expression for Cp — Cy to be written as 
ey, EE oY) 31 
SES De) ar Ss [31] 


It remains now to express the entropy derivative in a more con- 
venient form. We return to Eq. [28] and divide through by dT and 
then specify constant volume to obtain 


ab) — 7(28) 32 
(SF), = Tr), [32] 
We can use the fact that the order of differentiation is not significant, 
as mentioned in Sec. 5-4, and therefore that, for example, 


or aV oV oT 


We can therefore equate the result of differentiating Eq. [29] with 
respect to T, holding the volume constant, with the derivative of Eq. 
[32] with respect to V, at constant temperature. The equality that 
is obtained is 


0S ame (2) _ 705 
(2) + Toray —\eT]y~ aT oV 


OE 0K [33] 
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This result, one of a set of equations known as Maxwell’s equations, 
gives us the Cp — Cy relation 
oF | (2¥) 
Ca ss fh (S2e |) (ae 35 
‘aoe 1) (on), EY 
One final variation is necessary. The fact that V can be treated 
as a function of T and Pallows us to write 
V aV 
Fee (2) dT (24) dP [36] 
ship ONGP ye 


and, it follows, a constant-volume process, in which dV = O, has 
partial derivatives that are related by 


OP \e | (CV /el)s 
(#) = (0V/0P)r Ez 


Elimination of the experimentally less accessible term (0P/dT)y from 
Eq. [35] gives 


oa (0V/0T )p? 
Cece = aa [38] 


With the symbols 


=) 9 


for the coefficient of thermal expansion and 


Seed rave 
TABLE 16-5 [ey = V ( 5P ). [40] 


Values of Cp and the 


quantities needed to for the isothermal compressibility, we have, 
obtain Cy by means of 


Co Caneel 
Eq. [41] for some liquids p 


CHE ASO: 
ee ee ee 
dues Cp a= (2) [oS -1(24) Vv Cp — ¢€ C 
piautd (cal/deg mole) Ve Ne ee : ‘ ‘ 
(°K-1) (em? /ayne) (cc)  (cal/deg mole) (cal /deg mole) 
CCl4 31.49 1.25 « 10-3 10.7 « 10-41 97 10.1 21.4 
CHCl; =—.27.8 1533 9.7 80 10.4 27.4 
CSe 18.1 1.24 9.6 60 6.9 11.2 
CeHe 32.1 1.25 oF) 89 10.2 21.9 
H0 18.04 0.235 46 18 0.15 17.89 
Hg 6.65 0.181 0.34 14.8 1.02 5.63 


ee 


or, for molar quantities, 539 


Cp — Cy = 


2 
ov ET [41] Section 16-4 
B The heat capacity 


Data for the various quantities in this expression are given for Oy rae 


a number of liquids in Table 16-5. It is clear from these data that 
although the expansion of a liquid is small compared with that of a 
gas, and therefore the work against the confining pressure is also 
relatively small, the difference cp — Cy is quite appreciable for liquids. 

Now the cy data can be considered. Most informative, initially, 
is the value, shown in Table 16-6, of just about 3R for mercury. The 
simplest explanation of this result comes from considering the mer- 
cury atoms of the liquid to have, not 3 translational degrees of free- 
dom, which would lead to a heat capacity of only 3R, but rather 3 vibra- 
tional degrees of freedom, which, if the atoms are only loosely bound 
and the vibrational frequencies are low, will lead to each vibrational 
contribution of R and a total contribution of 3R. (This assumption 
regarding the potential-energy function for a molecule of a liquid is 
not the same, it should be pointed out, as used in the entropy calcula- 
tion of the preceding section. Thus we can recognize that a better 
model than the square well used there would be a parabolic potential 
well. The treatment carried out on this basis would not, however, be 
significantly different, with regard to the entropy calculation, from that 
indicated for the simpler model.) TABLE 16-6 

Now, with the assumption of a contribution of 3R from the Calculations of the heat 
translational-type motion, we can proceed to polyatomic molecules. 
The new feature that enters is the counterpart of the molecular rota- 
tion. The contribution from the rotational-type motion is, however, 
not easily handled. If the motion were entirely free, there would be 
contributions of #R per degree of freedom. If, however, the inter- "0tation and for a 
ference of neighboring molecules is such that this motion is more like restricted rotation or 
a low-frequency vibrational motion, the contribution could rise to libration are shown. 
values equal to about R per degree of freedom. The way to proceed (Values are in 


capacity C, of some 
liquids at 25°C. The 


calculations for free 


cal/deg mole.) 


Motion of center of mass 
Intramolecular vibrational 


motion (see Sec. 5-16) 10.77 


Libration 


Fr 
Rotational-like motion R= 1.99 


Calculated Cc, 10.42 


Observed C,, 
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FIGURE 16-9 
X-ray-diffraction study 
of the structure of 
liquid potassium at 
70°C. (a) The diffrac- 
tion intensity with 30-kv 
X rays. (b) The radial- 
distribution curve cal- 
culated from the data 
of (a); the dashed line 
indicates the distribu- 
tion curve that would be 
expected for no struc- 
ture in the liquid. 
[From C. D. Thomas and 
N.S. Gingrich, J. Chem. 
Phys., 8:411 (1938).] 


is not now clear, but the examples of Table 16-6 do indicate that the 
principal contributions to the heat capacity at constant volume of 
simple liquids have been recognized. 


16-5. STRUCTURE OF LIQUIDS 


Let us leave the thermodynamic properties of liquids and consider 
some other properties whose investigation throws light on the nature 
of the liquid state. We can follow the approach used earlier in this 
book and, as for our investigation of molecules, investigate diffraction 
effects and liquid structure. That there is some organization, or 
structure, in the liquid state has been assumed in the introduction of 
the cell theory of the liquid state. In fact, even the concept of nearest 
neighbors assumes that about any one molecule in a liquid certain 
nearby positions can be distinguished. Thus one is drawn to the sup- 
position that a certain amount of short-range order exists in a liquid 
and that it is the long-range disorder that gives to a liquid its charac- 
teristic properties of fluidity. 

This supposition is nicely supported by diffraction studies of 
simple monatomic liquids. The diffraction principle is essentially that 
which was used to study molecular structure by electron diffraction 
in Chap. 13. For the study of liquids, as with that of solids, a more 
penetrating radiation is necessary so that the interior rather than sur- 
face structure can be studied. For this reason liquid structures are 
investigated by the diffraction of X rays rather than by electron diffrac- 
tion. Itis found that a diffraction pattern is in fact obtained, as shown 
in Fig. 16-9, when a beam of X rays passes through a monatomic-liquid 
sample, and this observation is by itself sufficient for the statement 
that liquids do exhibit some structure. It will be recalled from the 
discussion of electron diffraction that the close-in small-angle diffrac- 
tion depends on small spacings whereas the wider-angle diffraction 
is dependent on longer internuclear distances. Liquid-diffraction 
patterns characteristically show one or two nicely formed small-angle 
diffraction maxima that correspond to the short-range order, but show 
rather diffuse diffraction rings corresponding to the farther-removed 
molecules. : 
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The radial-distribution method introduced in Sec. 13-2 can be 
used here very effectively. It is only the distance of neighboring 
molecules from a given central one, and not the angular arrangement, 
that is of interest. The radial-distribution curve that is calculated 
from the scattering curve of Fig. 16-9 is also included in that figure. 
In this way the layer of nearest neighbors clearly shows up, as does the 
diffuseness of the longer-range structure. 

Structures of liquids consisting of molecules of some complexity 
have been studied, and again a liquid structure, now dependent some- 
what on the geometry and intermolecular forces of the molecules, 
shows up. 

All such structure investigations emphasize the similarities be- 
tween liquids and crystals. We now proceed to another property of 
liquids that tends to emphasize their likeness to gases. 


16-6. THE VISCOSITY OF LIQUIDS 


The viscosity, or the coefficient of viscosity, has been defined, in con- 
nection with our study of gases, by the equation 


f= nae [42] 


where f is the force necessary to impart, to a fluid with a coefficient of 
viscosity y, a velocity gradient du/dr over an area A parallel to the 
flow direction. Measurements of viscosity are almost always made 
with a fluid flowing in a tube of circular cross section, and the deriva- 
tion of the Poiseuille equation (Eq. [31] of Chap. 1), which applies to 
this case, is now pertinent. 

Consider a tube of length J, asin Fig. 16-10. Flow with a uniform 
velocity results when the pressure drop P along the length J balances 
the viscous drag of the fluid along this length. The viscous drag stems 
from the thin film of fluid that, for most liquids, is tightly held to the 
surface of the tube. This film is effectively stationary, and the fluid 
must be pushed through the tube against the frictional drag of this 
layer. The frictional drag on the cylindrical differential layer of Fig. 
16-10 is, according to the definition of Eq. [42], 


Frictional drag = n(2arl)( — de [43] 


where the negative sign has been inserted to make the drag a positive 
quantity, the velocity gradient being negative. 

The pressure acts to drive the central cylinder of fluid down the 
tube in opposition to the viscous drag at the surface of the cylinder, 
and for steady flow this driving force of P(rr?) can be equated to the 
frictional drag to give 


diye 
—n(2arl) 2 = Pn?) 
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FIGURE 16-10 


Flow in a segment of 


tube of length l for 
which the pressure 


drop is P. 
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FIGURE 16-11 

Nature of laminar flow, 
to which Eq. [45] ap- 
plies, and turbulent flow, 
which occurs at high 
flow rates and for which 
Eq. [45] does not apply. 
(a) Laminar, or viscous, 


flow. (b) Turbulent flow. 


or 


mea od. [44] 
a0 oie dr 


The velocity gradient across the cylinder is obtained by integration of 
Eq. [44]. Since the flow velocity is zero along the wall of the tube, 
i.e., at r = R, and since the other integration limit is the velocity v at 
a radial position r, the integration 


v=v - a * 
i ie 2yl et ‘ 


pe ae _ 7) [45] 


gives 


The velocity contour implied by this equation is shown in Fig. 16-11. 

It is at this point that it must be mentioned that fluid flow in a 
tube does not always conform to the velocity gradient of Eq. [45]. It 
is found empirically that such an equation governs the flow only for 
rather small diameter tubes and low flow rates. Flow with a velocity 
distribution like that of Fig. 16-1la is known as laminar, or viscous, 
flow, and all measurements of viscosity must deal with flow of this 
type for the derived equations to be valid. 

At higher flow rates or for larger-diameter tubing the flow type 
changes to what is known as turbulent flow, which can be described 
qualitatively in terms of the eddies of Fig. 16-116. The velocity gradi- 
ent implied by Eq. [45] is not valid, and it is a matter of considerable 
difficulty, and considerable practical importance, to treat this flow 
type. The decision as to which flow type is likely to operate for any 
set of conditions is usually made in an empirical way on the basis of 
the dimensionless quantity known as the Reynolds number, which is 
defined as 

Reynolds number = e [46] 
where d is the tube diameter, 0 the average velocity of the fiuid along 
the tube, p the density, and 7 the coefficient of viscosity. Empirically,: 


FLOW LINES VELOCITY PROFILE 


FLOW LINES VELOCITY PROFILE 


it has been found that for Reynolds numbers less than about 2100 the 
flow is laminar, for values greater than 4000 it is turbulent, and for 
intermediate values of the Reynolds number the type of flow cannot 
easily be anticipated. 

Measurements of viscosity are made, therefore, under condi- 
tions of low Reynolds numbers. A suitable and often-used apparatus 
for many ordinary liquids is the Ostwald viscometer shown in Fig. 
16-12. Its use depends on the measurement of the time required for 
the amount of liquid held between a and b of Fig. 16-12 to flow through 
the capillary tube. This measurement can be used to obtain a volume 
rate of flow through the capillary tube. 

The volume rate of flow along a cylindrical tube is obtained by 
integrating the product of the cross-section areas of cylindrical seg- 
ments and the velocity of flow of the segment. Thus the Poiseuille 
equation is obtained with the expression for v given by Eq. [45] as 


Volume rate of flow = [Gare Che = aPR* [47] 
0 8yl 


It is this equation that can be used to obtain an absolute value for 
n, all other quantities being measurable. 

In practice, one almost invariably determines the viscosity by 
a comparison of the sample with some standard reference sample, 
using an apparatus like that of Fig. 16-12. For the Ostwald viscometer 
the Poiseuille equation (Eq. [47]) can be turned around to give 


n= ae x time/unit volume of flow [48] 


Measurement of the time for the same volume of flow of the sample 
and reference and recognition that the driving force P is proportional 
to the liquid density p allow one to write 


Mm _ pia [49] 


Viscosities can be determined, therefore, by measuring, in one 
way or another, the rate of flow through a cylindrical tube. 

Such measurements can be made over a range of temperatures, 
and as the plots in Fig. 16-13 of the data of Table 16-7 show, the tem- 
perature dependence of viscosity conforms to the equation 


logn=44+B [50] 


It is of interest to try to obtain a theory of liquid viscosities that 
leads to an expression of the form of this empirical equation. This 
goal can be reached, as the following section indicates. The theoreti- 


cal deduction of the viscosities of liquids is, however, an exceedingly 
difficult theoretical problem. 
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(a) 


(b) 


FIGURE 16-12 


An Ostwald viscometer. 
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TABLE 16-7 
Coefficient of viscosity 


of liquids (centipoises) 


FIGURE 16-13 

The dependence of vis- 
cosity on temperature for 
some liquids. (a) n versus 


T. (b) log n versus 1/T. 


16-7. THEORY OF VISCOSITY 


Now an attempt will be made to understand something of the source 
of viscosity in liquids. Success such as is achieved by the kinetic- 
molecular theory in its treatment of gas viscosities cannot, however, 
be attained. 

For theoretical purposes it is more satisfactory to think in terms 
of fluidity, i.e., the tendency to flow, rather than viscosity, the resist- 
ance to flow. The fluidity is usually represented by @ and defined as 


Fe [51] 


The flow of a liquid is a rate process, and we can inquire about 
the mechanism by which molecules move along a tube in a manner 
similar to that in which we inquired about the way in which molecules 
react to form products. Both of the chemical rate theories of Chap. 15 
led to the prediction of a rate expression with an exponential term 
involving an activation energy. A similar form for the rate expression 
for flow can be anticipated, and the counterpart of the activation 
energy will be the energy maximum encountered by a molecule as it 
squeezes past its nearest neighbors to a position farther along the 
tube. The flow process can be likened to that of passengers pushing 
down the aisle of a crowded bus, and the activated states correspond 


Liquid 0°C 20°C 40°C 60°C 80°C 100°C 
H20 1.792 1.005 0.656 0.469 0.356 0.284 
C2H50H 3 1.200 0.834 0.592 

n-C4H30H 5.186 2.948 1.782 0.540 
CeHe 0.912 0.652 0.503 0.392 0.329 

CHCl; 0.700 0.563 0.464 0.389 

CCl4 1.329 0.969 0.739 0.585 0.468 0.384 
Hg 1.685 1.554 1.450 1.367 1.298 1.240 
(C2H5)20 0.284 0.233 0.197 0.166 0.140 0.118 


LOG 
° 
N 
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0.6 
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to those moments and positions when a person crowds past another 
to get to a better position farther along the aisle. If the activation 
energy is designated by AFyisc, the fraction of the molecules that have 
energy in excess of this amount, and can therefore move past their 
neighbors, will be given by a Boltzmann-type expression. The fluidity 
can therefore be written as 


co) (oe e AEvise RT [52] 
and the viscosity as 

i= ads oc eSB yise/RT 
or 

i AeEvise RT [53] 


where A is some undetermined constant. The logarithmic form of 
Eq. [53] is that which was recognized in the plots of Fig. 16-13. 

It is of interest to compare the values of AFyisc listed in Table 
16-8 with the heat, or better the internal-energy change, of vaporiza- 
tion. The Akyap term gives the energy to remove a molecule com- 
pletely from its neighbors. The flow process seems to require only 
about a third of this disruption to move a liquid molecule from its initial 
equilibrium position through a high-energy intermediate position. 

This idea can be extended to rationalize the data for liquid 
metals. Vaporization removes an atom of the metal from the liquid 
phase. The flow process, on the other hand, can be thought of as 
involving the movement of positive ions which exist in a sea of elec- 
trons. The much smaller size of the positive metal ions compared 
with the metal atoms can be given as an explanation for the small 
value AByisc/AEvap for liquid metals. 


16-8. SURFACE TENSION 


One final property of liquids, in fact that which distinguishes liquids 
from gases, can now be treated. The surface tension of a liquid can 


SE 
Liquid AEyise (cal/mole) AEyap (cal/mole) NEyisc/ ABvap 
CCl4 2500 6,600 0.38 
CeHe 2540 6,660 0.38 
CH, 719 1,820 0.39 
No 449 1,210 0.37 
02 398 1,470 0.27 
CHCl; 1760 6,630 0.27 
(CoH5)20 1610 5,700 0.28 
Acetone 1655 6,400 0.26 
Hg 600 13,000 0.05 
Na (at 500°C) 1450 23,400 0.06 
Pb (at 700°C) 2800 42,600 0.07 
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TABLE 16-8 

The comparison of the 
activation energy for 
viscous flow with the 
internal-energy change 
for vaporization at the 


normal boiling point* 


* From R. H. Ewell and 
H. Eyring, J. Chem. Phys., 
5:726 (1937). 
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FIGURE 16-14 
Interaction forces for a 
surface molecule com- 
pared with one in the 


body of the liquid. 


|| FORCE ——> 


FIGURE 16-15 
A wire piston support- 


ing a soap film. 


be looked upon as that property which draws a liquid together and 
forms a liquid-vapor interface, thereby distinguishing liquids from 
gases. 

The molecular basis for this property is indicated in Fig. 16-14, 
where the unbalanced attractions experienced by the surface mole- 
cules are shown to lead to a net drawing together of the liquid. On 
this basis it can be expected that a small amount of free liquid will 
pull itself together to form a more or less spherical drop. It is also 
clear that the surface layer will have properties, such as free energy, 
that will be different from those of the bulk of the liquid. 

The surface tension of a liquid can be defined with reference to 
Fig. 16-15. Most easily pictured is a wire frame, arranged like a 
piston, used to expand a soap film. The definition also applies, how- 
ever, to the mechanically more difficult systems where the film would 
be replaced by a layer of liquid of appreciable thickness. The force 
required to stretch the film, or liquid layer, is found to be proportional 
to the length / of the piston. Since there are two surfaces to the film, 
the total length of the film is 2/ and the proportionality equation 


f = y(2!) [54] 


can be written. The proportionality constant y is known as the surface 
tension, and according to Eq. [54], it can be looked upon as the force 
exerted by a surface of unit length. 

Of more general use is the relation between surface tension and 
surface energy. The work required to expand the surfaces of Fig. 
16-15 by moving the piston a distance dx is f dx, or 2ly dx. Since the 
area of new surface is 2/ dx, the result 


Work e 20x 
Change of surface areas 2 dx 


=¥ [55] 


can be obtained. This expression shows that the surface tension can 
be interpreted as the energy per unit surface area. In these terms, 
the tendency of a surface to reduce its area is just another example 
of a system tending toward an arrangement of low free energy. 

A number of methods are available for the measurements of 
surface tension, but only the capillary-rise method will be dealt with 
here. The arrangement of Fig. 16-16, showing a capillary glass tube 
inserted into a container of the liquid to be studied, is all that is neces- 
sary. All liquids that wet the glass will rise in the tube, and it is this 
capillary rise that can be used to deduce the surface tension. 

The rise of the liquid can be understood if it is assumed that an 
adsorbed thin film of liquid exists on the wall of the capillary. In order 
to reduce its total surface area, the liquid rises in the tube. Equilib- 
rium is reached when the free energy is a minimum; any further rise 
would expend more free energy in the work to draw up the liquid 
column than would be saved by the decrease in surface area. 

These ideas can be put in more quantitative form by reference 
to Fig. 16-15. The decrease in surface area that results from a rise 


in liquid by an amount dl is 27r dl, and the corresponding decrease in 
surface energy is 


Gsurtace energy — Y dA 
y(2ar) al [56] 


l| 


The expenditure of free energy in raising an amount of liquid of 
volume mr? di and density o to a height Z is 


AGgravity = (ar? dl p)gl [57] 


When the column of liquid has risen in the capillary to its equilibrium 
height, these two free energies balance. For this condition 


2ary dl = ar2pgl dl 

and 
y = Tee [58] 

Measurement of the quantities on the right side of Eq. [58] gives 
a value of y. 

If the liquid does not adhere to the glass, i.e., does not wet it, 
a capillary rise does not occur and the phenomenon of a depressed 
liquid in the tube, as observed with mercury and glass, results. Here 
the mutual attraction between the mercury atoms is greater than that 
between mercury and glass, and a minimum glass-mercury area is 
therefore sought by the mercury withdrawing from the inserted tube. 

Table 16-9 shows the results obtained for the surface tension 
of a number of liquids. The only generalization that can be offered 
is that liquids, like water, which have very strong cohesive forces tend 
to have high surface tensions. This can be attributed to a greater 
tendency for the surface molecules to be pulled into the bulk of the 
liquid. The molten metals and metal salts provide other examples of 
high surface tension. 
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FIGURE 16-16 

The capillary rise of a 
liquid which wets the 
capillary wall. 
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TABLE 16-9 
Surface tensions of some 


liquids (dynes/cm) 


A number of empirical expressions have been suggested to 
account for the variation of surface tension with temperature. Sur- 
face tensions generally show a decrease with increasing temperature, 
but the effect is not nearly so large as occurs for vapor pressure and 
viscosity. An expression due to McLeod relates the surface tension 
to the density of the liquid and the vapor as 


y = C(p — po)! [59] 


where po is the vapor density and C is a constant which is different 
for each liquid. The fourth power of the density term gives a suitable 
temperature variation for the surface tension. 

In passing, it can be pointed out that this expression is the basis. 
for a quantity, presumably characteristic of the molecular volume, 
proposed by Sugden. Since C of Eq. [59] is a constant for a given 
compound, one can construct a new quantity, called the parachor, by 
the relation 


My\/4 
(p= [Be 


Parachor = MC1/4 = [60] 
The parachor presumably measures the molecular volume with a suit- 
able correction for the cohesive forces of the liquid. Many molecular- 
structure arguments have been made by assigning molecular-volume 
contributions to the atoms and bonds which make up a molecule. 
Comparison of a parachor calculated in such a manner with the 
observed parachor presumably lends support to some assumed struc- 
ture. This method is now of little value compared with other 
molecular-structure techniques. 


16-9. SURFACE TENSION AND VAPOR PRESSURE 
OF SMALL DROPLETS 


Although the surface properties of a liquid are different from those 
of the bulk liquid, this effect can be ignored except in a few situations. 
One of these is the case in which a liquid is dispersed into fine droplets 
and the surface then constitutes a large fraction of the total material. 
A similar situation occurs with finely divided solid material. 


Liquid 20°C 60°C 100°C 


HO 72.15 66.18 58.85 
CoH50H 22.3 19.0 

CeHe 28.9 23. 

(CoH5)20 17.0 8.0 
Hg 480 at 0°C 

Ag 800 at 970°C 

NaCl 94 at 1080°C 

AgCl 125 at 452°C 


—eee—esso 


Consider the transfer of dn moles of liquid from a plane surface 
to a droplet of initial radius r. If the normal vapor pressure of the 
liquid is Py and of the droplet is P, the free-energy change for this 
process can be written, according to Sec. 8-4, as 


dG = dn RTIn& [61] 
Po 
The free-energy change can also be calculated from the surface- 
energy change of the droplet that results from the surface-area in- 
crease due to the addition of dn moles, or Mdn/pcc. Addition of this 
volume adds a spherical shell, whose area is 47r2._ The thickness dr 
is given by the relation of this spherical shell, 


or 


dr =—“_an [62] 
Anr2p 


The increase in surface energy is y times the increase in surface area 
resulting from the increase dr in the droplet radius, 


dG = ydA 
= y[4a(r + dr)? — 4nr?] 
= Sayr dr [63] 


Substitution of Eq. [62] now gives 


dG 


M 
Sryr dap dn 


— 21M ay, [64] 
or 


Equating the two calculations for the free-energy change (Eqs. [61] 
and [64]) gives 


Rhine oon 
0 pr 
and 
P _ 2yM [65] 
Po oprRT 


This desired result relates the vapor pressure P of a droplet, or 
really of a liquid element with highly curved surface, to the vapor pres- 


r (cm) r (A) IEE 
iOe4 104 1.001 
Ome 108 1.011 
108 102 1.111 
10% 101 2.88 


_——— 
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of small droplets 


TABLE 16-10 

The vapor pressure of 
water as a function of 

the radius of curvature 
of the surface at 25°C 

(Po = 23.76 mm Hg) 
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sure Po of the bulk liquid. The appearance of 7 in the denominator 
implies a dependence of vapor pressure on droplet size that is illus- 
trated in Table 16-10. 

These data produce something of a dilemma when the condensa- 
tion of a vapor to a liquid is considered. The formation of an initial 
small droplet of liquid would lead to a particle with such a high vapor 
pressure, according to Eq. [65], that it would evaporate even if the 
pressure of the vapor were greater than the vapor pressure of the bulk 
liquid. It is necessary to imagine the condensation to occur on dust 
particles or other irregularities so that the equilibrium thermodynamic 
result can be circumvented by some mechanism that avoids an initial 
slow equilibrium growth of droplets. 

Similar considerations are necessary when the reverse process, 
the boiling of a liquid, which requires the formation of small vapor 
nuclei, is treated. Chemically, one also encounters this phenomenon 
in the difficulty with which some precipitates form and in the tendency 
for liquids to supercool. Likewise, the digestion of a precipitate 
makes use of the high free energy of the smaller crystals for their 
conversion to larger particles. 


PROBLEMS 


1 The vapor pressure of water at 25°C is 23.76 mm Hg. Use this datum 
and the normal boiling point of water to deduce, according to the 
Clausius-Clapeyron equation, a value for the heat of vaporization of 
water. Ans. 10,210 cal. 


2 Normal hexane has a boiling point of 69.0°C. Assuming that Trouton’s 
rule is obeyed, estimate the vapor pressure of n-hexane at 25°C. 


3 Assuming that benzene obeys Trouton’s rule, calculate dP/dT at the 
normal boiling point 80.1°C and at 25°C. 
Ans. At 25°C, dP/dT = 4.5 mm/deg. 


4 Calculate the work of expansion done in the vaporization of water at its 
normal boiling point of 100°C if the vapor is considered to be ideal. 
What fraction of AH,p is due to this work term? . 


5 Hildebrand’s extension of Trouton’s rule suggests that the entropy of 
vaporization be compared for vaporizations from the liquid to a given 
vapor volume. Assuming ideal gas behavior, calculate the entropy of 
vaporization of Hz, N2, CCly, and Hg for vaporization at their normal 
boiling points to a vapor of volume 22.4 liters. Compare the agreement 
of these values with those of Trouton’s rule given in Table 16-4. 


6 The vapor pressures of neon are reported in the International Critical 
Tables as a function of temperature as follows: 


£(°C) — 228.7 —233.6 —240.2 —243.7 —245.7 —247.38 —248.5 
Pp (mm Hg) 19,800 10,040 3170 1435 816 486 325 
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Determine the normal boiling point, the heat of vaporization, and the 


Trouton-rule constant. 


At what temperature will water boil when the elevation is such that the 


barometric pressure is 500 mm Hg? Ans. 89°C. 


Consider two dipoles, each consisting of electronic charges separated by 
1A. These dipoles are placed with their centers 5 A apart and with their 
axes along a straight line joining their centers. They are allowed to take 
up the low- or the high-energy orientation. 
a Using Coulomb’s law for the potential energy of separated charges, 
calculate the energy difference between the two orientations. 
Ans. 76.8 x 10714 erg. 
b With Boltzmann’s distribution deduce the fraction of an Avogadro’s 
number of dipoles that would be in the high-energy orientation at 
255: 
c Repeat the calculations for the centers of the dipoles separated by 10 A. 
Ans. 9.30 x 10714 erg. 
d Calculate the energy of the Avogadro’s number of dipoles separated by 
5 and 10 A in the case where they are free to adopt either orientation 
and in the case where both orientations are equally populated. Recog- 
nize, as a result of this calculation, the factors that enter into the 
inverse sixth relation of Eq. [20] that is valid for large distances 
between the dipoles. 


Verify that the expressions for the translational contribution to the 
entropy obtained in Chap. 9 lead to the expression for ASyap given in 
Eq. [24]. 


According to the analysis of the entropy of vaporization given in Sec. 
16-3, almost all the volume of a liquid is excluded volume; i.e., the center 
of gravity of a given molecule is prevented from moving in all but a few 
per cent of the total volume. Recall that estimates were made of the 
excluded volume due to the molecules of a gas when van der Waals’ 
equation was treated. Investigate any consistencies between the values 
obtained then and the ideas obtained here. 


The rather viscous material glycerin has the viscosities 1.34 < 10°, 12,110, 
1490, and 629 centipoises at the temperatures — 20, 0, 20, and 30°C, 


respectively. What is the activation energy for viscous flow for glycerin? 


The viscosity of chlorobenzene at 20°C is 0.799 centipoise, and its normal 
boiling point is 132°C. Assuming that it behaves as a typical liquid, 
estimate its viscosity at 100°C. Compare with the measured value of 


0.367 centipoise. 


Water runs out of a tap connected to a 4-in.-diameter pipe at a rate of 
about 1 qt in 1 min. Is the flow of water in the pipe likely to be laminar 


or turbulent? 


The surface tension of mercury is 520 dynes/cm, and its density is 13.6 


g/cc at 25°C. Mercury does not wet glass. 
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a Derive an expression for the lowering of the surface of mercury that 
will occur when a glass tube of internal radius r is inserted into the 
liquid. 

b If ris 1 mm, what will the depression be? 

c Ifris 5 mm, what will the depression be? 


A particle of mist has a mass of about 10-12 g. What is its vapor pressure 


compared with that of water if the temperature is 20°C? 
Ans. P= 1.002 Px... 


In view of Eqs. [58] and [65], consider what will happen as the radius of 
the capillary tube in which a liquid rises, as treated in Sec. 16-8, is re- 
duced toward the limit of r = 0. 


Suppose that water in a certain container boils when the liquid is at a 

temperature at which bubbles of 10~° cm diameter can be formed by the 

equilibrium vapor. Estimate from approximate relations and data 

previously given: 

a The vapor pressure that must be reached by the liquid for these vapor 

bubbles to be formed. 

b The temperature at which boiling will occur at a pressure of 1 atm. 

Ans. 100.4°C. 


CRYSTALS 


Of all condensed-phase phenomena, those of pure crystalline mate- 
rials are perhaps most easily treated. Again, however, one must deal 
not only with the properties of individual atoms or molecules, but also 
with interactions between these particles. The almost perfectly 
ordered array that is characteristic of crystals makes this a less diffi- 
cult task than with liquids. The ordered arrangement of the molecules 
orions of acrystal does allow, for example, as shown in Chap. 13, the 
structures of the molecules themselves, as well as the way they pack 
together in a crystal, to be determined by diffraction techniques. 

Other aspects of crystals required attention to be paid to com- 
munal effects. Most important of these, perhaps, is the nature of 
the bonding which exists between the molecules, atoms, or ions and 
holds these particles in their crystal position. 

A knowledge of these forces that act in a crystal, furthermore, 
allows us to understand some of the factors which decide the arrange- 
ments adopted by particles in the different crystals. A number of 
approaches to the general subject of crystal forces will be made. We 
begin by treating some qualitative aspects of this subject. 


CHAPTER 
SEVENTEEN 
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17-1. CRYSTAL FORCES 


The forces that hold crystal particles together can be classified into 
five maintypes. Ina givencrystal, although one of these forces might 
predominate, there will probably be contributions from forces of some 
of the other types. In spite of this overlapping, the classification of 
crystals in terms of the predominant-force type is very useful. The 
forces treated in the previous chapter in connection with liquids 
operate. A slightly different classification, however, is convenient 
for solids. 


lonic Forces The forces operating in ionic crystals are very predomi- 
nantly the electrostatic, or ionic, forces between the charged ions that 
were discussed in Sec. 10-7 in terms of pairs of ions. A smaller con- 
tribution results from the interaction of the charge of a given ion with 
the polarizability of the neighboring ions. These electrostatic forces 
result in a completely nondirectional pulling together of the units of 
the crystal. We shall see in the following sections that this uncom- 
plicated behavior, together with the well-defined coulombic-force law, 
makes these crystals in many ways the easiest to understand. The 
structure can be understood, in the case of crystals of simple ions, in 
terms of nothing more than the efficient packing together of two sets 
of spheres of different sizes. 

Since these electrostatic forces are rather strong, ionic crystals 
are usually quite hard, brittle, and fairly high melting. 


Van der Waals Forces Most organic crystals fall into the crystal type 
in which van der Waals forces predominate. The forces between the 
molecules are the same as those which we encountered in dealing with 
gas imperfections. They are therefore called van der Waals forces. 
The source of these forces can be broken down to dipole-dipole, induc- 
tion, and London dispersion forces as treated in Sec. 16-2. 

These forces are relatively weak, and the typical organic crystal, 
which is usually held together by such forces, is soft and low-melting. 

Again the attractive forces are essentially nondirectional, but the 
simplifying effect of this on the arrangement of the molecules in the 
crystal is often obscured by the odd shapes of the molecules. The’ 
arrangement taken up by a given organic molecule in a crystal cannot 
in general be predicted even if the shape of the molecule is known. 


Covalent Bonding A few rather important crystals are made up of 
atoms joined together throughout the crystal by covalent forces. A 
number of no less important crystals depend on covalent forces in one 
or two dimensions and on van der Waals forces in the remaining 
dimensions. 

The example, par excellence, of the first type is that of diamond. 
Each carbon atom of the lattice is held to its four tetrahedrally ar- 
ranged neighbors by covalent bonds. These bonds are little different 


from those found between carbon atoms in organic molecules. The 
heat of sublimation of diamond, to form gaseous carbon atoms, now 
appears to be experimentally established as about 170 kcal/mole. 
A diamond crystal with an Avogadro’s number % of atoms will have 
29 carbon-carbon bonds. The conversion of such a crystal to gase- 
ous atoms will require the expenditure of energy equal to twice the 
bond energy. The bond energy in diamond is therefore calculated 
as 85 kcal. This value is in line with a covalent-bond energy shown in 
Table 6-8 that seems appropriate to hydrocarbon molecules. The 
tendency of carbon atoms to form four bonds in tetrahedral directions, 
rather than the close packing of the carbon atoms, is the determining 
factor in the crystal structure. The hardness of the crystal also stems 
from the strength of the covalent bond. A few other crystals have 
three-dimensional arrangements of covalent bonds. Of these the 
characteristically tough materials silicon carbide, SiC, and silica, SiOz, 
can be mentioned. 

The most important representatives of the class of crystals 
which have a two-dimensional array of covalent bonds are graphite 
and mica. The structure of graphite is shown in Fig. 17-1, and it is 
apparent that each carbon atom forms bonds in the plane of the 
infinite molecules, which are similar to those of benzene and the 
aromatic molecules. All bonds are equivalent and can be looked on 
as being single bonds with one-third double-bond character. The 
layers of graphite are held together by the relatively weak van der 
Waals forces, and the slippery and flaky nature of graphite is thus 
readily understood. 

The structure of mica is rather more complicated, but again 
consists of two-dimensional covalent or ionic bonds, with the layers 
so formed being held together by relatively weak forces. 


A number of very different types of compounds form crystals. 


which illustrate the formation of covalent bonds in only one dimension. 
Inorganic examples are provided by SiS2 and BeCls, the latter 
being an example of a number of similar and interesting ‘‘electron- 
deficient’ compounds. Figure 17-2 illustrates the form taken by the 
atoms in these crystals. 
Organic examples are provided by crystalline polymer mole- 


(a) (b) 
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FIGURE 17-1 

The structure of the two- 
dimensionally covalently 
bonded crystal graphite. 
(a) The bonding in a mo- 
lecular layer. (b) The 
arrangement of the layers 


in the crystal. 
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FIGURE 17-2 


The structure of the one- 


dimensionally bonded 
crystal BeClz. The 
bonds from each Be 
atom are approximately 


tetrahedrally arranged. 


cules, either natural or synthetic. The simplest example is that of 
polyethylene, CH3(CH2),CH3, with a very long chain molecule, i.e., 
a covalently bonded set of atoms. Each molecular chain is more or 
less oriented to neighboring molecules, and the details of this ‘‘more 
or less’ are of sufficient interest to be dealt with in our study of 
macromolecules in Chap. 25. 

The final important type of molecule whose crystal forces can 
be described in this manner is the biologically important mole- 
cules, the proteins. These molecules consist of long covalently 
bonded chains of amino acids held to each other by relatively weak 
bonds, mainly hydrogen bonds. The structure of this important class 
of compounds is again of sufficient interest to merit a more complete 
treatment, and this detailed study will also be deferred to Chap. 25. 


Hydrogen Bonds The effect of hydrogen bonds on the form and 
strength of crystals is both important and widespread. It has been 
pointed out that some hydrogen atoms, such as those of —O—H 
bonds, carry a partial positive charge and can form hydrogen bonds 
to electronegative atoms, such as oxygen and nitrogen, which carry 
a partial negative charge. The typical hydrogen-bond energy of 6 kcal 
puts the strength of this bond between that of the covalent bond and 
van der Waals effects. The role of the hydrogen bond in crystals is 
due not only to its strength, but also to the requirement it imposes on 
the geometry of the molecular arrangement. The maximum strength 
of the bond is obtained when the hydrogen is located near an electro- 
negative atom and probably positioned near a projecting pair of non- 
bonding electrons of that atom. 

Here again there is a prime example of the effect of this force 
on the molecular arrangement in acrystal. The crystalline form of ice 
is unusual in that itis a very open structure, as exhibited, for example, 
by the fact that ice is less dense than water. The explanation for this 
fact is that the H20 molecules arrange themselves in the crystal so 
that they form good hydrogen bonds to each other rather than so that 
they are closely packed. The result is a tetrahedral-like arrangement 
of four hydrogen atoms about each oxygen, two being covalently 
bonded and the other two hydrogen-bonded. The angle of the water 
molecule apparently expands from its normal value of 105° to some- 
thing nearer the tetrahedral angle of 1094° to accommodate this 
structure. 

Many organic compounds with hydroxyl groups, such as alco- 
hols, phenols, and carboxylic acids, crystallize in a manner at least 
partly dictated by hydrogen-bond formation. The molecules assume 
positions in the crystal so that the hydrogen atoms of one molecule can 


bond to the oxygen or nitrogen atom of a neighboring molecule. Such 
intermolecular bonds, if they extend throughout the crystal, frequently 
result in rather high melting and insoluble materials. 

The structure of protein crystals, it should be mentioned, prob- 
ably constitutes the most important consequence of hydrogen bond- 
ing. In Chap. 25 it will be shown how the arrangement of adjacent 
protein molecules to achieve maximum hydrogen bonding is a deter- 
mining factor in the configuration of protein molecules in a crystal. 


Metallic Bonding Although one seldom encounters metals in a form 
in which their crystallinity is obvious from their external appearance, 
metals show a ready tendency to crystallize. The nature of the forces 
which operate can be expected to be different from those forces pre- 
viously mentioned. The electrical conductivity and metallic luster are 
two properties which indicate that some unique electronic-structure 
and bonding phenomena operate. Qualitatively, one thinks of the 
atoms or, properly, positive ions of the metal being closely packed 
within a sea of electrons. There are two somewhat quantitative, or 
at least more detailed, theories which seek to elaborate this view. The 
qualitative result, however, of relatively free electrons and packed 
positive ions follows, as we shall see in a later section, from both 
approaches. 


17-2. COHESIVE ENERGY OF IONIC CRYSTALS: 
THERMODYNAMIC DETERMINATION 


To enter in a more quantitative way into the forces and energies in- 
volved in crystals, let us now investigate the experimental results that 
are available, and useful, for simple ionic crystals. In the following 
section we shall consider the molecular basis of these crystal energies. 

The lattice energy, which we shall find to be that directly ap- 
proached by theoretical considerations of crystal energies, is the 
energy absorbed in processes such as 


NaCl(cryst) > Na*(g) + Cl-(g) {1] 


Since the energy of such processes cannot be obtained by a direct 
experimental method, we must resort, as we did in Sec. 6-5 in obtain- 
ing the energies of chemical reactions that could not be studied di- 
rectly, to indirect methods. A procedure based on what is known as 
the Born-Haber cycle accomplishes this in the case of simple ionic 
crystals. 

The process of Eq. [1] can be performed, in the example of NaCl, 
by the indirect route, indicated by solid arrows: 


NaCl(cryst) — Na*(g) + Cl(g) 


—AH? I 
Na(s) 5 Na(g) -A 
- 
sel(g) 2 cia) 
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TABLE 17-1 

Crystal enthalpies from 
Born-Haber-cycle calcu- 
lation and from the 
theoretical treatment 
leading to Eq. [15] (all 


values in kcal/mole or 


The enthalpy terms involved in the indirect route of the cycle are 


An? = standard heat of formation of NaCl 
AHgyp = heat of sublimation of Na 
D = dissociation energy of Cle 
I = ionization potential of Na 
A = electron affinity of Cl (usually given as a positive num- 
ber, but since energy is given out in the process 
Cl + e—Cl-, the energy change for the reaction is 
negative, i.e., is —A) 


II 


The enthalpy change in the formation of gaseous ions from the ionic 
crystal, on the basis of the indirect path, can be expressed as 


Ax(cryst) = —AH7 + AHs» + GD+4RT)+12-—A [2] 


One needs, however, for systems involving Bra and Iz, where the 
standard heat of formation An; is given in terms of standard states 
that consist of liquid and solid phases, respectively, to add to — AH; 
the amount 3.8 for half the heat of vaporization of Br2 and 7.4 for half 
the heat of sublimation of Iz. Also, it should be noticed that dissocia- 
tion energies D are generally energies rather than enthalpies and the 
addition of 4RT is necessary to bring these to enthalpies. 

Methods for the determination of all such quantities have 
already been discussed elsewhere in the text. 

The Born-Haber-cycle calculation, with the data accumulated in 
Table 17-1, can now be performed to obtain the experimental values 


kcal/g atom) 
ie Unit-cell 
AHgup AH dimensions 
Crystal =/\ $ A : 
ESE Hr (metal) ~— ACP aie 8 Ne eit, ae 
Haber) 
(angstroms) 
LiF 145.7 38.4 124.3 19.1 83.5 244 243 4.02 
NaF 136.3 25.9 118.5 19.1 83.5 216 216 4.62 
KF 134.5 21.4 100.1 19.1 83.5 192 191 5.34 
LiCl 96 38.4 124.3 29.2 87.3 ie 4 198 5.14 
NaCl 98.2 25.9 118.5 29.2 87.3 184 183 5.62 
KCl 104.2 21.4 100.1 29.2 87.3 167 167 6.28 
NaBr 89.8* 25.9 118.5 235 82.0 176 175 5.94 
KBr O75 21.4 100.1 ORS 82.0 160 160 6.58 
Nal 76.2* 25.9 118.5 18.5 Id) 163 162 6.46 
KI 85.7* 21.4 100.1 18.5 75.7 150 150 7.06 


—— 


* Calculated for gas-phase Brz and I». 

Values for AH; AHsyp, and D are from G. N. Lewis and M. Randall, “Thermo- 
dynamics,” 2d ed. (rev. by K. S. Pitzer and L. Brewer), McGraw-Hill Book Company, 
New York, 1961. 

Values of A are those cited by Pauling, “The Nature of the Chemical Bond,” 3d ed., 
Cornell University Press, Ithaca, N.Y., p. 511, 1960. 


for the lattice energies given in the next to the last column. We can 
now proceed to a theoretical approach to the lattice energies of such 
crystals, and we can see if the experimental values obtained here can 
be accounted for. 


17-3. CALCULATION OF THE CRYSTAL ENERGIES 
OF IONIC CRYSTALS 


The various types of attractive forces, discussed in Sec. 17-1, are not 
well enough understood to allow, generally, the calculation of the 
lattice energy of a crystal, i.e., the net energy with which an Avogadro's 
number of molecules are held together in the lattice. 

The well-ordered arrangements of ions in crystals of simple 
salts, the spherical shape of simple anions and cations, and the 
predominantly coulombic electrostatic forces that act attractively be- 
tween the ions, however, allow the energy of such crystals compared 
with the energy of separated ions to be calculated. The relative ease 
with which binding energies of ionic crystals can be calculated stems 
from our ability to express, to a good approximation, the potential- 
energy term due to the attraction between a pair of ions by the 
coulombic expression 


Ea [3] 
where 7 and 7 identify the ions, q; and q; are their charges, and rj; is 
the distance between them. Such an attractive term has already been 
used and found to be quite satisfactory for gas-phase ionic molecules, 
in Sec. 10-7. 

The repulsion between ions is less easily understood, but the 
evidence, as from compressibility studies, that the repulsive energy 
sets in very sharply as the internuclear distance decreases, makes 
knowledge of the exact form of the repulsive-potential-energy term 
less necessary. As already mentioned in Sec. 10-7, it is customary to 
use expressions with an exponential dependence on the internuclear 
distance or one which contains this distance raised to some large 
negative power. Thus 


Urey = benr/e [4] 


as used in Sec. 10-7, or 


hess = & [5] 
where p, 0, b’, and n are empirical constants, with p and n typically 
having values of the order of 0.3 x 10-8 cm and between 6 and 12, 
respectively. 

With expressions for the attractive- and repulsive-energy terms 
for a pair of ions, it is possible to proceed to the calculation of an 
assembly of an Avogadro’s number of ions that constitutes 1 mole of 
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a crystalline material. Here we shall restrict our considerations to 
cubic crystals that have cations and anions of equal charge. 

The crystal energy is obtained from the sum of terms given by 
Eq. [3] and either Eq. [4] or Eq. [5] with appropriate summations over 
all the significant interactions between the ions in the crystal lattice. 
Let us first consider the summation over all the attractive terms. 

The summation that is obtained for one ion of the crystal, which 
can be considered to be at a lattice point, will be 


(Vattract)i = — Qi di [6] 
eet 
where q; is the charge of the ion whose total attractive contributions 
are being considered, and rj; is the distance from this ion to the jth 
ion with charge q;. Although, for a given crystal, the summation of 
Eq. [6] could be carried out directly by calculating the various inter- 
ionic distances, it is more satisfactory to recognize that all these dis- 
tances are related to the dimensions of the unit cell of the crystal. 
The summation can be made applicable to all crystals of a given lattice 
type, but with different unit-cell dimensions, if the energy expression 
is rewritten as 


F A 2 
(Uattract)i = ae - SE = Z Se = [7] 
where a is the length of a side of the unit cell, and the fact that we are 
dealing with crystals containing cations and anions with the same- 
sized charge allows the simplified expression to be written. 

The terms 7;;/a for the various ions that occur in the summation 
are dimensionless factors that depend only on the geometry of the 
crystal and not on the unit-cell dimensions. The summation is thus 
a property of the geometry of the lattice arrangement, and its value 
can be calculated and tabulated for each type of lattice arrangement. 
The summations are called Madelung constants and are denoted 
by M. The values listed in Table 17-2 correspond to the summation 


M=>+— | [8] 


TOL 


for two types of cubic lattices. 

The total attractive potential term for a mole of crystal can now 
be obtained by multiplying Eq. [7] by the number of ions, 291, and 
dividing by 2 so that each interaction will not be counted twice. We 
obtain 


Cieract = > ug [9] 
a 

A similar summation treatment is unnecessary for the repulsive 

term. The presence of the empirical constants in Eqs. [4] and [5] 

means that it is adequate to maintain the form of these expressions 

when a crystal is considered and to introduce new empirical constants. 


(if a summation were carried out, it can be mentioned, it need only be 
carried out over nearest neighbors because of the short range of the 
repulsion forces.) Let us choose to work with Eq. [4] and write, for 
1 mole of a crystal, 


Urep = Be-a/e [10] 


The potential energy of a simple ionic crystal has now been 
expressed as 


U = — Se + Be-we jek) 


To proceed to the goal of calculating this crystal energy we must now 
make use of some experimental data in order to evaluate the remaining 
unknowns, B and o. 

The empirical factor B is first eliminated by requiring dU/da 
to be zero at the equilibrium unit-cell dimensions. From Eq. [11] we 
obtain 

dU _ %Mq 8B 


= be eo 12 
da a? as : 1 


which, when set to zero for a equal to the equilibrium distance ao, gives 


Be UM g? peo/e 


" [13] 
ao- 
This result allows Eq. [11] to be written as 
We IM? E ep elvo-0v| [14] 
ao a a 


The potential energy of the crystal in its equilibrium structure, 
i.e., when a = apo, except for small thermal-energy terms, is the nega- 


' Coordination Madelung 
aypeseh: suUciute number of ions constant M 
CsCl 8 1.7626 

NaCl 6 1.7476 
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tive of the crystal energy Ar (cryst) which measures the energy re- 
quired to form free ions from 1 mole of the crystal. We thus calculate 


oO 2 
AxK(cryst) = —_ (1 - £ 


and 


Au(cryst) = ait x 2) + 2RT [15] 


The value of the remaining empirical constant p can be deduced from 
considerations of the relation between the derivative of Eq. [15] with 
respect to the lattice dimension ap and the compressibility of a crystal. 
This derivation will not be carried through, and we can proceed by 
stating that when the experimentally determined values of AE for 
alkali halide crystals are used in Eq. [15], values of o of about 
0.34 x 10-8 cm are deduced, and we can therefore proceed, as 
mentioned earlier, with the assumption of this value. 

Results for crystal enthalpies calculated from Eq. [15] with 
p = 0.34 x 10-8 cm are included in Table 17-1. This table contains 
the principal results of a molecular-type treatment for ionic crystals. 

The success with which the theoretical values of AE follow the 
experimental values is seen to be quite good and confirms the as- 
sumption that the attractive and repulsive terms used in the theory 
are indeed those of principal importance. 

Such calculations, it must be admitted, cannot be carried out 
with similar success for ionic crystals involving polyatomic ions nor 
for crystals of polyatomic molecules. Then neither the attractive nor 
repulsive forces are as simply expressed, and in general, more empiri- 
cal constants would enter into these expressions than could be 
evaluated. 


17-4. THE HEAT CAPACITY OF CRYSTALS 


Our attention now can be turned to another property of crystals, their 
heat capacities, for which deductions from the molecular, or ionic, 
model of the crystal can again be compared with the thermodynamic 
properties. , 

A very early generalization of the heat capacity of crystals was 
made by Dulong and Petit in 1819. The data available at that time 
consisted of heat capacities, measured at atmospheric pressure and 
room temperature. Dulong and Petit recognized that these data in- 
dicated that the heat capacity cp of solid elements, mostly metals, 
at room temperature had the same value of about 6.3 cal/(deg) 
(g atom). Furthermore, this generalization holds fairly well also for 
Cy's since, as Table 17-3 shows, for a few representative solids, the dif- 
ference Cp — Cy is usually not more than a few tenths of a calorie per 
degree per gram atom. 

The kinetic theory of gases provides a background that leads to 
a ready explanation of this observation. Each vibrational degree of 


freedom would be expected, on the classical, i.e., non-quantum- 563 
mechanical, approach, to have an average kinetic energy of $RT for 

an Avogadro’s number of particles. The average kinetic energy for peCnore ne 
the three perpendicular vibration modes of the particles in a crystal eee OPED 
lattice, as discussed in Sec. 16-4 for liquids, would then be $RT. On is 
the average, also, for a vibrational motion, there is an equal amount 

of potential energy. We therefore expect 


Eyin(classical) = Ekinetic + Epotential 
te a a Me Ae a [16] 


The heat capacity is readily calculated by differentiating this 
result with respect to temperature. Thus one deduces 


= (4). EGR [17] 
This calculation indicates that a heat capacity of about 

6 cal/(deg\(g atom) should be expected and that this value should 

apply to all crystals made up of a lattice of single particles. The 

indication of the calculation is, furthermore, that the heat capacity 

should be independent of temperature. The nice, if approximate, 

success of this derivation was soon disrupted by additional experi- 

mental results. 
Figure 17-3 shows more extensive data for crystals of elements 

to which the Dulong and Petit rule presumably applies. One sees that 

the rule is more or less valid at room temperature if only the heavy 

metals are considered but that at lower temperatures the heat 

capacities show no correlation with this rule. The classical derivation 

and its prediction of a heat capacity independent of temperature are 

completely disproved. In the days of classical treatments, before 

1900, these results presented a very perplexing problem. There 

seemed no way to avoid the erroneous deductions of the theory. TABLE 17-3 
With the development of the quantum theory, it was soon recog- 

nized that the classical treatment of the vibrations, i-e., with any 

vibrational energy allowed, was faulty. In 1907 Einstein showed that, 

when a vibrational frequency is assigned to the vibrations of the the compressibility, the 


molar volume and Cy of 


some solids at 25°C 


Data for Cp, the coeffi- 


cient of cubic expansion, 


es (4) beers (24) 
Solid Be aT rene AVN en ae yt tice ee oe 
(cal/deg mole) (°K-1) iene eye) (cc)  (cal/deg mole) (cal/deg mole) 
Ag 6.09 Ol Ome $8) se ile 10.2 0.24 5.85 
C (diamond) 1.45 at 25°C 0.035 6.8 3.4 0.0004 1.45 
Cu 5.85 0.48 ee fel ORLG 5.69 
Fe 5.97 0.35 5.9 fale OF10 5.87 
Pb 6.41 0.86 231 18.7 0.42 5.99 
Zn 5.89 0.89 16.9 Ve (ail 5.58 


a 
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FIGURE 17-3 

The heat capacities of 
simple crystalline solids 
at low temperatures. 
(Adapted from E. B. 
Millard, “Physical 
Chemistry for Colleges,” 
McGraw-Hill Book 
Company, New York, 
1953.) 


crystal particles and the motion is treated quantum-mechanically, 
curves of the general shape of Fig. 17-3 can be obtained if it is 
assumed that some energy separation Ay can be assigned to the 
energy of the vibration modes of the particles of the crystal. 

The calculation of the heat capacity resulting from vibrational 
modes has already been treated in Sec. 5-16. It is only necessary 
to note that for a gram atom there are % particles, each with 3 vibra- 
tional degrees of freedom. The previous formula derived in Sec. 
5-16 for molecular vibrations is completely applicable and leads to 
the heat-capacity prediction for a crystalline solid containing an 
Avogadro's number of single particles of 


hy 2 ehv/kT ‘ 
cy = 3R (22) aye [18] 


By choosing a value of the vibrational-energy-level spacing hy for each 
crystal, Einstein was able to obtain approximate agreement with each 
of the curves of Fig. 17-3, as is illustrated by the data for Al in 
Fig. 17-4. 

It should be pointed out that Eq. [18] can be used to form a 
general curve of Cy versus hv/kT. To the extent that the Einstein 
theory is satisfactory in handling the heat-capacity data for simple 
crystalline materials, it follows that for a given material the measured 
heat capacities when plotted against hvy/kT, with a suitable value of 
v for that material, will fall on the general curve for cy versus hv/RT. 
Such a treatment will be illustrated by the Debye theory, which is 
rather more successful than that of Einstein. 

An improvement on Einstein’s theory which gives results in even 
better agreement with the experimental data was soon forthcoming. 
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It was recognized by Debye that the assumption that all the particles 
of a crystal vibrate with the same frequency was not entirely sound. 
Although all the particles may be bound by similar forces, the motions 
of the particles will couple so that vibrations of a wide range of 
frequencies will result. One finds spectroscopically, for instance, that 
simple salt crystals show a very broad absorption band in the far- 
infrared region. On the assumption of a range of vibrational fre- 
quencies, Debye derived a heat-capacity equation in a manner similar 
to that used by Einstein. Debye’s expression relates the heat capacity 
to the term hvy/kT, where vy is the maximum of a whole range of 
frequencies. Like the single frequency of the Einstein theory, the 
value of »y must be deduced empirically for each crystal. Figure 17-4 
shows how well this theory fits the data of Al, and particularly how 
the fit at temperatures approaching absolute zero is greatly improved. 

Some characteristic frequencies are listed in Table 17-4. It 
has become customary to introduce the Debye characteristic tem- 
perature 9p, defined by @p = hvy/k, and these numbers are also 
listed. The values of Avy indicate the maximum energy spacing for the 
vibrational energies of the crystal particles. 

In a manner similar to that in which the vibrational frequencies 
of free molecules indicate the force constants of the bonds between 
the atoms of the molecule, the Debye or Einstein frequencies indicate 
the rigidity with which the atoms or ions are held at their crystal-lattice 
sites. The frequencies depend, however, on both the force constants 


and the particle masses through a relation of the type » = a £, 
where m is the mass of a single vibrating particle, or a reduced mass 


if more than one particle moves in the vibration. For comparative 
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— EINSTEIN EQUATION, EQ. [18], 
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FIGURE 17-4 

The experimental heat- 
capacity data at low 
temperatures for alumi- 
num. The best fits to 
the data that can be 
obtained with the Ein- 
stein and Debye theories 


are indicated. 
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TABLE 17-4 

The Debye characteristic 
temperatures, the Debye 
frequencies, and the 
force-constant factors 
for some monatomic 


crystalline materials 


purposes, it is sufficient to calculate Maye, where M is the atomic 
weight, for various crystals. This quantity, exhibited in Table 174, 
is a measure of the stiffness of the crystal bonds uncomplicated by 
the effect of the mass of the crystal particles. The gradation from 
soft, weakly bonded crystals to hard, strongly bonded materials is 
evident, and is given in a quantitative way by the data of Table 174. 

It should be mentioned, however, that it is the vibrational 
spacings themselves, rv or vy, that determine the heat-capacity be- 
havior. Those crystals with closely spaced levels, as a result of weak 
bonds or heavy atoms, as in lead, reach the classical heat-capacity 
value at relatively low temperatures. Those crystals, on the other 
hand, with large vibrational spacings, as a result of high force com 
stants or light atoms, reach this limit of 3R for cy only at relatively 
high temperatures. This latter type, as Fig. 17-3 shows, is illustrated 
most emphatically by the example of diamond. 

It is a matter of considerable practical importance, as was sug- 
gested in the discussion of the determination of entropies from the 
third law of thermodynamics, to be able to predict the way in which 
the heat capacity of a crystalline solid behaves as the absolute tem- 
perature approaches zero. The success of the Debye theory in cor- 
relating the measurable heat capacities has led to reliance on its pre- 
dictions as to the way in which cy approaches zero. Since the details 
of the Debye theory have not been given, it is necessary to state simply 
that the low-temperature limit predicts the behavior 


Cy = aT3 (19] 
6p = hry/R re 2 Foree-constant factor 

Crystal CK) Py (em) My? x 10-8 

Ne 63 44 04 

Li 385 270 0.5 

K 100 70 19 

Xe 55 38 19 

Na 150 104 25 

Pb 88 61 77 

Hg 96 67 9.0 

KCl 227 157 10 

Ca 230 160 10 

Al 390 271 20 

Ag 215 149 24 

Au 170 118 27 

Cu 315 218 30 

Be 1000 695 8 

Fe 420 292 48 

W 310 214 & 

C (diamond) 1840 1280 197 


where a is a constant characteristic of each material. With this low- 
temperature limiting expression it is possible to extrapolate heat- 
capacity data to absolute zero. The Debye curve for aluminum of 
Fig. 17-4 shows the form of this predicted behavior. Third-law 
entropy values depend on this extrapolation of measured heat 
capacities to absolute zero. 


17-5. IONIC RADII 


Just as van der Waals radii were deduced for molecules in Sec. 13-14 
from the way in which they pack together in a crystal, so also can 
radii that give the effective sizes of simple ions be deduced. The 
monatomic ions are represented by spheres, and the radii of these 
spheres are determined from the dimensions and nature of the unit 
cells of the crystals in which they are found. Again, the effective ionic 
radius appears to be somewhat dependent on the nature and arrange- 
ment of the ions that surround it, and unless different values for 
different situations are tabulated, the deduced ionic radii that are 
given are ‘‘best’’ values. 

The unit-cell dimensions given in Table 17-2, all of which refer 
to an NaCl type of face-centered cubic lattice, can be used to illustrate 
the way in which ionic radii can be obtained. 

Consideration of such data suggests that, for most of the 
crystals listed, the anions and cations are of such a size as to be in 
contact with one another, as shown in Fig. 17-5a. For such situations 
one can obtain only the sum of the radii of the two ions which, 
as Fig. 17-5a shows, is equal to half the diagonal distances of a face 
of the unit cell. 

A number of methods have been suggested to obtain individual 
ionic radii from these relatively easily obtained sums. Perhaps the 
simplest depends on the assumption that the crystal with the largest 
anion, I-, and the smallest cation, Li*, will present the situation 
shown in Fig. 17-50. In this case the cation is so small that there is 


(a) (b) 
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FIGURE 17-5 

An example in (a) of the 
unit cell face of NaCl in 
which the ionic radu 
cannot be deduced di- 
rectly from the cell 
dimensions and (b) of 
the unit cell face of Lil 
where there is anion- 
anion contact and a 
value for the anion 
radius can be obtained 
from the length of the 
diagonal of the unit 
cell. 


568 anion-anion contact and the radius of the anion, the iodide ion, can 
be obtained from the unit-cell dimensions as suggested in the figure. 

ere Once a value for the radius of one ion is obtained, by this or other 

— methods that will not be dealt with here, a table of ionic radii can be 
constructed from the sums of ionic radii that can be deduced from 
other crystal structures. A set of values is shown in Table 17-5. 


17-6. AN INTRODUCTION TO THE STUDY OF 
METALLIC CRYSTALS 


Metallic crystals provide systems, like the alkali halide crystals with 
which we have been primarily concerned, of simple, often cubic; 
arrangements of like atoms, and discussion of these systems should 
be included in a treatment of crystals. 

Metals are immediately distinguished from the ionic crystals 
with which we have been dealing by their luster and their electrical 
conductivity. These characteristics lead directly to the idea of rela- 
tively free electrons moving throughout the crystal lattice. The study 
of metallic crystals becomes, primarily, the study of the way in which 
these electrons can be described and the way in which their behavior 
can be investigated. 

An approach that is suitable here, in view of the success with 
which the heat capacities of simple crystals were dealt with in Sec. 
17-4, begins with a consideration of the heat capacity of metallic 
crystals. 

Results already presented, in Figs. 17-3 and 17-4, show that 
the heat capacitiés of metallic crystals are of similar magnitude and 
have a similar temperature dependence to that of simple ionic or 
covalent crystals. This result should, at first, be surprising since the 
relatively free electrons of a metal might be expected to lead to an 
additional heat-capacity contribution of about 3(¢R) if each atom of 
the metal contributes one electron that is not tightly bound to the 

TABLE 17-5 atom. A closer look at the heat-capacity data for metals is therefore 
undertaken. 

Data for the heat capacity of silver dawn to low temperatures 
are given in Table 17-6. Close inspection of these data shows that 


Some crystal radii from 
the compilation by 


Pauling* 
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“L. Pauling, “The Nature of the Chemical Bond.” 3d ed. Corneil University Press, 
Ithaca, N.Y., 1960. 


although at the higher temperatures they are in line with the Debye 
theory, and to a lesser extent with the Einstein theory, they are not, 
as Prob. 12 suggests, consistent with these theories at the lower 
temperatures. The data can in fact be fitted, at temperatures low 
enough for the Debye law to reduce to the 7% relation, by an 
empirical equation, which, as will be pointed out, has a basis in 
theory, of the form 


Cy = aT? + yT [20] 


where the first term can be looked on as arising from the lattice vibra- 
tions, in the manner shown by Debye, whereas the linear-temperature 
term can be attributed to the electronic contribution of the metallic 
crystal. Heat-capacity data can be compared with Eq. [20] if the 
rearrangement to 

+r = al? + ¥ [21] 
is first performed. Then, if the additional term does in fact have the 
proper form, a plot of cy/T versus T? will yield a straight line whose 
slope will give the value of a and whose intercept will be the value of 
y. Such plots are shown in Fig. 17-6, and it is clear that the heat- 
capacity data for these metals do conform to a heat-capacity equation 
with a linear term. 

Similar behavior is found for other metals, and data in Table 
17-7 show the values of y that are found. The contributions of this 
electronic term at room temperature are also included, and although, 
by the graphical treatment of Fig. 17-6, an electronic heat-capacity 
term for metals has been revealed, it is still clear that it is exceedingly 
small compared with R or 3R at ordinary temperatures. 

We now must consider the behavior of the electrons of a metal 
to see if their small heat-capacity contribution can be understood. 
The simplest model for this purpose, which also has the advantage of 


Cy(obs) Cy(obs) 
: TCE 
Te (cal/deg mole) CH (cal/deg mole) 
1.35 0.000254 28.56 1.027 
2 0.000626 36.16 1.694 
3 0.00157 47.09 2.582 
4 0.00303 55.88 3.186 
5 0.00509 65.19 3.673 
6 0.00891 74.56 4.039 
7 0.0151 83.91 4.326 
8 0.0236 103.14 4.797 
10 0.0475 124.20 5.084 
12 0.0830 144.38 5.373 
14 0.1336 166.78 5.463 
16 0.2020 190.17 5.978 


20 0.3995 205.30 9.605 
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TABLE 17-6 
The heat capacity of 
silver at constant 


volume* 


* From C. Kittel, “Introduc- 
tion to Solid State Physics,” 
John Wiley & Sons, Inc., 
New York, 1953. 
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FIGURE 17-6 
The Cy/T versus T2 
plots for Cu and Au at 


low temperatures. 


TABLE 17-7 

The values of y of 

Eq. [20] for some metals 
and the electronic con- 
tribution yT to c, at 


room temperature 


Metal Y 
[cal/(g atom)(deg?)] 


leading into more detailed theoretical treatments, is the free-electron 
model. Electrons, perhaps one from each atom, are considered to 
be free to move throughout a region of uniform potential provided by 
the metal crystal. These electrons are treated like particles-in-a-box, 
as already studied in a different connection in Sec. 3-12. This treat- 
ment, it will be recalled, yields allowed energy levels according to the 
formula 


Pe Wecerccet 
€= (n2 + m2 + 72) — where, ny = 1, 2,3,... [22] 
8ma? | 
Neal 2 Sheer 
2 
a oe where n? = n,? + Tye + n,2 


where m is now the mass of the electron and a is the dimension of the 
crystal, here assumed to be a cube. 
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yT at 25°C yT at 25°C 


Metal 


: 
[(cal/(g atom)(deg)] [(cal/(g atom)(deg2)] — [(cal/(g atom)(deg)] 


The N electrons of a gram atom of a metal, at absolute zero, will 
occupy the lowest-energy-available quantum states. Since electrons 
obey Fermi-Dirac statistics, two electrons with spins oppositely 
directed can occupy each state. It follows, as can be seen by con- 
sidering the states displayed by points as in Fig. 4-5, that to accom- 
modate all N electrons in the lowest available states, all states will be 
occupied up to those with n = ne, given by 


2 xX Hanne) = N [23] 


The subscript on n designates that this value of n corresponds to what 
is known as the Fermi level. The energy corresponding to this level, 
below which, at absolute zero, all states are occupied and above 
which all states are empty, is designated by er and is given by 


neh? _ he? ee ) 3 


~ 8ma2~ 8m\ras [24] 


€p 
where N/a? can be recognized as the electron density which, if one 
free electron is provided by each atom, is the number of atoms per 
unit volume. 

The way in which the available states are occupied can be shown 
by a diagram like that of Fig. 17-7. The solid line shows that at 
absolute zero all states are occupied up to the Fermi energy. For 
a typical metal, as insertion of numerical values in Eq. [24] will show, 
the Fermi energy is about 160 x 10-14 erg/electron atom, and this 
value allows the comparison with the room-ternperature value of kT 
of about 4.1 x 10-14 erg to be made in Fig. 17-7. 

To proceed to a treatment of the occupation of the available 
states and the total energy of the system at temperatures other than 
absolute zero, we should now have to develop distribution functions, 
like that obtained in Sec. 4-2, for the case in which the states could 
be occupied by at most two particles. This derivation is somewhat 
lengthy and will not be carried out. Instead the energy, and the heat 
capacity, of the electrons of a metal, according to the model assumed 
here, will be considered in a very qualitative way. It has been men- 
tioned before that, because of the exponential e-enerey/kT factor that 
occurs in distribution expressions, we can expect levels that are of 
about kT energy above some reference level to be appreciably 
occupied as the temperature is increased from zero to T._ This 


kT AT 25°C 
| K- 


1.0 
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NUMBER OF ELECTRONS x 2 
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FIGURE 17-7 

The occupation of the 
available states by the 
free electrons of a metal 
indicated for absolute 
zero by the solid line 
and for room tempera- 


ture by the broken line. 
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POTENTIAL -ENERGY 
FUNCTION FOR THE 
OUTER ELECTRONS 
AT THE ATOMS OF 
THE METAL 


<— = > 
CRYSTAL DIMENSION 


FIGURE 17-8 

The potential-energy 
function for the free- 
electron model for a one- 
dimensional metallic 


crystal. 


FIGURE 17-9 

The allowed energies for 
the free electrons of a 
metal as a function of 
the quantum number 
(a) for the potential 
function of Fig. 17-8 
and (b) when the rela- 
tion between the perio- 
dicity of the atomic 
positions and the 
maxima in the W? func- 
tion for the electrons is 


taken into account. 


implies that only those states that are within about kT of the Fermi 
energy will suffer a change in population when the temperature is 
raised from 0°K to T. We might therefore sketch in the dashed curve 
of Fig. 17-7 to suggest the curve for the population of the states at 
room temperature. 

We can, furthermore, reach the known linear heat-capacity term 
by arguing that only a fraction kT/ep of the electrons gain energy in 
the temperature interval O to T and that on the average they each 
acquire an energy equal to kT. It follows that the thermal electronic 
energy would be 


B(thermal, elec) = XA 2 [25] 
F 
and the electronic contribution to the heat capacity would be 


Cy(electronic) = n (2 \r = 2RkL [26] 
F 


€p 


Substitution of numerical values and the representative value of 
160 x 10714 erg/electron for ep leads, in agreement with the experi- 
mentally determined coefficient of the linear term, to a value of the 
order of 1074. 

We have come, therefore, by means of a very simple model, to 
an understanding of the smallness of the electronic-heat-capacity 
contribution of metals. In a similar way, other properties can be in- 
vestigated. One soon finds, it should be pointed out, that the simple 
free-electron model is inadequate, and in further studies of metallic 
systems more elaborate models are necessary. 

The nature of one of the important modifications that has been 
made can be indicated by referring to a simple one-dimensional array 
of metal atoms that forms a one-dimensional crystal, as in Fig. 17-8. 
The free-electron model would have allowed to the electrons of this 
system any energy given by the equation 


_ nge@h? 
8ma? 


wheren, = 1,2,3,... [27] 


This relationship between « and the quantum number n, can be shown 
graphically, as in Fig. 17-9a. 


ALLOWED BAND 


ENERGY ——> 


ENERGY ——> 


(a) (b) 


An additional feature enters if we no longer assume a uniform 
potential energy throughout the crystal but recognize the potential 
wells that the positive charges at the nuclei produce. The periodicity 
that now occurs in the potential function has no major effect on the 
energy of an electron as long, for example, as the electron is in one 
of the low-lying allowed states where the maxima and minima of the 
probability function spread out across many nuclei, as suggested in 
Fig. 17-10a. On the other hand, when, for example, the length of 
the wave that leads to the probability function is equal to the spacing 
a/N between the nuclei, the positions of maximum electron density 
can occur anywhere between two extremes. Either they can occur 
at the nuclei, as shown in Fig. 17-100, in which case the effect of the 
periodic potential wells will be a maximum and the energy will be 
relatively low, or they can occur between the nuclei and, for the same 
value of the quantum number n,, lead to a higher energy state. The 
net effect of the periodicity in the potential function is to produce a 
diagram like that of Fig. 17-96, with allowed bands of energy levels 
separated by forbidden bands. 

Proceeding in this way one develops the band theory of solids 
that provides an effective approach to many of the properties of 
metallic conductors and semiconductors. To proceed, however, 
would take us too far afield from the material normally considered to 
be included in physical chemistry. 


PROBLEMS 


1 Making use of data included in Table 17-1 and the values of the unit-cell 
dimensions of 5.49 and 6.00 A for LiBr and Lil, obtain values of AH(cryst) 
from the Born-Haber cycle and from Eq. [15] for these compounds. 


2 Plot, on the same graph, curves for the attractive and repulsive con- 
tributions, according to Eq. [14], to the energy of an NaCl crystal as a 
function of the unit-cell dimension. Use this diagram to explain why 


the attractive term alone gives nearly the correct lattice energy. 
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FIGURE 17-10 

In (a) a relatively low 
energy probability func- 
tion and, in (b), the two 
extreme relationships 
between the probability 
function and the atomic 
nuclei arrangement 
when the periodicity of 
the function is the same 
as that of the atomic 
nuclei of the metallic 
crystal. Although 

both probability func- 
tions in (b) have the 
same quantum num- 
ber, they can, because 
of interactions between 
the free electrons and 
the nuclei, correspond to 
different electron 


energies. 
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Referring to the equations developed for the energy of simple ionic 
crystals, show why the crystal energy would be about 10 per cent too 


large if the repulsive term were not included in the calculation. 


Use the form of the repulsive term given in Eq. [5], and eliminate one 
of the unknown empirical parameters by the procedure used in Sec. 17-3 
to eliminate B from the repulsive term based on Eq. [10]. 


Assuming an average value of 8 for n, use the expression obtained in 
Prob. 4 to calculate several values for An(cryst) and compare with the 
values given in Table 17-1. 


The heat of sublimation of graphite is 170 kcal/g atom. The energy 
with which the molecular layers are held to one another can be estimated 
from heats of sublimation of simpler aromatic systems to be 2 kcal/g 
atom. Calculate the carbon-carbon bond energy in graphite. If the 
bonds of graphite have two-thirds single-bond and one-third double- 
bond character, what bond energy would be expected from the data of 
Table 6-8? Comment on the resonance energy of graphite compared 
with benzene. 


Explain why KCl can be included in Table 17-4, which otherwise con- 
tains calculated values of the force-constant factor only for monatomic 
substances. 


Calculate the force-constant factors, as defined in Table 17-4, for CH, 
and H20, which have Debye temperatures of 78 and 192°, respectively. 
Assume that the molecule as a whole vibrates in the lattice vibrations, 
i.e., that the mass in the force-constant-factor calculation can be taken 
as that of the whole molecule. Are the values obtained for CH, and H20 
in line with what would be expected in view of the data of Table 17-4? 


The unit-cell dimension of Lil is 6.00 A, and the crystal is face-centered 
cubic. Deduce the radius of the I~ ion on the assumption of anion-anion 
contact, and compare with the value given in Table 17-5. Calculate the 
maximum value the Li* radius could have without violating this assump- 
tion. Compare with the value given in Table 17-5. 


Accepting the I~ radius as 2.19 A, calculate’the ionic radii of Nat and 
of Cl from the unit-cell dimensions of 6.46 and 5.62 A for Nal and NaCl, 
respectively. 


Determine a value of the lattice frequency v for KCl so that the Einstein 
heat-capacity relation fits, as well as possible, the experimental values 
for Cy. Compare this value of » with the value of vy required by the 
Debye theory and shown in Table 17-4. Show graphically the fit ob- 
tained to the experimental data by the Einstein relation. 

Heat-capacity measurements by W. T. Berg and J. A. Morrison 
[Proc. Roy. Soc. (London), A242:467 (1957)] give, for KCl, 


T(°K) 10 20 30 40 60 80 100 140 180 220 260 


Cy(cal/deg mole) 0.008 0.71 1.99 3.56 6.31 8.16 9.31 10.52 11.09 11.39 11.56 


12 


13 


14 


15 


Fit the data of Table 17-5 to the Einstein and the Debye T° functions, 575 
and verify that although the fit can be made satisfactory at most tem- 


peratures, large discrepancies occur with the very low temperature data. hte 


Deduce from the data of Table 17-6 the value of y for the electronic-heat- 
capacity term for silver. 


Assuming each atom contributes one free electron, obtain the necessary 
density data for several metals, and calculate values of the Fermi energy 


€p. 


If each atom of an array such as that shown in Fig. 17-8 contributes one 
free electron, what fraction of the total number of electrons that can be 


accommodated in the first allowed band will in fact be present? 


REFERENCES 


KITTEL, C.: “Introduction to Solid State Physics,’ John Wiley & Sons, Inc., New York, 1953. 


The classifications of solids, energies of ionic crystals, and heat 
capacities of ionic and metallic crystals are dealt with in chaps. 2. 
6, and 10. The remainder of the text, although not directly related 
to the material dealt with in this chapter, provides an excellent ex- 
tension primarily into conducting and semiconducting solids. 


PAULING, L.: “The Nature of the Chemical Bond,” 3d ed., chaps. 11 and 13, Cornell University 


Press, Ithaca, N.Y., 1960. Ionic crystals are discussed in chap. 13, 
with particular emphasis on structure, and metals are treated in 
chap. 11, from an orbital rather than a free-electron point of view. 


CHAPTER 
EIGHTEEN 


PHASE EQUILIBRIA 


In previous chapters gases, liquids, and solids have been studied and 
some of their properties have been interpreted in terms of molecular 
behavior. Our attention can now be turned to systems in which a 
number of phases may exist in equilibrium with one another. For the 
most part it will be possible only to make qualitative generalizations 
about such systems and to show how these systems can be conven- 
iently described. In this chapter our approach will deal primarily 
with the diagrams that are used to describe the temperature and pres- 
Sure dependence of the number and types of phases that exist in 
equilibrium. In the following chapter the quantitative treatment of 
these equilibria based on a thermodynamic approach will be given. 

The study of phase equilibria in this chapter will be divided into 
two parts. First an important generalization about the number of 
phases that can exist together, the phase rule, will be developed. The 
second part of the chapter will then deal with diagrams showing the 
various phase behaviors that are encountered. 


THE PHASE RULE 


18-1. THE NUMBER OF PHASES 


The statement of the thermodynamic rule regarding the phase equi- 
libria that occur in any system requires the prior precise definition of 
three quantities. The first of these terms is phase. A phase is de- 
fined as that part of a system which is chemically and physically uni- 
form throughout. The definition is little different from our ordinary 
use of the word, and only a few points need be made. 

A phase may consist of any amount, large or small, of material 
and may be in one unit or subdivided into a number of smaller units. 
Thus ice represents a phase whether it is in a single block or subdi- 
vided into fine chips. This subdivision must not, however, be carried 
to molecular dimensions. A solution in which there are two chemical 
species, for example, is to be considered as one phase, even though 
subdivision to a molecular scale would reveal that it was not ‘‘uniform 
throughout.”’ 

Of particular importance is the number of phases, denoted by 
P, present in a system. Because of the complete mutual solubility 
of gases, only one gaseous phase can exist in any system. Some 
liquids are insoluble in one another, and a number of different liquid 
phases may therefore exist in a system at equilibrium. Different 
solids, whether they have different chemical composition or the same 
chemical composition but different crystal structure, constitute dif- 
ferent phases. 


18-2. THE NUMBER OF COMPONENTS 


It is necessary now to consider what information must be given to 
specify the chemical composition of a system. In this connection, 
the familiar word components is used, but a strict definition is at- 
tached to it. The number of components, denoted by C, is defined 
as the least number of independently variable chemical species nec- 
essary to describe the composition of each and every phase of the 
system. 

The composition of a solution of sugar in water, for exarnple, is 
described by specifying that sugar and water are present. There are 
two components. If such a solution is cooled, a pure solid sugar 
phase may begin to separate out. According to the definition, the 
system still has two components even if the solid phase contains only 
one chemical species. 

Some special care is required when the system involves species 
which are in chemical equilibrium with one another. The number of 
species that can be arbitrarily varied in a solution of acetic acid in 
water is two. A number of equilibria are set up in such a system; in 
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particular, 


AG hieeeAGm 
HO — H+ + OH- 


and various hydrates of these species can also be recognized. Thus 
there are many chemical species. It should be clear from looking at 
these equilibria, however, that if the presence of any two species is 
specified, then the presence of the other species is determined by the 
equilibrium relations that could be written. The example should point 
out that there are no unique components among the species in a sys- 
tem. It is only the number of components that is unique. 

It should be emphasized that the definition of the number of 
components assumes that all the physical and chemical equilibria 
that exist in the system are operative. Thus a system made up from 
sodium chloride and water has two components. It is true, however, 
that many chemical species such as Ht, Cl-, Nat, OH-, and various 
hydrates and complexes of these may occur. Furthermore, any of 
these species might form a solid phase, and such an accident of solu- 
bility will not affect the number of components of the system. Never- 
theless, if any of these many chemical species occur separately or 
together in any phase, they result from the equilibria that operate. 
The specification of the systems as consisting of two components, 
most conveniently NaCl and water, therefore implies all these species. 

An overstrict attention to the possible equilibria among the spe- 
cies of a system must, however, be avoided. Consider, for example, 
the gaseous system of water vapor, hydrogen, and oxygen. In the 
presence of an electric arc or suitable catalyst, the equilibrium 


2H,0 = 2He + Oz 


is readily established. Under such conditions the system has two 
components. Specification of any two of the species implies that, at 
equilibrium, the third will be present. Alternatively, one can say that 
the concentration of any two species could be arbitrarily set but that 
the concentration of the third would then be fixed and could, in fact, 
be calculated from the equilibrium constant of the reaction. 

At room temperature and in the absence of a catalyst, however, 
this equilibrium is established so slowly that, for all practical purposes, 
the reaction connecting the three species can be ignored. Under such 
conditions the concentrations of all three species can be varied arbi- 
trarily, and the system has three components. A system such as this, 
which appears stable but is not at the thermodynamic equilibrium 
position with respect to the reaction, is said to be in metastable equi- 
librium. Many systems have thermodynamically feasible reactions, 
both chemical and physical, which under certain conditions can be 
conveniently ignored. 

In a similar way the number of components that one assigns to 
a system may depend on the conditions that are encountered. For 
example, the solid-vapor equilibrium system set up by NH,Cl could, 


under most circumstances, be said to be a one-component system. 
The fact that the vapor consists of an equimolar mixture of NH3 and 
HCI rather than NH,Cl molecules would not affect any of the deduc- 
tions that will be made regarding the behavior of the system. How- 
ever, if conditions of temperature and pressure could be found so that 
either the ammonia or the hydrogen chloride separated out from the 
gas phase, then under these conditions the system would have to be 
defined as one of two components in just the same way as it would 
be said to be a two-component system if one could add NH3 or HCl to 
the NH,Cl system. 


18-3. THE NUMBER OF DEGREES OF FREEDOM 


Some properties of each phase of a system are independent of the 
amount of the phase present. Thus the temperature, pressure, den- 
sity, and refractive index, for example, of a gas are independent of 
the amount of gas that one is dealing with. Properties such as these, 
which are characteristic of the individual phases of the system and 
are independent of the amounts of the phases, are known as intensive 
properties. Properties such as the weight and volume of a phase, 
which are dependent on the amount of the phase, are known as exten- 
sive properties. The latter type of property will not concern us in our 
study of phase equilibria. 

A one-phase system of one component, for example, has a large 
number of intensive properties. To describe the state of such a sim- 
ple system exactly, one might measure and report values for many 
such properties; i.e., one might report the pressure, the temperature, 
the density, the refractive index, the heat capacity, and so forth. We 
know from experience, however, that it is not necessary to specify all 
these properties to characterize the system completely. All the inten- 
sive properties of a sample of pure liquid water, for example, are fixed 
if the temperature and pressure of the sample are stated. Any two 
intensive properties, instead of temperature and pressure, might have 
been fixed, and one would again have found that the sample was com- 
pletely characterized. Our experience tells us that only a few of the 
many intensive properties of a sample can be arbitrarily fixed, or as 
can alternatively be said, need be specified to define the sample. 

The number of degrees of freedom of a system is defined as the 
least number of intensive variables that must be specified to fix the 
values of all the remaining intensive variables. The number of de- 
grees of freedom is denoted by ©. In the previous example of a one- 
phase system of one component there are 2 degrees of freedom, that 
is, ® = 2. 

A rearrangement of the statement of the definition, which is 
sometimes easier to apply, is that the number of degrees of freedom 
is the number of intensive variables that can be independently varied 
without changing the number of phases of the system. Examples will 
bring out the significance of this number and of its definition. 
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18-4. SYSTEMS OF ONE PHASE 


Before proceeding to a generalization of phase equilibria, the concepts 
of the preceding sections can be illustrated by consideration of sys- 
tems of only one phase. It is most convenient to think of a liquid or 
a gaseous system. 

We shall be interested in a relationship between the number of 
components C of the system and the number of degrees of freedom 
®. Consideration of a few examples will show that for an ordinary 
chemical system of one phase the quantities C and ® are related by 


P6441 [1] 


The one-phase one-component system considered previously. 
was found to have 2 degrees of freedom, in accordance with Eq. [1]. 
Consider also the two-component liquid system of water and 
alcohol. One can arbitrarily assign the pressure, the temperature, 
and the composition. Our experience now tells us that all other inten- 
sive variables are then determined. Mathematically, one might write 


Refractive index = f,(T,P,X ) 
Density = f2.(T,P,X) 


Any intensive property = f(7,P,X ) 


where X is a term expressing the composition, and f, fi, fo, . . . are 
some functions of the three variables. For the present we are con- 
cerned not with the nature of the functions f, but only with the number 
of variables involved in the functions. We need not, of course, use 
T, P, and X as the variables which define this system; any other three 
would do, though they may not be as convenient. This two-component 
system has, therefore, 3 degrees of freedom, in accordance with the 
suggested equation. 

Other examples with one-phase systems with more components 
will lead to the recognition that ® = C + 1 is valid for all such systems. 

This rule applies, however, only to what have been termed ‘‘ordi- 
nary’’ chemical systems. The properties of some systems might be 
dependent on the electric or magnetic field throughout the system or 
the intensity of light shining through the system. If any such addi-. 
tional intensive properties are significant—in ‘‘ordinary’’ chemical SyS- 
tems such intensive variables can be ignored—they must be added 
into the total number of arbitrarily variable properties and one would 
have ® = C + 2 or ® = C + 3, and so forth. In practice, we almost 
always deal with systems for which such additional variables have no 
noticeable effect on the system, and they can therefore be left out of 
all consideration. 


18-5. THE PHASE RULE 


Rules similar to that given in the previous section might be deduced 
for systems of more than one phase. It is possible, however, to pro- 


ceed more generally and to obtain the phase rule, which gives the 
number of degrees of freedom of a system with C components and 
P phases. This rule was first obtained by J. Willard Gibbs in 1878, 
but publication in the rather obscure Transactions of the Connecticut 
Academy resulted in its being overlooked for twenty years. The rule 
which he obtained, and which will be derived, is 


b= C= Pale [2] 


Consider the C components to be distributed throughout each 
of the P phases of a system, as schematically indicated in Fig. 18-1. 
The degrees of freedom of the system can be calculated by first add- 
ing up the total number of intensive variables required to describe 
separately each phase and then subtracting the number of these vari- 
ables, whose values are fixed by equilibrium relations among the dif- 
ferent phases. To begin with, each component is assumed to be 
present in every phase. 

In each phase there are C — 1 concentration terms that will be 
required to define quantitatively the composition of the phase. Thus, 
if mole fractions are used to measure the concentrations, one needs 
to specify the mole fraction of all but one of the components, the 
remaining one being determined since the sum of the mole fractions 
must be unity. Since there are P phases, there will be a total of 
P(C — 1) such composition variables. In addition, the pressure and 
the temperature must be specified, giving a total of 12(C) = IN) th 2 
intensive variables if the system is considered phase by phase. 

The number of these variables which are fixed by the equilib- 
rium conditions of the system must now be determined. Component 
C,, for example, is distributed between phases P; and P2. When 
equilibrium is established, there will be some distribution relation, 
which for simplicity can be represented as 


ave [Ci]p, 3 
Saal (cA i 


Thus, if the concentration of C; in phase P, is fixed, this relation will 
determine its concentration in phase P,. The same conclusion could 
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FIGURE 18-1 
Schematic representa- 
tion of a system of C 
components distributed 


throughout P phases. 
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also be reached by recognizing, as will be shown in the following chap- 
ter, that at equilibrium the chemical potentials of any component in 
any pair of phases will be equal, and therefore the concentrations in 
the two phases will be interdependent. Similar equilibria will be set 
up for each component between the various pairs of phases. For 
each component there will be P — 1 such relations. Thus, for Ccom- 
ponents a total of C(P — 1) intensive variables will be fixed by the 
equilibrium conditions. 

The number of degrees of freedom, i.e., the net arbitrarily ad- 
justable intensive variables, is therefore 


Ort Cl) eo eC a) 
= Cer te [4]. 


If a component is not present, or properly, is present to a neg- 
ligible extent in one of the phases of the system, there will be one 
fewer intensive variable for that phase since the negligible concen- 
tration of the one species is of no interest. There will also be one 
fewer equilibrium relation. The phase rule applies, therefore, to all 
systems regardless of whether all phases have the same number of 
components or not. 

The phase rule is an important generalization in that, although 
it tells us nothing that could not be deduced in any given simple sys- 
tem, it is a valuable check on ideas about the phase equilibrium in 
more complex systems. 

A number of systems will now be considered, and their behavior 
with regard to the phase rule will be pointed out. It is most conven- 
ient to describe phase behavior diagrammatically, and the interpre- 
tation of the resulting phase diagrams will be dealt with. 


PHASE DIAGRAMS: 
LIQUID-SOLID SYSTEMS 


A few representative phase diagrams of one, two, and three compo- 
nents will now be discussed. The very important two-component 
liquid-vapor equilibrium systems, however, will be left for more de-: 
tailed consideration in a separate section. 


18-6. THE ONE-COMPONENT SYSTEM, WATER 


The phase behavior of a one-component system as a function of the 
pressure and temperature can be conveniently presented on a P ver- 
sus T plot, as shown for water in Fig. 18-2, for moderate temperatures 
and pressures. 

The meanings of the lines and areas are first considered. Line 
TC gives the vapor pressure of liquid water up to the critical point C. 
This line is therefore a plot of the pressures and temperatures at which 
liquid and vapor exist in equilibrium. At temperatures higher than 


that of point C, condensation does not occur at any pressure. The 
areas on either side of the line 7'C can be understood by following the 
changes that occur as a pressure or temperature change results in 
the system moving across the line. From point 1, for example, the 
temperature can be lowered to get to point 2, or the pressure can be 
raised to get to point 3. In either process one crosses the liquid- 
vapor equilibrium line in the direction of condensation from vapor to 
liquid. The areas below and above the line TC can therefore be la- 
beled as vapor and liquid, respectively. 

The line TA represents the vapor pressure of solid, i.e., the 
temperatures and pressures at which the solid and vapor are in equl- 
librium. Again the areas on either side of the line can be labeled, 
this time as vapor and solid. Finally, line TB gives the melting point 
of ice as a function of pressure, i.e., the temperatures and pressures 
at which ice and liquid water are in equilibrium. 

Figure 18-2 is a convenient representation of all the available 
information about the phases of water that occur at moderate pres- 
sures and temperatures. It is interesting also to consider Fig. 18-3, 
which shows the phase behavior of water at very high pressures. 
Many new solid phases, corresponding to ice with different crystal 
structures, are encountered. The occurrence of different crystalline 
forms of a given compound is fairly common and is known as poly- 
morphism. It is particularly remarkable that the melting point of ice 
VII, which exists above about 20,000 atm pressure, is over 100°C: 

Mention should be made, furthermore, of the absence of a solid 
form designated as ice IV. Early studies had been interpreted in 
terms of an additional phase to those shown in Fig. 18-3. When this 
phase, which had been labeled as IV, was later shown to be nonexist- 
ent, the numbering of the remaining phases was left unaltered. 

The information of Figs. 18-2 and 18-3 can be compared with 
deductions from the phase rule. The occurrence of a single phase 
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FIGURE 18-2 

Phase diagram for water 
at moderate tempera- 
tures (not drawn to 


scale). 
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FIGURE 18-3 
Phase diagram for 


water at high pressures. 


corresponds to an area on a P, T diagram; i.e., both these variables 
can be arbitrarily assigned, within limits, without the appearance of 
a second phase. The phase rule confirms the existence of 2 degrees 
Of Treedom\slze.y: Oi Cree ee 

When two phases are in equilibrium, the diagram shows a line 
indicating that either P or T' may be fixed but that, when one is fixed, 
the other must be such that the system is somewhere on the phase 
equilibrium line. The phase rule gives 6 = 1—2+42=1 for this 
situation. 

Finally, when three phases are in equilibrium, the phase rule 
predicts no degrees of freedom. Both Figs. 18-2 and 18-3 show that 
three phases can exist together and that this occurs at a point, repre- - 
senting no degrees of freedom, on the diagram. Nowhere on the 
diagram do four phases coexist. This is to be expected from the phase 
rule since a negative number for the degrees of freedom would be 
meaningless. 

The most important three-phase equilibrium point, called the 
triple point, is that shown by ordinary ice, liquid, and vapor. This 
occurs at a pressure of 4.58 mm Hg and a temperature of 0.0098°C. 
It is completely determined by the system and is therefore, as dis- 
cussed in Sec. 1-10, useful as a temperature-calibration point. 

Finally, it should be mentioned that liquid water can be cooled 
below its freezing point to give, as indicated by the dashed line TD, 
supercooled water. Supercooled water represents a metastable sys- 
tem since it owes its existence only to the fact that the rate of forma- 
tion of ice has been interfered with by the use of a very clean sample 
of water and a smooth container. 
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18-7. TWO-COMPONENT LIQUID SYSTEMS 


The simplest of the two-component phase diagrams are those for 
liquid systems which may break up into two liquid phases. Such 
systems are usually treated at some constant pressure, usually at- 
mospheric, high enough so that no vapor can occur in equilibrium 
with the liquid phases and over a range of temperatures high enough 
so that no solid phases appear. If the pressure is fixed, the remain- 
ing significant variables are the temperature and composition. Dia- 
grams are therefore made showing the phase behavior in terms of 
these variables. The composition is usually expressed as weight per 
cent of one component or as weight fraction. 

Three different types of behavior are recognized. Representa- 
tives of these are shown in Fig. 18-4a toc. The heavy line on each of 
these diagrams bounds the region in which two liquid phases appear. 
That the line also gives the composition of the liquid layers can be 
seen by following, in Fig. 18-4a, the addition of the second component, 
isobutyl alcohol, to an initial quantity of pure water at 60°C. The first 
additions of butyl alcohol dissolve in the water to form a single phase, 
and this solubility persists until the total composition of the system 
corresponds to point a. At this point the solubility of butyl alcohol in 
water is reached, and further addition produces a second layer of com- 
position c. Thus a total composition of b, at 60°C, results in a two- 
phase system, the phases having compositions a and c. As the 
amount of the second component increases, the total composition 
approaches c, at which point all the water-rich layer has finally dis- 
solved in the butyl! alcohol-rich layer to give again a one-phase system. 

The relative amounts of the two phases that a system with given 
total composition gives rise to can be calculated by the procedure 
indicated in Fig. 18-5. The system has a total weight w and gross 
weight fraction of component A designated by x. The weights of the 
two phases that the system breaks up into are w, and we, and these 
phases have weight fractions of component A of x; and Xo. 
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FIGURE 18-4 

Partially miscible liquid 
two-component systems 
at 1 atm pressure. 
Measurements were 
made in a sealed tube 
in which the pressure 
was equal to the vapor 


pressure of the system. 
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FIGURE 18-5 

The relative amounts of 
the two liquid layers are 
given in terms of the 
liquid-layer composi- 
tions and the total-sys- 
tem composition by 


W1/W2=(X2—X)/(x—X}). 


The total weight conservation requires 

W = W; + We [5] 
and the conservation of component A requires 

XW = XW, + XQW2 [6] 
Substitution of the expression for w from Eq. [5] in Eq. [6] gives 

x(W1 + We) = XW, + XQW2 [7] 
which rearranges to 

W(x — X1) = We(xX2 — X) 
and 


CL pe Fl ae [8] 


We 59 — G8 


Thus the weights of the two phases are in the proportion of the two 
line lengths indicated in Fig. 18-5. 

Application of the phase rule to regions of two liquid phases 
gives 


®=-C—P+2 


2 22 22 [9] 


\| 


In the process in which the total composition of the system is changed 
while both the pressure and temperature are held fixed, there are, 
according to Eq. [9], no composition degrees of freedom. The com- 
positions of each of the two phases, which is what the phase rule is 
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concerned with, are fixed, and only the relative amounts of the two 
phases are varied by changes in the total composition. 

It is also of interest to investigate the changes that occur when 
the temperature of a two-phase system, such as that of Fig. 18-4a, is 
raised. If the temperature is increased for the system of total com- 
position of b, the system moves up along the dashed line. The fraction 
of the system composed of the water-rich layer gradually increases 
until, when the two-phase boundary curve is reached, the last of the 
butyl alcohol-rich layer appears to dissolve in the water-rich layer. 
By contrast, if a composition equal to that of the curve maximum is 
picked, the two layers remain in about equal amounts until, at the 
two-phase boundary, their composition becomes identical and they 
form a one-phase system. 

The maximum of the curve of Fig. 18-4a is known as the critical 
solution temperature, or the upper consolute temperature. 

The remaining two diagrams of Fig. 18-4 show that liquid sys- 
tems can also exhibit a lower consolute temperature or, in a few cases, 
both upper and lower consolute temperatures. This behavior of in- 
creased mutual solubility at lower temperatures is certainly not that 
which is normally expected and must be attributed, very qualitatively, 
to some interaction between the components that can be effective only 
at lower temperatures. 


18-8. TWO-COMPONENT SOLID-LIQUID SYSTEMS: 
FORMATION OF A EUTECTIC MIXTURE 


Consider now a two-component system, at some fixed pressure, where 
the temperature range treated is such as to include formation of one 
or more solid phases. A simple behavior is shown by those systems 
for which the liquids are completely soluble in one another and in 
which the only solid phases that occur are the pure crystalline forms 
of the two components. Such phase behavior is shown in Fig. 18-6 
for the system benzene-naphthalene. The curved lines AE and BE 
show the temperatures at which solutions of various compositions are 
in equilibrium with pure solid benzene and pure solid naphthalene, 
respectively. The horizontal straight line is the temperature below 
which no liquid phase exists. 

It is instructive to consider what happens when solutions of 
various concentrations are cooled. The data that are obtained give 
the temperature of the systems as a function of time. These data are 
plotted as cooling curves, some of which, for concentrations indicated 
in Fig. 18-6, are shown in Fig. 18-7. Itis such cooling curves, in fact, 
that are used to obtain the data shown in the phase diagram. 

The relation between the cooling curves and the information on 
the phase diagram can be illustrated with one of the cooling curves, 
b, forexample. The liquid system cools until the curve BE is reached, 
at which point solid naphthalene is in equilibrium with the solution 
and starts to freeze out. As cooling continues, more naphthalene 


587 


Section 18-8 
Two-component 
solid-liquid systems: 
formation 

of a eutectic mixture 


588 


Chapter 18 
Phase equilibria 


FIGURE 18-6 
Freezing-point diagram 
for the binary system 
benzene-naphthalene at 
(From 
L. P. Hammett, “Intro- 
duction to the Study of 


1 atm pressure. 


Physical Chemistry,” 
McGraw-Hill Book 
Company, New York, 
1952.) 


freezes out, the solution becomes richer in benzene, and its composi- 
tion and temperature move down along the line BE. This stage is 
represented on the cooling curve by the slowly falling portion, corre- 
sponding to the freezing points of solutions of varying composition. 
It should be noticed that, although the temperature and overall com- 
position place the system in the area below BE, no phase of such com- 
position exists. Only the two phases, one to the right and the other 
to the left of the gross-composition point, occur. It is informative, 
as is indicated in Fig. 18-6, to draw a horizontal line through the gross 
composition, at C, for example, to connect or tie together the two 
phases that are present and are in equilibrium with each other. Such 
lines can, however, be understood and need not be drawn. 

Cooling and freezing out of naphthalene proceeds until the seit 
E is reached by the liquid phase, at which stage the solution becomes 
in equilibrium with pure solid benzene as well as with pure solid naph- 
thalene. The solution composition and temperature remain constant 
until the system is entirely converted to the two solids. The point Eis 
called the eutectic, from the Greek word meaning ‘‘easily melted,” 
and the mixture of solids that separates out is called the eutectic 
mixture. 

Application of the phase rule to the system at its eutectic point, 
where there are two solid phases and one liquid phase in equilibrium, 
gives 


CAO = FP 
SSF rat [10] 


Since this 1 degree of freedom is used up by the arbitrarily chosen 
pressure, we learn that, at a given pressure, the properties of the sys- 
tem at the eutectic point are entirely fixed by the system. That the 
constant freezing point of a eutectic system does not imply the freez- 
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ing out of a compound is verified by the fact that the eutectic mixture 
has a different composition at different pressures and that micro- 
photographs show the solid to be a mixture of two crystalline forms. 

In the following chapters we shall see that solid-liquid equilib- 
rium curves can be subjected very profitably to a thermodynamic treat- 
ment. At either end of the composition scale of diagrams like those 
of Figs. 18-6, 18-9, and 18-10, the solid-liquid curves can be looked 
on as showing the depression of the freezing point of a solution that 
sets in because of the presence of minor amounts of the second com- 
ponent. The freezing-point depression, as we shall see, will be found 
to be independent of the nature of the second component for relatively 
dilute solutions, and this independence will lead to a useful generaliza- 
tion. For the present, we concern ourselves primarily with the dia- 
grams that illustrate various phase situations. 

A variation on the formation of a simple eutectic occurs when 
the solids that separate out can accommodate some of the second 
component. The system silver-copper is illustrated in Fig. 18-8. The 
areas at the extreme right and left along the abscissa scale show re- 
gions in which there is a solid solution of silver in copper and copper 
in silver, respectively. Each region is bordered by a line showing the 
maximum solubility of the second component in the solid of the first 
component. Any solution that is cooled will give rise to these solid 
solutions. The eutectic mixture will of course also be a mixture of 
saturated solid solutions. 
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FIGURE 18-7 
Examples of cooling 
curves for pure compo- 
nents and solutions 


e and b of Fig. 18-6. 
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FIGURE 18-8 
Freezing-point diagram 
for the system silver- 
copper at 1 atm pres- 


sure. 


FIGURE 18-9 
Freezing-point diagram 
for the system formic 
acid-formamide at 

1 atm pressure showing 
the formation of a one- 
to-one compound in the 
solid state. (From 

L. P. Hammett, “Intro- 
duction to the Study of 
Physical Chemistry,” 
McGraw-Hill Book 
Company, New York, 
1952.) 


18-9. TWO-COMPONENT SOLID-LIQUID SYSTEMS: 
COMPOUND FORMATION 


Systems in which the components show some attraction for each 
other sometimes show the formation of a solid-state compound con- 
sisting of a simple mole ratio of the two components. Such a system 
is that of formic acid and formamide, as shown in Fig. 18-9. Diagrams 
like this are readily understandable on the basis of the discussion of 
the previous section since each half of Fig. 18-9 corresponds to the 
simple eutectic diagrams of the previous section. 

Solutions which, on cooling, reach line NM or RQ, of Fig. 18-9, 
give rise to solid formic acid or formamide, respectively. Solutions 
which, on cooling, reach line PN or PQ give rise to a solid which is a 
compound containing equimolar amounts of formic acid and formam- 
ide. At point N the solution is in equilibrium with this new compound 
and with formic acid, and at point Q the solution is in equilibrium with 
the new compound and formamide. Points N and Q represent two 
eutectics that generally will have different temperatures. 

Compound formation in the solid state is frequently encoun- 
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tered with hydrates. Figure 18-10 shows the formation of hydrated 
compounds of sulfuric acid in the solid state. Again, such diagrams 
are easily understood as a series of simple eutectic diagrams side by 
side. 

A complication does occur when a solid compound does not 
have sufficient stability to persist up to the temperature at which it 
would melt. In such cases the unstable solid breaks down into a 
solution and the solid of one or the other of the two components. This 
is illustrated by the system calcium fluoride-calcium chloride, as 
shown in Fig. 18-11. The decomposition of such a solid is referred 
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compound formation 


FIGURE 18-10 
Freezing-point diagram 
for H,O-H2SO4, show- 
ing multiple compound 
formation in the solid 


state. 


FIGURE 18-11 
Freezing-point diagram 
for the system 

CaF» + CaClz, showing 
the incongruent melting 
of the solid compound 
CaF»CaCls at 737°C. 
(Data from Interna- 
tional Critical Tables, 
vol. IV, p. 63, McGraw- 
Hill Book Company, 
New York, 1927.) 
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FIGURE 18-12 
Solid-liquid phase dia- 
gram at 1 atm pressure 
for a system showing 
complete liquid and 
solid miscibility. (Data 


from International Crit- 


ical Tables, vol. IT, 
p. 433, McGraw-Hill 
Book Company, New 
York, 1927.) 


to as a peritectic reaction, or an incongruent melting. Thus the 
equimolar crystal CaF2-CaClo, of Fig. 18-11, breaks down at 737°C 
into a solution of composition B and solid CaFz. The dashed line 
shows how the diagram might have looked if the compound had sur- 
vived to a real or congruent melting point. This line is helpful for 
visualizing the phase behavior, but has, of course, no real significance. 


18-10. TWO-COMPONENT SOLID-LIQUID SYSTEM: 
MISCIBLE SOLIDS 


Brief mention can be made, particularly in view of their importance 
as alloys, of systems forming only one solid phase which is a solid 
solution. Such behavior is a result of complete mutual solubility of 
the two solid components. In Sec. 18-8 it was pointed out how partial 
solubility of the solid phases in each other affected the phase diagram 
of a system showing a simple eutectic. Such partial solubility fre- 
quently occurs when the atoms of one component are small and can 
fit into the interstices of the lattice of the major component. In this 
way an interstitial alloy is formed. The carbon atoms in a carbon- 
containing alloy are usually so accommodated. 

Complete solubility of two solid phases usually results when 
the atoms of the two components are about the same size and can 
substitute for each other in the lattice to form a substitutional alloy. 
The system of copper and nickel, as shown in Fig. 18-12, shows this 
behavior. The upper of the two curves shows the temperature at 
which solutions of various compositions start to freeze. The lower 
Curve gives the composition of the solid which separates out at that 
freezing point. In this system the solid is always richer in the higher- 
melting component than is the solution from which it separates. The 
alloy consisting of 60 per cent copper and 40 per cent nickel is known 
as constantan. 
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18-11. THREE-COMPONENT SYSTEMS 


To depict the phase behavior of three-component systems on a two- 
dimensional diagram, it is necessary to consider both the pressure 
and the temperature as fixed. The phases of the system as a function 
of the composition can then be shown. The amounts of the three 
components, usually presented as per cent by weight, can be shown 
on a triangular plot, as indicated in Fig. 18-13. The corners of the 
triangle labeled A, B, and C correspond to the pure components A, Be 
and C. The side of the triangle opposite the corner labeled A, for ex- 
ample, implies the absence of A. Thus the horizontal lines across 
the triangle show increasing percentages of A from zero at the base 
to 100 per cent at the apex. Ina similar way the percentages of B 
and C are given by the distances from the other two sides to the re- 
maining two apices. From the three composition scales of the dia- 
gram the composition corresponding to any point can be read off. 
This procedure for handling the composition of three-component 
systems is possible and the total composition is always 100 per cent 
because of the geometric result that the sum of the three perpendicu- 
lar distances from any point to the three sides of the triangle is equal 
to the height of the triangle. 

As with two-component systems, the simplest three-component 
systems are those in which a liquid system breaks down into two 
phases. The system acetic acid-chloroform-water (Fig. 18-14) is 
such a system, showing, at 18°C, a two-phase region when the amount 
of acetic acid is small. A necessary part of the diagram are the tie 
lines through the two-phase region joining the compositions of the 
two phases that are in equilibrium. (In all previous two-component 
phase diagrams such lines could have been drawn, but since they 
would have been horizontal constant-temperature lines, it was un- 
necessary to exhibit them.) Thus a total composition corresponding 
to point a in the two-phase region gives two phases, one of composi- 
tion b and the other of composition c. A unique point on the two- 
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FIGURE 18-13 
Diagram for plotting 
the composition of a 


three-component system. 
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FIGURE 18-14 

The liquid system acetic 
acid-chloroform-—water 
at 1 atm pressure and 
LSzCa efiironle. Hs 
Perry, C. H. Chilton, and 
S. D. Kirkpatrick (eds.), 
“Chemical Engineers’ 
Handbook,” 2d ed., 
McGraw-Hill Book 
Company, New York, 
1941.] 


FIGURE 18-15 

Phase diagram (sche- 
matic) for two salts and 
water at a fixed temper- 


ature and pressure. 


phase boundary is that indicated by d. This point, called the zsother- 
mal critical point, or the plait point, is similar to the previously 
encountered critical-solution temperatures, or consolute points, in 
that the compositions of the two phases in equilibrium become equal 
at this point. 

Application of the phase rule to a system corresponding to a 
point in the two-phase region gives 


®=C—P+2 


The 3 degrees of freedom can be accounted for by the pressure, the 
temperature, and one composition variable. Thus the composition 
of both phases cannot be arbitrarily fixed. If one is fixed, the tie line 
from that composition fixes the composition of the second phase. 
Three-component systems involving solids and liquids can be 
introduced by considering systems of two salts and water. The 
simplest behavior is that shown in Fig. 18-15, where the two salts are 
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somewhat soluble and the diagram gives the curves for the saturated- 
solution compositions. Such diagrams are perhaps more easily un- 
derstood if tie lines are also drawn to show that the saturated solutions 
along DF and EF are in equilibrium with the solid salts B and C, re- 
spectively. Point F corresponds to a system in which the solution is 
in equilibrium with both salts. Removal of water from point F moves 
the total composition toward the base of the triangle. The effect of 
this is to form more solid salts which remain in equilibrium with the 
decreasing amount, but constant concentration, of saturated solution. 

Finally, three-component systems in which the three compo- 
nents, taken in pairs, form simple eutectics can be illustrated by the 
system lead-tin-bismuth. A three-dimensional representation (Fig. 
18-16) shows, in a descriptive manner, the phase behavior as a func- 
tion of composition and temperature at the fixed pressure of 1 atm. 
For quantitative work it is more suitable to express the data at various 
constant temperatures on triangular plots. Such diagrams for a few 
temperatures are therefore included. Tie lines are shown to indicate 
more clearly the solution compositions that are in equilibrium with the 
solid components. 

If a solution containing 32 per cent Pb, 15 per cent Sn, and 
53 per cent Bi is cooled, it is found that it remains liquid until, at a 
temperature of 96°C, all three solid components start separating out. 
The phase rule indicates that at such a point, called a ternary eutectic, 
there is 


C—P4+2=3-—4+4+ 2 =1 degree of freedom 


Since this degree has been used up by the fixed pressure, the system 
has no remaining variables. It is characteristic of such ternary 
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FIGURE 18-16 
The three-component 


system bismuth-tin-lead. 


596 


Chapter 18 
Phase equilibria 


TABLE 18-1 
Concentration of 


solutions 


eutectics that the eutectic point is at a low temperature compared 
with the melting points of the pure components. The ternary eutectic 
of the metal system of the present example will, for instance, melt in 
boiling water. 


PHASE DIAGRAMS: 
LIQUID-VAPOR SYSTEMS 


In describing the equilibrium that is set up, at a particular pressure 
and temperature between a liquid and its vapor, we shall, as for solid- 
liquid equilibria, place most emphasis on two-component systems. 
Now in addition to a composition variable that will be used, as previ- 
ously, as the abscissa, it will be convenient in some circumstances to 
consider a fixed temperature and to have pressure as the ordinate 
and in other situations to have, as was the case in liquid-solid systems, 
the pressure fixed and the temperature as ordinate. Before proceed- 
ing to these diagrams a review of the terms that are used to express 
the composition of solutions will be given. 


18-12. CONCENTRATION TERMS 


The three most important concentration units are listed and defined 
in Table 18-1. The first two, molarity and molality, are most often 
used when one or more of the components, usually the minor con- 
stituents, are conveniently designated as the solute, and one other 
component, usually the major component, is designated the solvent. 
For systems of completely varying composition it is less convenient to 
designate components as solute and solvent. Since it is such com- 
pletely variable solutions with which we shall primarily be dealing, we 
shall find the third concentration term, the mole fraction, to be most 
convenient. 

In a solution of two components A and B, the mole fractions 
x4 and x, are expressed as 

. Na NB , 

eT ae i epee ae 
where n4 and ng are the numbers of moles of A and of Bin some given 
quantity of solution. The mole fractions, then, are such that 


X4+Xp=1 [13] 


Name Symbol — Definition 
ee eee 
Molarity M Moles of solute in 1 liter of solution 


Molality m Moles of solute in 1000 g of solvent 
Mole fraction x Moles of one component divided by the total moles in solution 


sss ssssssssssSsS—— 


Conversion to, or from, other concentration units can usually 
be made by writing the mole fractions explicitly in terms of the weights 
of the components in some given amount of solution. Thus, if 
w, and we are the weights of A and B, then 


14/M. 
x4 = eee and on = wp/ Ms 


wa/M, + Wp/Mp wa/M,4 + Wp/Mp 
[14] 


where M, and Mz are the molecular weights of A and B. To obtain 
mole fractions from molality, one deals with an amount of solution 
in which there are m moles of one component and 1000 g of the other 
component. These data can be used with Eq. [14] to obtain x4 and xz. 
Starting with molarity, one considers 1 liter of solution, for which the 
density must be given. With this, the weight of 1 liter can be obtained, 
and the weight of solute can be subtracted from the total to obtain 
the weight of solvent. Again Eq. [14] can be used to deduce mole 
fractions. 

For the conversion from mole fraction to molality or molarity it 
is convenient to proceed by writing 

X4 _ Wa/ Ms, _ Wa Mp [15] 


XB wp/Mez WB M, 


The mole fractions and molecular weights allow the calculation of the 
weight of A for a given weight of B. One can then proceed to the 
molality and, with the density of the solution, to the molarity. 

A sometimes convenient feature of molality and mole fraction, 
but not of molarity, is the independence of temperature of the former 
two concentration units. 

Other concentration units are also used but will not be encoun- 
teredinthis study. Some ofthese, such as volume or weight per cent, 
often are somewhat ambiguous and seem best suited for stating 
approximate concentrations. 


18-13. THE VAPOR PRESSURES OF SOLUTIONS 


Mixtures of ideal gases, i.e., gaseous solutions, were treated in the 
first two chapters and were found to conform to the simple relation 
expressed by Dalton’s law. This result, that the total pressure of a 
mixture of ideal gases is equal to the sum of the pressures of the com- 
ponents, was easily understandable on the basis of the kinetic-molec- 
ular-theory postulate of noninteracting molecules. Since liquids exist 
only because of molecular interactions, no such ‘‘ideal’’ liquid solu- 
tions can be expected in the same sense as an ideal-gas solution. 
Some solutions, however, behave in a simple and general enough way 
to warrant use of the term ideal solution. 

One might anticipate a simplicity of liquid-solution behavior in 
solutions of components that are molecularly similar in size and in- 
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FIGURE 18-17 

The vapor pressures of 
the components and the 
total vapor pressures 
for the nearly ideal solu- 
tion benzene-toluene at 
20°C. [Data from 

R. Bell and T. Wright, 
J. Phys. Chem., 31:1884 
(1927).] 


termolecular interactions. The vapor pressures as functions of com- 
position for solutions, such as carbon tetrachloride-silicon tetrachlo- 
ride, chlorobenzene-bromobenzene, benzene-toluene, do in fact show 
similar and simple behavior. Typical results are shown for benzene- 
toluene in Fig. 18-17 for the total vapor pressure and for the vapor 
pressure of each of the components in equilibrium with the solution 
as a function of the solution composition. The linear relations of 
Fig. 18-17, which we shall take as being the primary characteristic of 
an ideal solution, can be expressed as 


bio a 
Pz = xpPp 


Furthermore, if the vapor behaves ideally, as is being assumed here, 


[16] 


Ast Ji so G BF 


where P, and Pz are the vapor pressure of A and B above a solution 
of mole fraction x, and xg and the vapor pressures of the pure com- 
ponents are Pi and Pg. Solutions that obey Eqs. [16] and have vapor- 
pressure diagrams like that of Fig. 18-17 are said to conform to 
Raoult’s law. We shall see in the following chapter that behavior in 
accordance with Raoult’s law merits the designation of the solution 
as ideal. (A more careful statement of an ideal solution, however, in- 
cludes specification that no volume change should occur and that no 
heat should be evolved or absorbed on mixing of the two components. 
This lack of volume and heat effects usually occurs in systems obeying 
Raoult’s law.) 

Just as the ideal-gas laws were a useful basis for understanding 
the specific deviations shown by real gases, so also will the concept 
of the ideal solution be helpful in understanding the behavior of 
nonideal solutions. 

The vapor-pressure-composition diagrams for nonideal solu- 
tions are usually classed as having, as does the chloroform-acetone 
system of Fig. 18-18, a minimum in the total vapor-pressure-composi- 
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tion curve or as having, as does the carbon tetrachloride-methyl 
alcohol system of Fig. 18-19, a maximum in this curve. In the follow- 
ing chapter we shall see that some aspects of even these nonideal- 
system vapor-pressure curves, in particular their behavior near the 
two composition limits, can be generalized and related to thermo- 
dynamic properties of the components. 

Here we might make the empirical observation, apparent from 
Figs. 18-18 and 18-19, that the vapor pressure of the solvent tends to 
follow the ideal vapor-pressure curve for dilute solutions. This be- 
havior turns out to be quite general, and we state, without specifying 
ideal behavior, that the vapor pressure of the solvent of dilute solutions 
obeys Raoult’s law, Py = x4P?, as the limit of infinite dilution is 
approached. 

A generalization is also possible for volatile solutes of solutions. 
As can be seen from Figs. 18-18 and 18-19, the vapor pressure of the 
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FIGURE 18-18 
Vapor-pressure diagram 
for the system chloro- 
form-acetone at 35°C. 
[From data of J. von 
Zawidzki, Z. Physik. 
Chem., 35:129 (1900).] 


FIGURE 18-19 
Vapor-pressure diagram 
for the system carbon 
tetrachloride-methyl 
alcohol at 35°C. (From 
J. Timmermans, 
“Physico-chemical Con- 
stants of Binary Sys- 
tems,” vol. 2, Inter- 
science Publishers, Inc., 


New York, 1959.) 
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TABLE 18-2 
Henry-law data for 


HCl in toluene at 25° C* 


* Data from S. J. O’Brien 
and E. G. Bobalek, J. Am. 
Chem. Soc., 62:3227 (1940). 


solute tends to vary linearly with composition for dilute solutions. 
This also represents a general result, and such behavior is known as 
Henry’s law. This law, obeyed by volatile solutes in dilute solutions, 
can be written as 


Pz = kxp [17] 


where k, known as the Henry-law constant, will depend on the nature 
of the solvent and the solute and on the units in which the vapor pres- 
sure is expressed. One can also, it may be mentioned, use other 
concentration terms such as molarity in the Henry-law expression be- 
cause, for dilute solutions, they become proportional to mole fractions. 

Some data showing, more clearly than can be seen from the 
figures, conformity to Henry’s law of the solute HCI in the solvent 
toluene are given in Table 18-2. Here, since HCI is normally a gas, 
the Henry-law expression has been turned around to 


Ee ee k™Pp [18] 
and in terms of molarity, 
Mg = km! Pp [19] 


This variation is in line with our tendency to think in terms of the 
solubility of a gas in a liquid rather than of the solution giving rise to 
an equilibrium vapor pressure of a component that is normally a gas. 


18-14. VAPOR-PRESSURE DIAGRAMS SHOWING 
LIQUID AND VAPOR COMPOSITIONS 


Vapor equilibrium data are of use in the study of distillations. In this 
connection, it is of value to have diagrams showing not only the vapor 
pressure of a solution of given composition, but also the composition 
of the vapor that is in equilibrium with the liquid. This additional in- 
formation can be put on the vapor-pressure-composition diagrams. 

For an ideal solution one can calculate the vapor composition 
that is in equilibrium with a liquid of mole fraction x4 and xp. Vapor- 
pressure curves like that of Fig. 18-17 imply the Vapor-pressure equa- 
tions ; 


P, = x4P? and Pz = xpP3 [20] 


Since the partial pressure of a gas is proportional to the number of 


oo 


P(HCI) (atm) Xp k1 M ky} 
0.0033 0.00141 0.0427 0.0132 0.400 
0.0338 0.00154 0.0456 0.0144 0.425 
0.0964 0.00431 0.0446 0.0402 0.409 
0.158 0.00702 0.0444 0.0655 0.415 
0.282 0.0126 0.0446 0.117 0.415 


moles of the gas per unit volume, the mole fractions of the vapor can 
be written as 


JE P. 
Se = = and evap =~ 8 _ 
‘ P, + Ps . P, + Pp oe 
or 
xP? re xpPp 
xyap — ——* * _ and EN) ay, — ee ek 
A Ps + Pp “B P, + Pp [22] 


The ratio of the mole fractions of the components in the vapor is 
therefore given as 


eas Ee [23] 


This expression can be used to calculate the composition of vapor in 
equilibrium with an ideal solution of any composition. The qualitative 
result which should be noticed is that the vapor will be relatively richer 
in A if P? is greater than Ps, that is, if A is the more volatile 
component. 

The vapor-composition information is added to the vapor-pres- 
sure-composition diagram by allowing the abscissa to be used for both 
liquid and vapor compositions, as illustrated for an ideal solution in 
Fig. 18-20. At a particular vapor pressure one can read, along the 
horizontal dashed line, for example, the composition of the liquid that 
gives rise to this vapor pressure and also the composition of the vapor 
that exists in equilibrium with this liquid. More generally, one uses 
the diagram by starting with a given liquid composition, a of Fig. 
18-20, reading off the vapor pressure of this solution, and also obtain- 
ing the composition 6 of the vapor in equilibrium with the solution. 

For nonideal solutions the composition of the vapor in equilib- 
rium with a given solution must be calculated from the experimentally 
determined vapor pressures of the two components. Typical dia- 
grams for systems showing a minimum and a maximum in their vapor- 
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FIGURE 18-20 
Vapor-pressure diagram 
showing liquid and 

vapor compositions for 
the nearly ideal system 
benzene-toluene at 20°C. 
(Data from Fig. 18-17; 
curves drawn for ideal 


behavior.) 
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FIGURE 18-21 
Vapor-pressure diagram 
for the system chloro- 
form-acetone at 35°C, 
showing liquid- and 
vapor-composition 


curves. 


FIGURE 18-22 
Vapor-pressure diagram 
for the system carbon 
tetrachloride-methyl 
alcohol at 35° C, show- 
ing liquid- and vapor- 


composition curves. 


pressure curves are shown in Figs. 18-21 and 18-22. One finds al- 
ways that the vapor composition is richer, relative to the liquid, in the 
more volatile component. This feature can be appreciated by deduc- 
ing the vapor in equilibrium with various liquid compositions, as 
shown by the dashed lines of Figs. 18-20 and 18-21. 

It is helpful to notice and remember that on vapor-pressure- 
composition diagrams the liquid-composition curve always lies above 
the vapor-composition curve. Where the curve for the vapor pressure 
of the liquid shows a maximum or minimum, however, the equilibrium 
vapor has the same composition as the liquid. Such points will be 
important when a separation process is considered. 


18-15. BOILING-POINT-COMPOSITION DIAGRAMS 


The discussion of liquid-vapor equilibrium has so far concerned itself 
with the experimental results that are obtained when the vapor in 
equilibrium with solutions at some fixed temperature, often 25°C, is 
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studied. Such vapor-pressure data are suited to the theoretical ques- 
tions that have been discussed. They are not, however, the results 
that are of primary importance in studies of the more practical aspects 
of liquid-vapor equilibria. In practice, it is more common to fix the 
pressure at some constant value, often, but not always, at 1 atm, and 
to determine the temperature at which liquid and vapor are in equilib- 
rium. In this way, data are obtained from which a boiling-point- 
composition diagram can be constructed. It is again customary to 
show the composition of the vapor that is in equilibrium with the liquid 
on the same diagram. Figure 18-23 shows these curves for the ideal 
system benzene-toiuene. Now one notices that, for the vapor to be 
relatively richer in the more volatile, i.e., lower-boiling, component, 
the liquid-composition curve lies below the vapor-composition curve. 
The exact shapes of the two curves on the boiling-point diagram, even 
for an ideal solution, are not so easily deduced as were the curves on 
the vapor-pressure diagram. The curves depend on the behavior of 
the system as a function of temperature, and this is less easy to gen- 
eralize than the constant-temperature behavior of the vapor-pressure 
diagrams. 

The boiling-point curves for the two types of nonideal systems 
are shown in Figs. 18-24 and 18-25. A minimum in the vapor-pres- 
sure-composition curve results in a maximum in the boiling-point- 
composition curve, and vice versa. Also, as for the ideal solutions, 
the liquid-composition curve lies lower than the vapor-composition 
curve on a boiling-point diagram. The significance of these diagrams 
for any separation process can again be appreciated by following 
paths, such as those shown dashed, for the conversion of some of a 
liquid sample of composition a to its equilibrium vapor of composi- 
tion 6. 
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FIGURE 18-23 
Boiling-point diagram 
for the nearly ideal 
system benzene-toluene 


at 1 atm pressure. 
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FIGURE 18-24 
Boiling-point diagram 
for the system chloro- 
form-acetone at 1 atm 
pressure. (Data from 
International Critical 
Tables, McGraw-Hill 
Book Company, New 
York, 1926-1930.) 


FIGURE 18-25 
Boiling-point diagram 
for the system ethanol- 
benzene at 750 mm pres- 
sure. (Data from Inter- 
national Critical Tables, 
McGraw-Hill Book 
Company, New York, 
1926-1930.) 


18-16. DISTILLATION 


The important process of distillation can now be investigated. From 
the boiling-point diagram of Fig. 18-23 one can see that if a small 
amount of vapor were removed from a solution of composition a, the 
vapor would have a composition higher in the more volatile component 
than did the original solution a. Such a single step is, of course, in- 
adequate for any appreciable separation of two components unless 
they have extremely different boiling points. In practice, a process 
of fractional distillation is used in which the separation step just 
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described is, in effect, repeated by condensing some of the vapor, 605 
boiling off some vapor from this new solution, collecting and revapor- 
izing this product, and so forth. This procedure has the effect of 
stepping across the boiling-point diagram, as indicated by the dashed 
lines of Fig. 18-23. 

Experimentally, one arranges a distillation column so that such 
a stepwise process is automatically carried out. In the laboratory one 
ordinarily uses a more or less simple packed column, such as is illus- 
trated in Fig. 18-26a. The assembly consists of the pot, which con- 
tains the sample to be separated, and the column, through which the 
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FIGURE 18-26 
Laboratory and indus- 


trial fractional-distilla- 
tion units. (From 

E. B. Millard, “Physical 
Chemistry for Colleges,” 
McGraw-Hill Book 


Company, New York, 
1953.) 
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vapor from the pot rises and comes in contact with descending liquid 
that has been condensed in the head of the column. The head is 
provided with a condenser, a thermometer, and an arrangement for 
withdrawing the distillate. In operation the system of ascending 
vapor and returning liquid is kept near equilibrium by removing only 
a fraction of the vapor condensed in the head. Most of the condensate 
is returned down the column as reflux. 

An industrial column may reveal more clearly the stepwise 
operation that is intended in a distillation column. Figure 18-266 
shows the rather common bubble-cap column. Each plate is designed 
so that the rising vapor will condense on the plate, and equilibrium 
vapor from this condensate will rise to the next plate. ; 

The efficiency of a column, of either the packed or the plate type, 
is determined by the number of theoretical plates that the separation 
it performs corresponds to. A column supplied, for example, with a 
charge of composition a in Fig. 18-23 is operated at total reflux until 
equilibrium is established. A small sample of distillate is then drawn 
off and analyzed and, we shall assume, has composition 6. The 
separation that has resulted corresponds to four ideal evaporations 
and condensations, and the column is said to have four theoretical 
plates. 

In practice, a plate column is not perfectly efficient, and each 
plate behaves as less than one theoretical plate. For a packed col- 
umn, one often uses the idea of the height equivalent to a theoretical 
plate, or HETP, to rate the efficiency of a column. For a laboratory 
column the HETP may be of the order of a few inches. 

A complete study of the operation of fractional-distillation col- 
umns is beyond the scope of the present treatment. A number of 
complications arise when one deals with a multicomponent system; 
when one treats quantitatively of the effect of drawing off appreciable 
amounts of distillate, of using a continuous rather than a batch 
process; and so forth. 

It is necessary, however, to consider the situation that occurs 
when one tries to separate a binary solution which shows nonideal 
behavior. For a solution showing a maximum vapor pressure and a. 
minimum boiling point the situation is indicated by the dashed lines 
of Fig. 18-25. Distillation in a fractional-distillation unit is seen, re- 
gardless of the initial solution, to result in a distillate of the composi- 
tion of the minimum-boiling-point mixture. A separation into one or 
the other of the pure components could result only by working with 
the residue. The most important commercial solution that shows this 
behavior is the ethyl alcohol-water system. Fermentation processes 
result in an ethyl alcohol concentration of about 10 per cent. The 
object of distillation is to increase this concentration and, possibly, 
to yield pure ethyl alcohol. The boiling-point diagram of Fig. 18-27 
shows that distillation at atmospheric pressure can yield, at best, a 
distillate of 95 per cent ethyl alcohol. It is for this reason that 95 per 
cent ethyl alcohol is a fairly common chemical material. Absolute 


alcohol can be obtained by a distillation procedure using a three- 
component system, usually alcohol, water, and benzene. 

A different situation arises with solutions that show a maximum 
in their boiling-point curves, as does the system of Fig. 18-24. If 
such a solution is merely boiled away, the residue will approach the 
composition corresponding to the maximum of the boiling-point curve 
and the boiling point will also approach that corresponding to this max- 
imum. Once this solution and boiling point have been reached, the 
remaining solution will boil at this temperature and will not change its 
composition. Sucha solution is known as a constant-boiling mixture, 
or an azeotrope. This same term is applied to a solution having the 
composition of the minimum of a boiling-point curve. 

It is necessary to stress that, although we are dealing, in the 
case of an azeotrope, with a constant-temperature constant-composi- 
tion boiling mixture, this mixture is not to be regarded as a compound 
formed between the two components. A change in the total pressure 
is usually sufficient to show that the azeotrope composition can be 
changed. 


18-17. DISTILLATION OF IMMISCIBLE LIQUIDS 


It seems desirable to include with our discussion of distillation the dis- 
tillation of immiscible liquids. The process usually makes use of 
water or steam and an insoluble organic material and is then referred 
to as steam distillation. 

Consider two components which, though somewhat soluble in 
each other, separate into two layers on mixing. Each layer will exert 
its own vapor pressure, and the pressure measured over such a mix- 
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FIGURE 18-27 
Boiling-point diagram 
for the system water- 
ethanol at 1 atm. (Data 
from International Crit- 
ical Tables, McGraw- 
Hill Book Company, 
New York, 1926-1930.) 
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FIGURE 18-28 
Boiling-point diagram 
for a pair of immiscible 
liquids, water-isobutyl 
alcohol, at 1 atm pres- 
(From L. P. 
Hammett, “Introduction 
to the Study of Physical 
Chemistry,’ McGraw- 


sure. 


Hill Book Company, 
New York, 1952.) 


ture will be the sum of the two pressures. As long as the two layers 
are present, they will have constant compositions: a layer of A satu- 
rated with B and a layer of B saturated with A. It follows that the 
vapor pressure of each layer (and thus the total vapor pressure) will 
be independent of the amounts of the two layers. These statements 
indicate that the boiling point of such a mixture and the equilibrium 
vapor composition will be constant as long as the two layers are 
present. Furthermore, the boiling point will be the temperature at 
which the total pressure is equal to 1 atm, and this will be at a lower 
temperature than the boiling point of either component. Figure 18-28 
shows a boiling-point diagram for immiscible liquids. Any two-phase 
mixture of the liquids will boil at temperature Ty and produce vapor - 
of composition M. The lines AM and BM correspond to the tem- 
peratures at which vapor mixtures would start to condense to give 
A saturated with B and B saturated with A, respectively. 

It is the lowering of the boiling point that makes the process of 
steam distillation attractive. Many organic materials of high molec- 
ular weight boil at such a high temperature that they would decom- 
pose. These materials can be conveniently ‘‘cleaned up’’ by steam 
distillation. A mixture of the organic material and water is heated, 
usually by the direct addition of steam, and the two liquids distill over 
at a temperature of less than 100°C. They are collected in amounts 
that are proportional to their vapor pressure. It is this fact that sets 
a limit to the usefulness of the process since very high boiling mate- 
rials, having very low vapor pressures, come over in relatively small 
amounts compared with the amount of steam used. The distillate 
separates into the two immiscible layers, and the organic layer can be 
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separated and dried. The process has considerable application, but 
is most useful in the rough purification of organic materials and does 
not usually handle the same problems as do fractional distillations. 


PROBLEMS 


1 How many phases are there in: 
a A sealed bulb half-filled with liquid water, the other half being air 
saturated with water vapor? Ans. 2. 
b A 1-liter bulb containing 2 g of water, and no air, at 100°C? Ans. 2. 
c A mixture of oil and water which has been dispersed into an emulsion? 
Ans. 2. 


2 How many components are there in the systems composed of: 

a N2(g) plus O2(g)? 

b What is the answer to (a) if a catalyst is present that promotes the 
formation of the many possible oxides of nitrogen? Ans. 2. 

c NaCl(s) and an aqueous solution saturated with NaCl and containing 
some HCl? Ans. 3. 

d Any salt plus water? 

e The system of (d) at a high enough temperature so that it consists only 
of dry solid salt and water vapor? 

f The system of (d) cooled until a solid appears and this solid turns out 
to be the hydroxide of the metal? 


3 A remarkable catalyst is to be imagined that brings a system containing 
carbon and hydrogen to equilibrium with all hydrocarbons. 
a How many components are there if the system is charged with graphite 
and H,? 
b If the system can be charged only with Hz and CH4, how many com- 
ponents will there be? 
c If the system can be charged only with Hp; CH4; ethylene, C2H4; and 


cyclohexane, CgH,2, how many components are there? 


4 How many remaining degrees of freedom are there in each of the follow- 
ing systems? Suggest variables that could correspond to these degrees 
of freedom. 

a Liquid water and water vapor in equilibrium at a pressure of 1 atm. 

Ans. 0. 

b Liquid water and water vapor in equilibrium. Ans. 1. 

c I» dispersed between liquid water and liquid CCl, at 1_atm pressure 
with no solid Iz present. 

d The vapor equilibrium system of NHs, No, and He. 

e An aqueous solution of H3PO4 and NaOH at 1 atm pressure. 

f A solution of H,SO4 in water in equilibrium with the solid hydrate 
H.SO,-2H,20 at 1 atm pressure. 


5 Describe, in view of Fig. 18-4c, the phase situations that arise when 
nicotine is gradually added to a small quantity of water at 100°C until 
the system is transformed to nearly 100 per cent nicotine. 
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Describe, in view of Fig. 18-4c, the phase situations that arise when an 
aqueous solution that is 60 per cent by weight nicotine is heated from 
50 to 250°C. 


Estimate from Fig. 18-6 the weight of solution and of solid that will be 


present when 100 g of solution of composition 6 is cooled to point c. 


Describe, with the help of Fig. 18-8, the phases that form and the tem- 
peratures at which phase changes occur when a 20 per cent copper in 
silver melt at 1000°C is cooled to 700°C. 


Describe, with the help of Fig. 18-8, the phase changes when solid silver 
at 900°C is added to a silver-copper melt containing 40 per cent copper 
at 900°C. 


At about 60 per cent CaCl: in the system CaClz+CaF2, shown in Fig. 
18-11, a peritectic point occurs at 737°C. If the pressure is assumed fixed 
at 1 atm, apply the phase rule to deduce the number of degrees of freedom 
at this point. 


Describe the phases that appear and the temperature of their appearance 
when the solid compound CaF2-CaClz is heated from 400 to 1400°C at 


1 atm pressure. 


Verify that the sum of the three perpendicular distances from any point 
inside an equilateral triangle to the sides of the triangle is equal to the 
height of the triangle. 


Estimate from Fig. 18-14 the weights of the three components that are 
present in 100 g of the one-phase system at point d. Estimate the com- 
positions and the weights of the two phases that occur for 100 g of the 
system having the total composition of point a of Fig. 18-14. 


Describe the phases that occur as water is added to an initially anhydrous 
mixture of 5 per cent of the salt B and 95 per cent of the salt C in Fig. 
18-15. 


Assuming ideal-solution behavior, calculate the equilibrium vapor pres- 
sure and the mole-fraction composition of the vapor in equilibrium, at 
40°C, with a solution of carbon tetrachloride-cyclohexane that has 
0.4753 mole fraction CCly. The vapor pressures at 40°C of pure CCl, 
and cyclohexane are 213.34 and 184.61 mm Hg, respectively. Compare 
with the measured values reported by Scatchard, Wood, and Mochel 
[J. Am. Chem. Soc., 61:3206 (1939)] of 203.45 for the vapor pressure and 
0.5116 for the mole fraction of CCl, in the vapor. 


It is found that the boiling point, at 1 atm pressure, of a solution of 0.6589 
mole fraction benzene and 0.3411 mole fraction toluene is 88.0°C. At 
this temperature the vapor pressures of pure benzene and toluene are 
957 and 379.5 mm, respectively. What is the vapor composition that 
boils off this liquid? Ans. Mole fraction benzene = 0.830. 


At 55°C a solution of mole fraction 0.2205 ethanol and 0.7795 cyclo- 


hexane has a vapor pressure of 368.0 mm Hg and a vapor composition of 611 
0.5645 mole fraction ethanol and 0.4355 cyclohexane. The vapor pres- 

sures of pure ethanol and cyclohexane at 55°C are 279.9 and 168.1, re- Es 
spectively. Plot a possible vapor-pressure diagram having liquid and 


vapor compositions that are compatible with these data. 


18 Data for the total vapor pressure and vapor composition for solutions of 
carbon tetrachloride and acetonitrile at 45°C have been given by 
L. Brown and F. Smith [Aust. J. Chem., 7:269 (1954)]. Some of these 


data are: 


Xeci, in liquid 0.0347 0.1914 0.38752 0.4790 0.6049 0.8069 0.9609 
Xoc, in vapor 0.1801 0.4603 0.5429 0.5684 0.5936 0.6470 0.8001 
Total vapor 

pressure in 

mm Hg 248.0 336.0 364.6 369.6 371.1 362.8 314.4 


en 


The vapor pressures of pure CCl, and pure CH3CN at this temperature 

are 258.8 and 208.4, respectively. 

a Prepare a vapor-pressure-composition diagram, like those of Figs. 
18-17 to 18-19, for this system. 

b Prepare a vapor-pressure-composition diagram, like those of Figs. 
18-20 to 18-22, showing the vapor composition as well as the vapor 
pressure in terms of the liquid composition. 

c Discuss the consequences of distilling solutions that are originally rich 
in CCl, or in CH3CN. 


19 At total reflux, samples from the pot and the still head are withdrawn 
from an experiment in which ethanol and benzene are refluxing in a 
packed distillation column operating at 750 mm pressure. The pot 
sample has 0.05 mole fraction benzene, and the still head a composition | 
of about 0.5 mole fraction benzene. According to Fig. 18-25, what would 
be the temperatures in the pot and head and how many theoretical plates 


does the column have? 


20 Describe, with the help of Fig. 18-28, the phase changes, and the tempera- 
tures at which they occur, when a 40 per cent isobutyl alcohol-60 per 
cent water solution is heated from 50 to 100°C. Similarly, describe the 
changes that occur when. a vapor of this composition is cooled from 
100 to 80°C. 


REFERENCES 


RICCI, J. E.: “The Phase Rule and Heterogeneous Equilibrium,” D. Van Nostrand Company, 
Inc., Princeton, N.J., 1951. 


DENBIGH, K.: “The Principles of Chemical Equilibrium,” chaps. 5-8, Cambridge University 
Press, New York, 1955. 


CHAPTER 
NINETEEN 


THERMODYNAMICS 
OF SOLUTIONS 
OF NONELECTROLYTES 


Much of the previous chapter dealt with the pictorial presentation of 
information about the phase equilibria that are set up between, on 
the one hand, solutions and solid phases and, on the other hand, 
solutions and the equilibrium vapor. Now we shall undertake a more 
detailed consideration of such systems, depending primarily on a 
thermodynamic approach. This approach will allow some of the data 
contained in diagrams such as those of the previous chapter to be 
used to determine useful thermodynamic properties of the compo- 
nents of the solution. A basic relation that connects these thermo- 
dynamic properties to phase equilibria must first be developed. 

When equilibrium is established between two phases that con- 
tain a number of components, the dependence of free energy of the 
system on the number of moles of one of the components, say, the 
ith component, that are in each of the two phases can be expressed 
as the total differential, written for constant T’ and 134 


wo=[(22) an]. + [(22)a 
On; phase 1 On, phase 2 


= (iL ehnge i (dni) phase it (iti) phase 2 (dn; onsen 2 [1] 


At equilibrium the free energy will be a minimum with respect to the 
transfer of component 7 between the phases, and dG will therefore 
be zero. Thus, at equilibrium, 


(U4)phase 1 (Gitonase 1= — (Ui)phase 2 (dNj)pnase 2 [2] 


Furthermore, transfer of reagent i from one phase to the other phase, 
in the closed system being considered, must be such that 


(dn ‘phase 1 = —(dNni)phase 2 [3] 


It follows that for any component i distributed between two phases at 
equilibrium, 


(ti)phase 1= (iti) phase 2 [4] 


i.e., the chemical potential, or partial molal free energy, of the com- 
ponent will be the same in each phase. This conclusion is, aS we 
shall see, a very important one, and it should be noted that it is appli- 
cable to solid, liquid, and vapor phases and to both ideal and nonideal 
systems. (This relation is, moreover, the basis for the reduction in 
degrees of freedom that entered into the deduction of the phase rule 
in Sec. 18-5, when a component distributes itself between two or more 
phases.) 

Further treatment is best presented by considering first those 
solutions that can be classed as ideal. Then, in the second part of 
the chapter, the modifications necessary to include solutions that 
show all types of behavior can be dealt with and use can be made of 
the relationships of general to ideal behavior. 

The entire chapter wil! be restricted to solutions containing non- 
electrolytes. Solutions of electrolytes, i.e., acids, bases, and salts 
that may dissociate to form ions, require a sufficiently special treat- 
ment and will be postponed to a later chapter. 


19-1. THE THERMODYNAMIC PROPERTIES 
OF IDEAL SOLUTIONS 


As mentioned in Sec. 18-13, ideal solutions are characterized by 
vapor-pressure curves of the type shown in Fig. 18-17, by a zero heat 
of mixing, and by a solution volume that is the sum of the component 
volumes. The linear vapor-pressure relations correspond to the 
vapor-pressure equations 


Pe= XaP4 
and 

Pz = xpP3 [5] 
A solution whose vapor-pressure-composition dependence conforms 
to these equations is said to obey Raoult’s law. Thus conformity to 
Raoult’s law is part of ideal behavior. 


It is informative to rearrange the vapor-pressure expression of 
Eq. [5] and insert the fact that the mole fractions of the components 
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must add up to unity to give 


P4 = X4Pi = (1 — xp)Pi 
Py Pye Pex 


and 
and similarly, 
=e = [6] 


where AP, and AP, are the lowerings of the vapor pressures from 
their values for the pure components. 

From these expressions the independence of the vapor pressure 
of an ideal solution from the individual behavior of the components 
is evident. The relative lowering of the vapor pressure of compo- 
nent A, for example, depends only on the mole fraction of component 
B and is independent of all other characteristics of the components 
of the system. It is such a feature of solutions obeying Raoult’s law 
that merits their description as ideal. 

Consideration of the liquid-vapor equilibria that are established 
by systems that obey Raoult’s law leads to thermodynamic relations 
for an ideal solution. At equilibrium between the liquid and the vapor, 
Eq. [4] can be used to give 


bi (soln) = pi (vap) [7] 


Furthermore, if the vapor is assumed to behave as an ideal gas, 
the chemical potential of the equilibrium vapor can be related to the 
vapor pressure P; of the component by 


i (Vap) = yw; (vap) + RT In P; [8] 


which is equivalent to the expression developed in Sec. 8-4. It will be 
recalled that this expression depends on ideal gas behavior and that 
uu; is the chemical potential, or molal free energy, of the 7th compo- 
nent at 1 atm pressure. Substitution of this’relation in Eq. [7] gives’ 


Hs (soln) = yw? (vap) + RT In P; [9] 
Raoult’s law now allows the further substitution 

JP) = ayJPe 
where x; is the mole fraction of component z, to give 

14 (soln) = p? (vap) + RT In P? + RT In x; [10] 


The first two terms on the right are constant at a given tempera- 
ture and pressure, and they can be combined and designated by (u2y. 
With this notation we have the important result, applicable to solutions 
obeying Raoult’s law and having vapors that behave according to 


[PW = nRT, 
ui (soln) = (u?Y + RT In x; [11] 


The term (u°)’ can now be recognized as giving the chemical 
potential of the pure liquid (when x; = 1, the final term vanishes) at 
a pressure of 1 atm. One might perhaps emphasize this by using 
free-energy instead of chemical-potential terminology since (yu; )’ rep- 
resents nothing different from the familiar G;, that is, the molar free 
energy of the pure liquid component z at 1 atm pressure. 

Equation [11] is the important counterpart of the free-energy 
expression, Eq. [8], for ideal gases. It could, for example, be used to 
develop an equilibrium-constant expression for a reaction in solution 
in the same manner as the expression for a gas-phase system was 
developed in Sec. 8-7. 

Now that we have a convenient expression for the chemical 
potential of a component in an ideal solution, we can deduce the ther- 
modynamic changes that take place when such a solution is formed. 

If 1 mole of a solution is formed from x4 moles of component A 
and xg moles of component B, the net change in free energy from the 
unmixed components to the mixed components will be 


AG = x4(AG4) + Xp (AGa) [12] 


The changes in the molar free energy of the components are given 
by Eq. [11], which can be rewritten as 


G; (soln) — Gj = RT In x; 
Such relations for A and B convert Eq. [12] to 
NG = REGAIN x4 + Xp In xp) [13] 


where the subscript has been added to AG to describe the process 
being considered. 

One should check this important thermodynamic result by veri- 
fying that the mixing of two components that form an ideal solution, 
which is certainly a spontaneous process, has associated with it a 
negative free-energy change. For the formation of 1 mole of an ideal 
solution from 4 mole of A and 4 mole of B, for example, one calculates, 
At DOG, 

AG mixing 

= (1.987)(298)[(0.5)(2.303) log 0.5 + (0.5)(2.303) log 0.5] 
= —412 cal 


The remaining thermodynamic properties that will interest us 
are the enthalpy and the entropy. 

The enthalpy change for the mixing process can be deduced 
from the temperature dependence of the free-energy change implied 
by Eq. [13] and the relation between AH and AG, 
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616 given by Eq. [63] of Chap. 8. It follows, since AGwixing/T is a tem- 
perature-independent function, that AH nixing is Zero for an ideal solu- 
tion. 

Now the thermodynamic relation, for constant temperature, 
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ING) == INGE — PINS) 
can be used to give 


Na ltstines =3 AGwarne 
At 


= —R(x4 In x4 + Xp Inxp) [14] 


ASmnine = 


The driving force for the spontaneous solution of the two com- 
ponents of an ideal solution is thus seen to be the entropy factor rather 
than an energy or enthalpy factor. The thermodynamic properties 
for the formation of 1 mole of solution of any composition can be 
readily calculated from Eqs. [13] and [14]. Table 19-1 shows some 
calculations, and Fig. 19-1 illustrates these results graphically. It is 
generally more convenient to show the entropy factor as TEN Secing 
rather than simply as ASmixing. When this is done, the relative con- 
tributions of the enthalpy and entropy to the free energy, according to 


AG = AH — TAS 


are more immediately apparent. 

An understanding of the molecular basis for the increase in 
entropy, when two components are mixed to form an ideal solution, 
will form a valuable introduction to the understanding of all solution 


processes. A molecular explanation of the solution process will now 
formation of 1 mole of be given. 


TABLE 19-1 
The free-energy and 
entropy changes for the 


an ideal binary solution 


——___---er——— 


Mole fractions ae Sane AS tee AG mae AS ee 
eS ae, (cal/deg mole) _at 25°C (cal/mole) ; 
1 0 0 0 0 0 
0.9 0.1 —0.107 — 0.458 0.565 — 168 
0.8 0.2 — 0.355 — 0.640 0.995 —29] 

0.7 0.3 — 0.497 —0.718 1.215 — 362 
0.6 0.4 — 0.609 —0,728 1.337 — 399 
0.5 0.5 — 0.689 — 0.689 1.378 — 41] 
0.4 0.6 — 0.728 — 0.609 1.337 — 399 
0.3 0.7 — 0.718 —0.497 1.215 — 362 
0.2 0.8 — 0.640 —0.355 0.995 —29] 
0.1 0.9 — 0.458 —0.107 0.565 — 168 
0 ] 0 0 0 0 


19-2. THE MOLECULAR INTERPRETATION 
OF THE ENTROPY OF MIXING 


In Secs. 7-7 and 9-6 we saw that entropy is related to the probability 
of the state of the system or the number of arrangements that corre- 
spond to that state of the system. It is necessary now to show that a 
mixture of components corresponds to a state with a higher proba- 
bility than do the separate components. If the numbers of arrange- 
ments of the molecules that make up the mixed and unmixed states 
can be deduced, the entropy of mixing can be obtained from the basic 
relation, introduced in Sec. 9-6, 


s=kinw [15] 


where W is the probability of the state, and k is Boltzmann's constant. 

This relation has already been used in Sec. 9-6 to determine the 
entropy of a compound as a result of the distribution of molecules 
throughout available energy states. Now we shall use it to determine 
the entropy of formation of 1 mole of an ideal solution. 

Consider 1 mole of the two-component liquid system to consist 
of a hypothetical lattice with an Avogadro’s number of lattice sites, 
in which the Avogadro’s number of molecules can be placed. One 
mole of pure component A can be accommodated by placing one 
molecule of A in each of the sites. Only this one arrangement is pos- 
sible because the molecules of A must be considered to be indistin- 
guishable, and placing them in the lattice in a different order would 
not lead to a really different arrangement. 

When 1 mole of solution consisting of N4 molecules of A and 
Nez molecules of B is placed in the lattice, there will be a number of 
different kinds of molecules throughout the lattice. This large num- 
ber of arrangements, all constituting the same state, i.e., the solution 
of A and B, corresponds to a high probability. 


CAL/MOLE OF SOLUTION 
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The total number of different ways that N objects can be 
arranged in WN lattice sites is N!, as can be verified by counting 
the number of ways of arranging several numbers in a line. For 
the system of N4 molecules of A and Ng molecules of B, where 
Na + Ng = %, we see that there are a total number of arrangements 
I! but that, of these, many correspond to the interchange of A parti- 
cles with other A particles and likewise interchanges of B particles 
with other B particles. The number of rearrangements of A particles 
that must not be counted as leading to different arrangements is N4!, 
and the number of rearrangements of B particles that must not be 
counted is Ng!. The net number of significantly different arrange- 
ments of the system which is the probability is 


SiG! 
~~ N4l Ne! [16] 


This result, it will be recalled, is analogous to that arrived at in Sec. 4-2 
in a different connection. 

The result (Eq. [16]) for the probability of a mixture of A and B 
allows the calculation of the entropy of mixing as 


MU! 
ASnnixing = WINUD 
S; a= 12 lin Nilo! 
= k|nv! — kIn Ng! — kin Nz! [17] 
This expression can be put in a more useful form by recognizing that 
9, Na, and Nz are very large numbers, of the order of Avogadro's 
number, and that Stirling’s approximation 
ined! = gelings = a [18] 
can be used. Thus 
NS arane = kM In WN = 29 = (RN 4 In Na _ RN4) 
— (RNg|n Ng — kNz) 
= kUIn 0 — RNa|ln Ng — RNg|In Ng [19] 
where three terms have been canceled because of the relation 


Na+Ng=%. This relation, N4 + Ng =, can furthermore be 
inserted to give 


orang =k (NA Nz) In = kN, |n Ni kNg|n Ne 


N. N. 
= —kN ae = EB 
alin or kNg In or 
aw ING N. N. N 
(ei ee: B 
ee), Die ty QM UD) N n N [20] 


Finally, the mole-fraction notation can be used, that 1S ea = Wi 


and xg = Np/%N, and the gas constant R can be inserted in place of 
kV to give 


ASywraing = —Rx, In xA— Rxzl|n XB [21] 


We have arrived, by this molecular derivation, at the same result for 
the entropy of mixing as we obtained from Raoult’s law and thermo- 
dynamic deductions. The thermodynamics of the formation of an 
ideal solution can be understood, therefore, simply in terms of mole- 
cules of two distinguishable types that do not have any special inter- 
actions with one another. 


19-3. VAPOR PRESSURES AND THERMODYNAMICS 
OF NONIDEAL SYSTEMS: GENERAL CONSIDERATIONS 


For solutions other than those carefully chosen ones whose vapor 
pressure follows Raoult’s law, the vapor-pressure-composition curves 
can take on various shapes, as illustrated by Figs. 18-18 and 18-19. 
It is convenient to recognize solutions of the type that shows vapor 
pressures lower than those predicted by Raoult’s law and those of 
the type that gives higher vapor pressures than predicted by Raoult’s 
law. The system chloroform-acetone shows a vapor pressure lower 
than ideal, as do the systems ether-hydrogen chloride, pyridine—acetic 
acid, and water-nitric acid. The behavior exhibited by carbon tetra- 
chloride-methyl alcohol is representative of that shown by systems 
such as pyridine-water, chloroform-ethyl alcohol, carbon disulfide- 
acetone, and cyclohexane-benzene. In addition to all the systems 
listed here, which show very large deviations from ideal behavior, 
there are, of course, many systems which are more nearly ideal. The 
nonideal behavior of such systems, however, is less easily explained, 
and for this reason only the very nonideal solutions will be considered. 

The systems listed as showing vapor pressures lower than ideal 
can be recognized as having interactions between the molecules of 
the different components that are different from the interactions be- 
tween the molecules of an individual component. They consist of 
mixtures of somewhat acidic and somewhat basic molecules. On 
mixing, these will interact with one another, and in the chloroform- 
acetone example, this interaction takes the form of hydrogen bonding; 
i.e., 

Pus 
ClsC—H---O=C. 
CH3 


It can be expected that heat will be evolved when the solution is 
formed (for chloroform-acetone this can easily be noticed if the two 
components are mixed in a test tube). The nonideal behavior can be 
accounted for, in part, by a negative enthalpy of mixing in contrast to 
the zero enthalpy of mixing of an ideal solution. 

The association of the components on mixing will also change 
the entropy from that calculated for an ideal solution. Very quali- 
tatively, one might expect that the association in the solution would 
tend to restrict the motion of the molecules, and in view of the general 
discussion of entropy and freedom in Sec. 7-7, this would be expected 
to give the system less entropy than in the ideal case. 
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FIGURE 19-2 

The changes in the ther- 
modynamic functions for 
the formation of 1 mole of 
a chloroform-acetone 
solution at 25°C. 
(Sketched from the data 
of I. Prigogine and 

R. Defay, “Thermo- 
dynamique chimique,” 
Desoer, Liége, 1950.) 
The dotted lines show 


ideal behavior. 


Thus our expectations are that for a system like chloroform- 
acetone the enthalpy of mixing should be negative and that the entropy 
of mixing might be less positive than for an ideal solution. Experi- 
mental data can be obtained which verify these hypotheses. The 
enthalpy of mixing can be obtained by measuring the temperature 
change for the formation of solutions of various compositions. The 
free energy of the solution can be calculated from the measured vapor 
pressures of the two components in the manner indicated for an ideal 
solution in Sec. 19-1. The entropy of solution is then calculated from 
the thermodynamic relation 


AN Chestiaines — ANG hevesane as ig NS nici [22] 


In this way the curves of Fig. 19-2 are obtained. The lower-than-ideal 
total vapor pressure of Fig. 18-18 implies the more negative than ideal 
free energy of enthalpy of mixing. The smaller entropy driving force 
that occurs than for ideal solutions is not sufficient to cancel out this 
heat effect. 

In a similar manner the high-vapor-pressure systems like that 
of Fig. 18-19 can be understood. Systems that show this behavior are 
frequently those made up of a component that is itself associated, as 
are water and alcohols, and a more or less inert component. Mixing 
tends to break up some of the association, and a positive enthalpy 
term can be expected because of the heat required to break up the 
associated component. The data for the carbon tetrachloride—methy| 
alcohol system (Fig. 19-3) indicate that it is primarily this enthalpy 
effect which produces the free-energy effect. The region of negative 
heat of mixing and the appreciable entropy term should, however, 
caution against the use of qualitative arguments, such as those used 
here, when other than very large effects are being considered. 
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Let us now attempt a more quantitative treatment of nonideal 
solutions with the goal of deducing the thermodynamic properties of 
the components of the solution from the vapor-pressure data in 
a manner parallel to that used for ideal systems. In doing this it is 
convenient to consider separately the major component, the solvent, 
and the minor component, the solute. 


19-4. SOLVENTS OF NONIDEAL SOLUTIONS: 
THE ACTIVITY AND ACTIVITY COEFFICIENT 


For solutions having vapor pressures that obey Raoult’s law, the con- 
venient free-energy, or chemical-potential, expression of Eq. [11] was 
obtained. For nonideal systems the free energies of the components 
could again be determined by inserting into Eq. [8], instead of Raoult’s 
law, an expression for the actual dependence of vapor pressure on 
mole fraction. This treatment, as for the comparable one discarded 
when gases were dealt with in Sec. 8-5, would lead, in contrast to 
Eq. [11] for ideal systems, to a very awkward expression for nonideal 
systems. This procedure is again avoided, and one writes, even for 
nonideal systems, the expression 


Bi — Li + RT \Ina; 


which is of the same form as the equation developed for ideal systems. 
Since we shall be dealing with the solvent in this section, the subscript 
will be written as A to designate the solvent; thus 


Hs = pa + RT In ag [23] 
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FIGURE 19-3 

The thermodynamic 
changes for the forma- 
tion of one mole of a 
carbon tetrachloride- 
methyl alcohol solution 
at 25°C. The dotted 
lines show ideal be- 
havior. (Sketched from 
the data of I. Prigogine 
and R. Defay, “Thermo- 
dynamique chimique,” 


Desoer, Liége, 1950.) 
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In this expression 4 is the chemical potential of the solvent, m4 is 
some reference chemical potential which will be considered below, 
and ay, the activity, is a function which, when inserted into Eq. [23] 
for a given solution, will yield the observed solvent chemical potential. 
For ideal solutions it is clear that the activity will be identical with the 
mole fraction and that for nonideal behavior the values that a, takes 
on will be somewhat different from the mole fraction. 

It is important to recognize now that, as mentioned in the 
previous section and illustrated in Sec. 18-13, one observes that as 
all solutions approach infinite dilution, the vapor pressure of the 
solvent approaches the behavior required by Raoult’s law. Such be- 
havior can be noticed in the component vapor-pressure curves of 
Figs. 18-18 and 18-19. It follows that, as infinite dilution is ap- 
proached, the activity will become identical with the mole fraction, 
and in the limit of pure solvent, the activity will equal the mole fraction, 
which then is unity. At this limit RT’ In a4 goes to zero and, accord- 
ing to Eq. [23], the chemical potential is equal to w4; that is, as for 
ideal solutions, the standard state for the solvent is the pure solvent. 

Comparison of the ideal-solution equation 


hy = on + Jee 9l' a) Sey 
with the thermodynamic general expression 
Ma = ba + RT In ay 


suggests the introduction of an activity coefficient defined by 
y=— or a4 = YXA [24] 


The activity coefficient shows, by its variation from unity, the 
nonideality of the solution. Since the solvents of all solutions that 
are sufficiently dilute obey Raoult’s law, the value of y approaches 
unity for the solvent of any solution as the solute concentration 
approaches zero. 

The most direct way of evaluating the activity a, or the activity 
coefficient y is to measure the partial pressure of the solvent over the 
solution and the vapor pressure of the pure solvent. The difference 
in the molar free energies of the vapor of the solvent over the solution 
and the vapor over the pure solvent is given as RT In (P/Po), and this 
is the difference in molar free energies, or chemical potentials, of the 
solvent in the solution and in the pure solvent. 

We can thus write 


fa = fy = IRIN Gy 


P 
= RTIn= [25] 


and then can evaluate the activity from 


= [26] 


C— 


and the activity coefficient y from 


a4 Ie 
ney Fae Re [27] 
The vapor-pressure data of the liquid-vapor equilibrium dia- 
grams of Chap. 18 provide the necessary data for such a calculation 
of activity and activity coefficients. Some values for the activities 
and activity coefficients for these systems are shown in Table 19-2. 
The factors that operate to make the activity coefficients greater or 
less than unity are of course the same as those mentioned in the 
previous section in connection with the free energy of mixing in the 
formation of solutions. 
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The activities and 
activity coefficients of 
solvents on the assump- 
tion of ideal gas be- 


havior by the vapor* 


Solvent benzene Solvent toluene 
(solute toluene, 20°C) (solute benzene, 20°C) 


Mole fraction 


Mole fraction Activity Act. coeff. toluene Activity Act. coeff. 
x a i x a Y 
1.00 1.00 1.00 1.00 1.00 1.00 
0.67 0.65 0.97 0.77 0.78 1.01 
0.55 0.54 0.98 0.57 0.55 1.07 
0.43 0.46 1.07 0.45 0.47 1.04 
Solvent acetone Solvent CHCl; 
(solute CHCl3, 35°C) (solute acetone, 35°C) 
x a Y x a Y 
1.00 1.00 1.00 1.00 1.00 1.00 
0.94 0.94 1.00 0.92 0.91 0.99 
0.88 0.87 0.99 0.81 0.76 0.94 
0.73 0.70 0.96 0.66 0.55 0.83 
0.63 0.57 0.90 0.58 0.48 0.83 
0.51 0.42 0.82 0.49 0.38 0.78 
Solvent CH30H Solvent CCl4 
(solute CCl4, 35°C) (solute CH30H, 35°C) 

x a Y x a Y 
1.00 1.00 1.00 1.00 1.00 1.00 
0.91 0.95 1.04 0.98 0.99 1.01 
0.79 0.88 1.11 0.87 0.97 ial 
0.66 0.84 1.27 0.64 0.94 1.47 
0.49 0.80 1.63 0.51 0.92 1.80 
0.36 0.78 2.16 0.34 0.87 2.56 


*The data are from R. Bell and T. Wright, J. Phys. Chem., 31:1884 (1927); J. von 
Zawidski, Z. Physik. Chem., 35:129 (1900); J. Timmermans, “Physico-chemical Con- 
stants of Binary Systems,” vol. 2, Interscience Publishers, Inc., New York, 1959. 
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19-5. SOLUTES OF NONIDEAL SOLUTIONS 


For some solutions, particularly those made up from liquid compo- 
nents and those with a wide range of the relative amounts of the com- 
ponents, it is not desirable to designate components as solute and 
solvent. Then both the components can be treated in the manner 
indicated in the previous section, where, it will be recalled, the pure 
component was taken as the standard state. For other solutions, 
particularly when a component is a solid or a gas and is present in 
relatively small amounts, it is convenient to designate this component 
as a solute and to refer its thermodynamic properties to a different 
standard state. ; 

Let us first recall the general result, shown by the vapor-pressure 
curves such as those of Figs. 18-18 and 18-19, that the vapor pressure 
of a solute of a dilute solution conforms to Henry’s law; i.e., this vapor 
pressure is proportional to the mole fraction of the solute in the solu- 
tion. Furthermore, the mole fraction and the molar concentration 
become proportional to one another as the solution becomes more 
dilute, and Henry's law for these dilute solutions can be written as 


Pz = kxp or J — 10101 [28] 


where xg and WM are the mole fraction and the molar concentration of 
the solute, component B, of the solution, and k and k’ are Henry-law 
constants. 

The relative molal free energies, or chemical potentials, of a 
solute at two concentrations can be written in terms of the vapor pres- 
sures of the solute over the two solutions as 

P2 

(us)2 — (ua)hr = RT In Pi [29] 
Furthermore, if the two solutions are dilute enough to conform to 
Henry’s law, one obtains, by insertion of Eq. [28], 


- = M, 
(u)2 (up)1 = RT |In M, 


or ’ [30] 


(ug)e — (us). = RT In 22 
xy 


To proceed to a satisfactory treatment of the thermodynamics 
of solutes, we must now see how to select a reference state to which 
the chemical potentials of solutes can be referred. Now, the pure 
solute material is not a convenient standard, because the properties 
of the pure-solute material are generally very different from those of 
the solute in the solution and, furthermore, they are often not perti- 
nent to the problems that arise when the solution is dealt with. 

For solutes of solutions that satisfactorily obey Henry’s law, 
and therefore Eqs. [30], up to molar concentrations, it is convenient 
to choose the standard state as the solution at unit molar concentra- 


tion. Then one writes 


gp ig ERT in 


1M 
or [31] 
Pp = Bp + RT In M 


where pg is the chemical potential of the solute in a 1 M solution and 
where, in the second form of Eqs. [31], the fact that M, the molarity of 
the solute, is the ratio of the molarity to unit molarity is implied. 

Solutions whose solute does not obey Henry’s law up to a con- 
centration of 1 mole/liter present a situation very much like that 
treated in Sec. 8-6 for real gases that do not behave ideally up to 
a pressure of 1 atm, the standard-state pressure for ideal gases. 

As for gases, one could choose some very low concentration 
where uniformity to the ideal law, in this case Henry's law, was assured 
for the standard state. Such a procedure would not be consistent 
with that adopted for ‘‘ideal’’ systems, i.e., when Henry’s law is 
obeyed to higher concentrations. As for gases, the accepted proce- 
dure is to choose the standard state as the hypothetical state that the 
solute would have if Henry’s law were obeyed up to a concentration of 
1 mole/liter. This procedure is suggested graphically in Fig. 19-4. 

With this definition of the standard state for solutes one can 
write 


ie Jat RE ae [32] 


where jz is the chemical potential of the hypothetical standard state, 
and ag will be a function which, in view of Eqs. [31], will deviate from 
the molar concentration to the extent that the solute deviates from 
Henry-law behavior. 

Comparison of Eq. [32] with Eqs. [31] suggest, again, the intro- 
duction of an activity coefficient defined now, usually, as 


= Ue 


we 
HENRY'S LAW 
Lat 


STANDARD 
STATE 


PARTIAL PRESSURE OF SOLUTE —> 


MOLAR CONCENTRATION OF SOLUTE ——> 
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FIGURE 19-4 

The standard state of 

a solute in a solution in 
which Henry’s law is 
not obeyed up to a con- 
centration of 1 
mole/liter. (The vapor 
of the solute is assumed 
to behave ideally so that 
its vapor pressure and 


fugacity can be equated.) 
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Since the activity ag is dimensionless (it is, as will be recalled by re- 
turning to the discussion of nonideal gases, the ratio of the fugacity 
of a solute to the standard-state fugacity), so also is the activity coeffi- 
cient. This fact, however, is not exhibited if, as is often done, Eq. [33] 
is written more simply as y = a/M. With the introduction of the 
activity coefficient, the chemical potential of the solute of a solution 
can be written as 


Lp = be + RT In yM [34] 


It is, of course, also possible to continue to compare the activity 
of the solute with the mole fraction rather than the molarity of the 
solute. This procedure is more consistent with that used for solvents 
but, because of the chemist’s tendency to deal with solute concentra- 
tions in terms of molarity, is not generally used. If it is followed, the 
activities of Eq. [32] are made equal to mole fractions for dilute solu- 
tions, and the activity coefficient is defined as 


ag 
XB 


Values of y so defined will be different from those derived from Eq. 
[33], and it must be made clear when activity coefficients are used on 
what concentration term they are based. 

To illustrate the use of relations like Eqs. [32] and [34], let us 
now consider one way of determining the activities and activity 
coefficients of nonelectrolyte solutes. 


19-6. THE GIBBS-DUHEM EQUATION AND THE 
DETERMINATION OF SOLUTE ACTIVITIES 


It is often not feasible to determine the chemical potentials and the 
activities of solutes from Eq. [29] and measurements of the vapor 
pressure of the solute. For nonvolatile solutes, for example, it is 
clearly necessary to have an alternative procedure, and here one that 
depends on the relation between solute and solvent properties as 
given by what is known as the Gibbs-Duhem equation will be devel- 
oped. Here, specifically, we shall develop the relation between the 
free energies or chemical potentials of a single solute and the solvent 
of a solution. 

The free energy of 1 mole of a solution can be written, as was 
shown in Sec. 6-8, as 


G = X4va + XBUB 


This state function can be differentiated to show, for constant temper- 
ature and pressure, the dependence of the free energy of a mole of 
solution on composition as 


de = x4 dpa + ps dx, + xp dug + Up axp [35] 


Another relation can, however, be written for dG. At constant 


T and P, one can write, as we did before the introduction of chemical 
potentials, the complete differential 


dG = (2) dn, + (22) dng 
Ong /ng Ong] n, 


which, with the chemical-potential notation, becomes 
dG = [La dny + LB dnpz [36] 


This free-energy change can be put on the basis of 1 mole of solution 
by dividing by n4 + np to give 


1G dn dn 
iia: Seen a a eB 
na + Ng i na + Np Ea na + Np 
= PA dx, + UB dxz [37] 


Comparison of this expression with Eq. [35] leads to the impor- 
tant equation, an example of the Gibbs-Duhem relation, 


x4 dus + Xp dup = O [38] 


This result will now be used to show that chemical potentials, or 
activities, of the solute can be deduced from data for the solvent. 

We first recognize that, for both solvent and solute, i.e., for any 
choice of standard state, the chemical potential is related logarithmi- 
cally to the activity by du = d(In a) and Eq. [38] can be rewritten as 


xp d(In ag) = —xX,4 d(In ag) 
or 
din ag) = — ~4 d(In aa) [39] 
XB 
Now an integration can be performed to yield information on 
the solute activity from data on the composition of the solution and 


the solvent activity. The integration can be performed graphically, 
as in Fig. 19-5, and the difference In ag — !n ag or In (ag/ag) for two 
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FIGURE 19-5 

A plot for the integra- 
tion of Eq. [39] for the 
system water-sucrose 
at 50°C. The shaded 
area is used to obtain, 
as an example, the dif- 
ference in solute activi- 
ties between the solute 
mole fractions 0.0177 
and 0.0593. 
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TABLE 19-3 

The activities of water 
and sucrose in water- 
sucrose solutions at 0°C 
obtained from the vapor 
pressure of water (data 
given in The Interna- 


tional Critical Tables, 


vol. II, p. 293, McGraw- 


Hill Book Company, 
New York, 1928) and the 
Gibbs-Duhem relation 


solutions can be deduced from the area under the curve between the 
composition points («4/xg)’ and (x4/xp)”. Although it is clear that 
some difficulties (which can be avoided by different graphical treat- 
ments) enter as infinite dilution is approached because of zero values 
for xg and az, and therefore an infinity in In ag, the integration can be 
started at some solution dilute enough so that Henry’s law is obeyed. 
When this is done, results for In ag, and ag, can be determined for 
solutions of higher concentrations. Results are shown for solutions 
of sucrose in water in Table 19-3. 


PROBLEMS 


1 Calculate the mole fraction, the activity, and the activity coefficient for 
water for solutions at 100°C containing: 
a 11.8 g NaCland 100 g water, for which the vapor pressure is 708 mm Hg. 
b 35.4 g NaCl and 100 g water, for which the vapor pressure is 585 mm Hg. 
ATtSaye—nOLO ile 


2 Deduce the activities and activity coefficients for CCl, and for CH3CN 
dissolved in one another at 45°C from the data of Prob. 18 of Chap. 18. 
Use the pure material as the standard state for each component. Plot 
on a single diagram the activities of each component against the composi- 
tion of the solution. Add dashed lines to this diagram to show the results 
that would have been obtained if the solution had behaved ideally. 


3 The following data for the heat of mixing of carbon tetrachloride and 
acetonitrile at 45°C have been reported by I. Brown and W. Foch [Aust. 
J. Chem., 9:180 (1956)]. 


Xec, 0.128 0.317 0.407 0.419 0.631 0.821 
Na haves 
(cal/mole soln) 99 179 206 205 222 176 


From these data and those of Prob. 2, prepare a figure showing AH. 
AGmix, and T AS,,ix for the system CCl4-CH3CN at 45°C. 


mix» 


eee rr 


Molality of Mole fractions Vapor pressure 
microce of water. mm Qwater sucrose 
Sucrose Water d 
ee 
0 0 1.000 4.579 1.000 0 
0.2 0.0036 0.996 4.562 0.996 0.0036 
0.5 0.0089 0.991 4.536 0.990 0.0089 
1.0 0.0177 0.982 4.489 0.980 0.019 
ae 0.059 0.941 4.195 0.916 0.146 
45 0.075 0.925 4.064 0.888 0.238 
5.0 0.082 0.918 3.994 0.872 0.292 
6.0 0.098 0.902 3.867 0.845 0.403 


4 Use the activity data for CH30H given in Table 19-2 for the system 629 
CH30H-CCl, to check, by the Gibbs-Duhem equation in the form given 
by Eq. [39], the activity difference between xoc, = 0.51 and xo, = 0.34. HTeTeT 


5 Use the results obtained in Prob. 2 for the activities of CCly and the Gibbs- 
Duhem equation to deduce the activities of acetonitrile in these solutions. 
Compare with the results obtained by the use of the acetonitrile vapor 
pressures. 


6 According to Kq. [39], there is a relation between changes in the logarithms 
of the activity coefficients of the two components of a binary solution. 
Plot for the system CCly-CH3CN, for which the activity data have been 
calculated in Prob. 2, log aq, and log a@cx,cn versus the solution composi- 
tion, and see if the relationship of Eq. [39] can be recognized in the figure. 
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CHAPTER 
TWENTY 


THE COLLIGATIVE PROPERTIES 


There are four properties of solutions that depend on the nature of 
the solvent and the mole fraction of the solution but not on any of the 
properties of the solute. These four properties are known as colliga- 
tive properties, and with the background on the thermodynamics of’ 
the solvent that has been developed in the preceding chapter, we can 
now begin to investigate them. Colligative properties play an impor- 
tant role in many areas of chemistry because, by their dependence on 
the number of moles of solute, they provide a method for determining 
this number from a measured value of one of the colligative proper- 
ties. This datum, as we shall see, then allows the molecular weight 
of the solute to be determined. 

Often encountered, and particularly simple to treat, are solu- 
tions made from a solvent and a nonvolatile solute. | Then the total 
vapor pressure of the solution is the vapor pressure of the solvent. 
Attention now will be restricted to such systems. 


20-1. THE VAPOR-PRESSURE LOWERING 


The vapor pressure of dilute solutions follows Raoult’s law, and one 
can write immediately the vapor-pressure equation 


P= abe [1] 


where x4 is the mole fraction of the solvent and, since the solute is 
nonvolatile, P and P° represent the vapor pressure of the solvent, or 
the solution. More convenient for the treatment of dilute solutions 
are expressions involving the mole fraction of solute, and the Raoult- 
law expression can be rewritten, as shown in Sec. 19-1, as 


P= — an" 
or 


Pot em (2] 


The lowering P° — P of the vapor pressure is thus seen, for dilute 
solutions of nonvolatile solutes, to depend only on the mole fraction 
of the solute and is therefore one of the colligative properties. Use of 
this expression, Eq. [2], to deduce xg, and thus the molecular weight 
of a solute, from vapor-pressure-lowering measurements could be 
illustrated, but such a procedure will be postponed to the next colliga- 
tive property to be dealt with, the boiling-point elevation. 


20-2. THE BOILING-POINT ELEVATION 


The boiling point is that temperature at which the vapor pressure of 
the liquid is equal to the external, usually atmospheric, pressure. The 
addition of a nonvolatile solute, which according to Raoult’s law must 
lower the vapor pressure, requires a higher temperature to be reached 
before the solution vapor pressure is equal to the external pressure. 
The added solute produces, therefore, a boiling-point elevation. An 
expression for this quantity is now obtained from consideration of the 
vapor-pressure-temperature diagram. 

The vapor-pressure curves for a pure solvent and for a solution 
consisting of an infinitesimal amount dxg of solute are represented, 
near the boiling point, in Fig. 20-1. The decrease in the logarithm of 
the vapor pressure due to the addition of the solute is given, in view 
of Eq. [2], as 


@ = dn P) = — arp [3] 
The solution can be made to boil by raising the temperature until the 
vapor pressure is increased by an amount that compensates for the 
lowering of Eq. [3]. The temperature dependence of vapor pressure 
has been shown in Sec. 16-1 to be given by the Clausius-Clapeyron 
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FIGURE 20-1 

Terms involved in the 
boiling-point elevation 
aT, produced by the 
addition of solute to a 


solvent. 


equation 


d(In P) _ Atyap 


are Ri 
or 
- ANS brag 4 
din P) = eee aT [4] 


The decrease in vapor pressure, due to the solute addition, can 
be balanced by the increase, due to the temperature rise. Thus 


an Byori AF d(|n Jed eas = 0 


or 
AHyap oe 
and 
— RP»? 5 
aly, = AHyap dx [5] 


where the fact that we are dealing with the boiling point has been in- 
dicated by writing Typ. For dilute solutions, AHya, will have very 
nearly the value of the heat of vaporization of the pure solvent. The 
boiling-point elevation for dilute solutions is therefore independent of 
all properties of the solute except its mole fraction in the solution. 
Thus the boiling-point elevation is another colligative property. 

A somewhat closer look at the approximations involved in this 
useful result can be obtained by an alternative derivation which de- 
pends on the recognition that, at the normal boiling point, the chemi- 
cal potential of the solvent in the solution must be equal to that of the 
vapor at 1 atm pressure. An expression for the difference in the 
chemical potentials of the solvent in solution and in the vapor can be 


/ 


PURE SOLVENT / 


/sovution 
/ 


bp 


VAPOR PRESSURE ———> 


T 


bp (solvent) Tibp (solution) 


TEMPERATURE ————> 


set up, and then the temperature lowering required to bring this dif- 
ference to the value produced by the addition of the solute can be 
found. 

The chemical potential of the solvent in dilute enough solutions 
so that ideal behavior is exhibited is given by the expression obtained 
in Sec. 19-1, which now will be written as 


wy = we + RT In x4 


where the subscript 7 reminds us that we are concerned here with the 
liquid phase, and x, is the mole fraction of solvent. It will be recalled 
that wu? is the chemical potential of the pure solvent. At the boiling 
point of the solution, where equilibrium exists with the vapor at the 
externa! pressure, which we shall take to be 1 atm, 1; must be equal 
to us, the chemical potential of pure solvent vapor at 1 atm. We thus 
can write, for the boiling point of the solution, 


by = wy + RT In x4 [6] 


These chemical potentials are clearly nothing more than the molar free 
energies of pure solvent vapor and pure solvent liquid, and rearrange- 
ment of Eq. [6], with the introduction of free-energy notation, gives 


OF SG = EI in sey [7] 


The temperature dependence of this equality can be recognized 
by recalling, from Sec. 8-9, the constant-pressure relation 


G/T)... H 
pa ae ele 
or 
a(AG/T) _ _ AH 13] 
oT T? 


which allows Eq. [7] to be converted to 


d In XA mae Alvan [9] 
cd y fe es 


where AHyap equals H> — H;. 

The lowering of the boiling point, for the addition of solute to 
give a solution with solvent mole fraction x4, can be obtained by the 
integration from x4 = 1 and T = Ty for the pure solvent to x4 and 
T for the solution. If the temperature range is small, AHyap will be 
effectively constant and the integration can be written 


= [va In ye Nive Wal 
1 


R T T2 
which gives 
os AByap (7 1 ) = Aten (2 = 70) 1 
a Aap N DS 7 Ri aehT [10] 


The difference in temperatures can be designated as AT»p and 
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TABLE 20-1 
Molal boiling-point- 
elevation constants at 


I atm pressure 


for small values of AT}, the product TT» can be replaced by Tpp?. 
Finally, —In x4 can be rewritten in terms of the solute mole fraction 
and expanded to give 


— In va = — Ini (a) gt oXBe ee 


The series for small values of xg can be approximated by xg. Thus we 
finally have the result 


ATS ae [11] 
previously obtained by a more graphical derivation. 

It is customary in colligative-property work to use molality rather 
than mole fraction of the solute. Molality, represented by m, was ' 
defined as the moles of solute per 1000 g of solvent. If 4 is the num- 
ber of moles of solvent in 1000 g of solvent, then 


ng+m ng 

where the final simplification results, since, for dilute solutions, m is 
much less than ny. The quantity n4, for any solvent A, is readily 
calculated as 1000/(mol wt),. 

In terms of molality, the boiling-point elevation is written as 

2 
A Nn [13] 
The expression in parentheses is called the boiling-point elevation 
constant, or the ebullioscopic constant, and is frequently represented 
by Kpp. With this notation we have 


NI Dsp — Kypm [14] 
where 
RT yp2 
Ko = ps 
bp na AHyap [15] 


Some results comparing the values of Ky, from Eq. [14] and 
measurements of the boiling-point elevation with the values obtained 
from Eq. [15] are shown in Table 20-1. This agreement can be ex- 
pected to be good, however, only for solutes that are neither associ- 


See 


Solvent Bp (°C) Kyp(obs) = 52K, (cale) (Ea. [15)) 
ee ee ee oe eee 
Water 100.0 0.51 0.51 
Ethyl alcohol 78.4 1.22 1.20 
Benzene 80.1 2s 2.63 
Ethyl ether 34.6 2.02 Zl 
Chloroform 61.3 3.63 iil 


= Ss 


ated nor dissociated in solution. If either of these processes occurs, 
the number of solute particles per 1000 g of solvent is not simply the 
Avogadro’s number times the molality. The boiling-point elevation, 
although then proportional to the molality, does not have the propor- 
tionality constant Ky, of Eq. [15]. 

One type of boiling-point apparatus that is used to measure 
boiling-point elevations is shown in Fig. 20-2. The principal difficulty 
in accurately determining the boiling-point elevation stems from the 
fact that it is the temperature of the boiling liquid and not, as in the 
case of pure liquids, the temperature of the refluxing vapor that must 
be measured. The vapor rising from the solution is essentially pure 
solvent, and this vapor will condense at the boiling point of the pure 
solvent. It is necessary, therefore, to arrange the apparatus so that 
the thermometer is drenched with representative samples of the solu- 
tion and is not merely at the temperature of the condensing vapor. 
This requirement immediately introduces difficulties due to super- 
heating of the liquid. Boiling-point-elevation devices, such as that of 
Fig. 20-2, attempt to overcome these problems. It is, however, diffi- 
cult to obtain boiling-point-elevation results to better than about 
=EOIOI IG: 

The practical application of boiling-point-elevation measure- 
ments, and of other colligative properties, follows from their use in 
the determination of molecular weights. A sample calculation of a 
molecular weight illustrates this. A sample of unknown molecular 
weight is found to raise the boiling point of benzene by 1.04°C when 
3.63 g of the material is added to 100 g of benzene. From the ob- 
served boiling-point elevation and the boiling-point-elevation constant 
for benzene from Table 20-1, the molality is calculated as 


ES 


bp 


= 0.411 mole/1000 g benzene 


The weight of the solute in 1000 g of the solvent is obtained from the 
weights of the two components as 


ao x 1000 = 36.3 g/1000 g benzene 
These two results allow the calculation of the molecular weight, i-e., 
the weight per mole, as 


36.3 


Oma 88 g/mole 


The practical difficulties inherent in boiling-point measure- 
ments, however, lead to the more frequent use of freezing-point de- 
pressions for such molecular-weight determinations. 


20-3. THE FREEZING-POINT DEPRESSION 


The lowering of the vapor pressure of a solution as a result of the 
addition of a small amount of nonvolatile solute changes the liquid- 
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FIGURE 20-2 

The Cottrell boiling- 
point apparatus. 

(F. Daniels, J. W. Wil- 
liams, P. Bender, R. A. 
Alberty, and C. D. Corn- 
well, “Experimental 
Physical Chemistry,” 
6th ed., McGraw-Hill 
Book Company, New 
York, 1962.) 
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FIGURE 20-3 

The equilibria of solid, 
liquid, and vapor phases 
for pure solvent and for 
solution as a function 
of the external pressure 


and temperature. 


vapor equilibrium curve and the liquid-solid equilibrium curve in a 
manner indicated in Fig. 20-3. The normal freezing point is the tem- 
perature at which the liquid and solid have equal vapor pressures 
when they are subjected to a pressure of 1 atm. The freezing-point 
depression can most easily be understood by considering a system 
open to the atmosphere in which the pressure on the condensed 
phases is 1 atm but in which the condensed phase or phases can exert 
a vapor pressure. In such a system, represented in Fig. 20-4, the 
vapor pressure as a function of temperature for the pure solvent and 
for the solution is shown near the freezing-point region. On this dia- 
gram it is clear that the solid, whose vapor pressure is unaffected by 
the solute in the solution, is in equilibrium with the solution at a lower’ 
temperature than that at which it is in equilibrium with the pure sol- 
vent. (It should be mentioned, however, that this behavior can be 
handled only when cooling of the solution leads to the formation of 
pure solid solvent. We are not dealing with systems in which a solid 
solution separates or in which the solute is so sparingly soluble that it 
separates.) 

The quantitative relation between the added mole fraction of 
solute dxg and the freezing-point lowering dT;, can be obtained by 
calculating the vapor-pressure lowering from the solid-solvent equi- 
librium at A to the solid-solution equilibrium at B. This can be calcu- 
lated, as Fig. 20-4 indicates, either as the vapor-pressure lowering of 
the solid as a result of the temperature lowering or as the combined 
effect of the addition of solute and the lowering of the temperature 
of the solution. Equating these two approaches, as indicated in 
Fig. 20-4, we have 


AHsup 
RT ip? 


Atvap 
RT 32 


Ai = 


dT, — dxz [16] 
The heat of sublimation AH, can be combined with the heat of 
vaporization AHyap by recognizing that their difference is the heat of 
fusion Aun;; that is, 


SOLVENT- 
SOLUTION-} ySOLVENT- VAPOR 
SOLID | | SOLID EQUIL. 


EQUIL. 


SOLID 
SOLVENT 


1 ATMOSPHERE | 
| 
T LT 


fp (solution) if fp(solvent) 


LIQUID 


SOLUTION-VAPOR 
EQUIL. 


PRESSURE ———> 


VAPOR 


TEMPERATURE ————> 


AH; = AHsub — AByap [17] 
Rearrangement of Eq. [16], together with Eq. [17], gives 


RTS 
A 


es [18] 


ine 


Again this result can be written in terms of molality, and it then 
becomes 


AT tp = —Ktpm [19] 
where 
_ RT jp? 
ipa n4 AH; [20] 


The constant Ky, is known as the freezing-point-depression constant 
and is clearly a function only of the solvent. The freezing-point de- 
pression of dilute solutions is therefore a function of the properties of 
the solvent and is independent of any feature of the solute except its 
concentration in the solution. The depression of the freezing point 
is therefore another colligative property. 

The derivation of the freezing-point-depression expression can 
also be done by equating chemical potentials of the solid and the sol- 
vent in the solution. This derivation is similar to that carried through 
in the previous section for liquid-vapor equilibria and will not be 
repeated. 

The freezing-point depression can usually be measured much 
more easily and accurately than can the boiling-point elevation. A 
simple, usually suitable, apparatus is shown in Fig. 20-5. The pro- 
cedure, described as the Beckmann method, for determining the 
freezing point of the pure solvent and of the solution is to fix the bath 
at some suitable temperature several degrees below the expected 


1 ATMOSPHERE 


SOLVENT OR 
SOLUTION 


d(in P) = d(in P) = —dxp 

4 Hub AH 
——_SuD qT “es vapor 
eae ane) == eT 


VAPOR PRESSURE ——> 


T fp(solution) T fp(solvent) 


TEMPERATURE ———> 
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FIGURE 20-4 
Vapor-pressure diagram 
for a solvent and solu- 
tion near the freezing 
point at a total pres- 


sure of 1 atm. 
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FIGURE 20-5 
The Beckmann freezing- 


point apparatus. 


freezing point of the solution and to follow the temperature of the 
sample solution as it cools. The solution is continuously stirred, and 
particular care is taken to prevent the solvent from freezing out on 
the wail of the sample tube. The freezing point is determined by the 
appearance of solid particles or by a change in the slope of the cooling 
curve. The temperature is usually measured by a differential ther- 
mometer that can be set to provide an expanded scale in the region 
of the freezing point. 

For very accurate determinations one measures the temperature 
with a multijunction thermocouple and adopts an equilibrium method 
whereby the solid solvent and the solution are agitated until equilib- 
rium is obtained. This procedure prevents the troublesome super-— 
cooling that occurs in the Beckmann method. 

Table 20-2 shows the accuracy with which freezing-point depres- 
sions can be measured and indicates the degree to which the dilute- 
solution freezing-point-depression equation is obeyed. 

It should be pointed out that freezing-point-depression data are 
contained in the solid-liquid equilibrium diagrams like those given in 
Secs. 18-8 and 18-9. The proportionality, for sufficiently dilute solu- 
tions, between freezing-point depression and either molality or mole 
fraction indicated by Eqs. [18] and [19] corresponds to a straight-line 
portion for the freezing-point curves in the regions of low concentra- 


tions of one of the pure components in the other or of low concen- 
tration of a compound that forms as a solid from the solution. The 
slopes of these straight-line portions are, according to Eq. [19], equal 
to the freezing-point-depression constant, and therefore the slopes 
can be used to give information on the heat of fusion of the solvent. 

The freezing-point-depression constants of a number of solvents 
that find use in this work are listed in Table 20-3. The choice of sol- 
vent is frequently dictated by the solubility and chemical reactivity of 
the substance whose molecular weight is to be determined.  In- 
creased accuracy results, of course, from the use of a solvent with a 
large freezing-point-depression constant. 

Freezing-point-depression measurements find frequent use in 
molecular-weight determinations. In the field of organic chemistry 
it is often very helpful to have a value for the molecular weight of a 
newly synthesized or isolated material whose structure is being 
determined. 


20-4. OSMOTIC PRESSURE 


Osmotic pressure needs, perhaps, more of an introduction than did 
the properties of the preceding sections. The phenomenon of osmo- 
sis depends on the existence of semipermeable membranes. Such 
membranes are of a great variety, but they are all characterized by 
the fact that they allow one component of a solution to pass through 
them and prevent the passage of another component. Cellophane 
and a number of animal or protein membranes, for example, are per- 
meable to water but not to higher-molecular-weight compounds. The 
gelatinous deposit of copper ferrocyanide, CuFe(CN)g, in the pores of 


EEE EEE 


Molality Fp (°C) = ae 
0.00402 —0.0075 1.86 
0.00842 — 0.0157 1.86 
0.01404 — 0.0260 1.852 
0.02829 — 0.0525 1.856 
0.06259 — 0.1162 1.857 


ES 


i 


Solvent Fpu(@G) Kp 
eee a 
Water 0.00 1.86 
Acetic acid 16.6 3.90 
Benzene 5.5 5.12 
Bromoform 78 144 
Cyclohexane 6.5 20 


Camphor 173 40 


i T 
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TABLE 20-2 
Freezing-point depres- 
sions for solutions of 


mannitol in water* 


* From data of L. H. Adams, 
J. Am. Chem. Soc., 37:481 
(1915). 


TABLE 20-3 
Molal freezing-point- 


depression constants 
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FIGURE 20-6 

The osmotic-pressure 
apparatus (schematic). 
[R. M. Fuoss and 

D. J. Mead, J. Phys. 
Chem., 47:59 (1943).] 


a porous pot provides a semipermeable membrane that found con- 
siderable use in early experiments. Finally, mention can be made of 
the semipermeability of a palladium foil, which is permeable to hydro- 
gen gas but not to nitrogen and other gases. With such a membrane 
osmosis can be studied in the vapor phase. 

One arrangement that has been used for the quantitative study 
of osmosis is shown in Fig. 20-6. Any osmosis apparatus depends 
on the separation of a solution from its pure solvent by means of a 
membrane, permeable to the solvent but impermeable to the solute. 
The essential features of the system of Fig. 20-6 are shown schemati- 
cally in Fig. 20-7. When such an arrangement is made, it is found 
that there is a natural tendency for the solvent to flow from the pure: - 
solvent chamber through the membrane into the solution chamber. 
This tendency can be opposed by applying pressure to the solution 
chamber. In the apparatus of Fuoss and Mead this balancing pres- 
sure results from the hydrostatic head that is developed. The excess 
pressure that must be applied to the solution to produce equilibrium 
is known as the osmotic pressure and is denoted by II. It is through 
this quantity that the quantitative aspects of osmosis are studied. 

The osmotic pressure developed between any dilute solution 
and its solvent will be shown to be a colligative property. It is there- 
fore dependent only on the concentration of the solution and on the 
properties of the solvent. It is important to recognize that the nature 
of the semipermeable membrane and the mechanism by which it 
allows solvent to pass through it but prevents the passage of solute 
is of no importance for the study of osmotic pressure as a colligative 
property. 

The thermodynamic basis of the osmotic pressure can readily 
be seen. The free energy of the solvent in the solution is less than 


HYDROSTATIC HEAD 
CORRESPONDING TO Il 


FILLING 
TUBE 


SOLUTION 


SEMIPERMEABLE 
MEMBRANE 


the free energy of the solvent in pure solvent. There results, there- 
fore, a spontaneous tendency for the solvent to move from the rela- 
tively high free-energy state of the pure solvent to the relatively low 
free-energy state of the solution. This tendency is balanced by in- 
creasing the free energy of the solution by subjecting it to an externally 
applied pressure. These ideas are now put in quantitative form. 

The free-energy lowering per mole of solvent that results from 
the addition of solute is given in terms of the lowering of the equilib- 
rium vapor pressure from P® for the pure solvent to P for the solu- 
tion as 


12 
Ac = RT |In=- 
G Nees [21] 
It is this free-energy decrease which is balanced by the effect of the 
applied pressure. The dependence of free energy on pressure has 
been shown in Sec. 8-4 to be given by the relation 


($),<¥ ea 


Since liquids are quite incompressible, the volume of solvent in the 
solution can be assumed to be independent of pressure. If we denote 
the volume of 1 mole of solvent in the solution by v, which is, accord- 
ing to the discussion of Sec. 6-8, the partial molal volume of the sol- 
vent, and the excess pressure needed to compensate for the free- 
energy decrease due to the solute addition by the symbol II, the 
free-energy increase per mole of solvent due to the excess pressure 
will be 


Ac = Ilv [23] 


For equilibrium to be established, the decrease in free energy due to 
the solute addition must be balanced by the increase due to the applied 
pressure. This implies 


Ee 
IIv + RT In 5, = 


APPLIED FLOW 
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FIGURE 20-7 
Schematic representa- 
tion of an osmotic- 


pressure apparatus. 
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or 


lv = —RT in [24] 
ie 
For dilute solution a more generally useful result is obtained by 
recognizing that Raoult’s law will be obeyed by the solvent, i.e., that 
P/P° = x4. Substitution in Eq. [24] gives 


liv RE Ine [25] 


This important thermodynamic result shows that the osmotic pres- 
sure II is a function of the molar volume of the solvent, the tempera- 
ture, and the concentration of the solution. Itis therefore a colligative | 
property. It should be pointed out that for dilute solutions the partial 
molal volume of solvent in the solution will be essentially equal to the 
more readily available quantity, the molar volume of the pure solvent. 

A number of expressions can be obtained from Eq. [25] which, 
although more approximate than Eqs. [24] and [25] for other than 
infinitely dilute solution, are frequently encountered and will be men- 
tioned briefly. The mole fraction of solute can be shown explicitly by 
substituting xg = 1 — x, to give 


y= — RT In (d=) [26] 


Furthermore, if xg is much less than unity, as will be the case for a 
dilute solution, one can use the approximation 


In @! _ Xp) = —XB [27] 
to give 
Ilv = RTxp [28] 


Now the mole fraction xg can be written explicitly in terms of the moles 
of A and of B, in some given quantity of solution, as 


np a Ite 


“8 a+ Mp Na an 
Equation [28] becomes 
T(n4v) = npRT [30] 


The quantity n4V, the number of moles of A times the molar volume 
of A, is the volume of solvent which contains ng moles of B. If I is 
given in atmospheres and Vin liters, the gas constant R must be used 
in liter atmospheres per degree. 

Finally, one more approximate expression should be mentioned. 
In Eq. [30] the quantity n4v can, for dilute solutions, be considered, 
to a somewhat poorer approximation than our previous assumptions, 
to be the volume of solution containing ng moles of solute. If this 
volume is represented by V, we arrive at the interesting-looking result, 
first obtained by van’t Hoff, 


IIV = ngRT [31] 


The similarity of this expression to the ideal-gas law led van't Hoff and 
others to some not very fruitful ideas that view the osmotic pressure 
as arising from a molecular-bombardment process. It is recognized 
here that Eq. [31] is merely an approximate form obtained from the 
thermodynamic results (Eqs. [24] and [25]). 

A comparison of the observed osmotic pressure, as a function 
of concentration, with the behavior expected on the basis of some of 
the derived expressions is shown in Table 20-4. 

To this discussion of the osmotic pressure as a colligative prop- 
erty can be added a few comments on the mechanism by which a 
semipermeable membrane operates. In some cases the membrane 
seems to act simply as a mechanical sieve, letting small molecules, 
like water, through and preventing the passage of large molecules. 
Other membranes do not appear to pass and reject molecules on a 
simple size basis. In some of these cases a component appears to 
penetrate the membrane by dissolving in it, whereas another compo- 
nent that is not soluble in the membrane cannot pass through it. 
Probably the clearest example of this is the passage of hydrogen 
through palladium. The hydrogen molecules are probably dissociated 
to atoms on the surface of the palladium. These atoms can penetrate 
through the solid lattice and on the opposite surface can reunite into 
hydrogen molecules. Other molecules are not dissociated and cannot 
pass through the solid. 

As previously mentioned, the mechanism of the process at the 
semipermeable membrane can be studied quite separately from the 
subject of colligative properties. The expressions for the osmotic 
pressure derived in this section will apply as long as a membrane is 
available that will pass solvent and will not pass solute. The proce- 
dure by which it accomplishes this is immaterial. 


————————— nt 


Observed 
Molal Molar penplic Calculated osmotic pressure 
SUCNED (CULE ten ale eae ei 
tration tration (tm) © From Eq. [25] From Eq. (30] From Eq. [31] 
0.1 0.098 2.59 2.44 2.40 2.36 
0.2 0.192 5.06 5.46 481 4.63 
0.3 0.282 7.61 7.82 7.21 6.80 
0.4 0.370 10.14 10.22 9.62 8.90 
0.5 0.453 12.75 12.62 12.0 10.9 
0.6 0.533 15.39 15.00 14.4 12.8 
0.7 0.610 18.13 17.40 16.8 14.7 
0.8 0.685 20.91 18.77 19.2 16.5 
0.9 0.757 23.72 22.15 21.6 18.2 
1.0 0.825 26.64 24.48 24.0 19.8 
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TABLE 20-4 
The osmotic pressure 
of aqueous solutions of 


sucrose at 20° C* 


*Osmotic-pressure data of 
Morse, reported by A. Find- 
lay, “Osmotic Pressure,” 
Longmans, Green & Co., 
Inc., New York, 1919. 
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20-5. OSMOTIC-PRESSURE DETERMINATION 
OF MOLECULAR WEIGHTS 


The principal use of osmotic-pressure measurements is in the deter- 
mination of the molecular weight of high-molecular-weight com- 
pounds. Solutions of high-molecular-weight compounds will have low 
molal concentrations even though they may be quite concentrated in 
terms of the weight of solute. The measurable osmotic pressure pro- 
duced even by solutions of low molality makes it the most suitable of 
the colligative properties for the study of such compounds. 

The physical chemistry of compounds of high molecular weight 
will be treated in more detail later. For the present it is enough to 
point out that two types of high-molecular-weight compounds, in which 
one is interested in the molecular weight, are the synthetic polymers 
and the naturally occurring materials such as proteins. An example 
of the first type will illustrate the use of osmotic pressure to obtain the 
molecular weight of a compound. 

The expressions obtained for the osmotic pressure have so far 
been written in terms of mole fraction or molality. To study the os- 
motic pressure of a compound of unknown molecular weight, it is 
convenient to start with Eq. [31] and to write it as 


nN4aV 


_ (wt of B/mol wt of B)RT 
*, vol of soln 


[32] 


Introduction of the concentration unit of grams per cubic centimeter 
for the factor (wt of B/vol of soln), which can be represented by 
c, allows Eq. [32] to be written as 

at Raa 


ao mol wt of solute [33] 


If the osmotic pressure is given in atmospheres and c in grams per 
cubic centimeter, then the gas constant R must be in cubic centimeter 
atmospheres per degree. . 

Equation [33] can be expected to be valid only at infinite dilution. 
This follows, in addition to the approximations introduced in its deriva- 
tion, from the fact that large-molecular-weight compounds tend to 
interact with one another at the concentrations at which the measure- 
ments are made. The procedure that must be used, therefore, is to 
measure II/c as a function of c and to extrapolate these results to 
infinite dilution. The intercept of II/c at zero concentration can then 
be taken as the value of RT/(mol wt of solute). From this value a 
valid molecular weight for the solute in solution is obtained. 

The data of Table 20-5 show the osmotic pressures and concen- 
trations of solutions of a polyisobutylene fraction in two different sol- 
vents. The extrapolations of these data in Fig. 20-8 lead to a value 
for II/e of 0.097 atm cc/g at infinite dilution. With this value and 


Eq. [33], the molecular weight, or as will be pointed out in Chap. 25, 
an average molecular weight, is calculated as 


Mol wt polyisobutylene = lim RT 


c>0 II/e 
_ (82.06)(298) _ 
= = 250,000 


It should be noticed that measurements of the osmotic pressure 
shown in Fig. 20-8 have been made down to molal concentrations of 
about 10-5. At such concentration the boiling-point elevation and 
freezing-point depression would be much too small to be readily sus- 
ceptible to measurement. 


PROBLEMS 


1 What is the vapor pressure at 100°C of a solution containing 15.6 g of 


water and 1.68 g of sucrose, C12H22011? Ans. 755.7 mm. 
0.6 
0.5+ He 
to) 
o 04F 
oO 
{ee} 
jaa 
= 
a 0.3 as 
S 
iE CYCLOHEXANE SOLVENT 
S 
= 0.24 aI I =I 
BENZENE SOLVENT 
0.1 
0 L tt i 
0) 0.005 0.010 0.015 0.020 
c, G/CC 


II (atm) II/ce (atm cc/g) 


Conc. (g/cc) 


0.0200 0.00208 0.0117 0.104 

0.0150 0.00152 0.0066 0.44 
0.0100 0.00099 0.0030 0.30 
0.0075 0.00173 0.23 
0.0050 0.00049 0.00090 0.18 
0.0025 0.00035 0.14 
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FIGURE 20-8 

The extrapolation of the 
osmotic-pressure-con- 
centration ratio to in- 
finite dilution for a 
sample of polyisobutyl- 
ene in cyclohexane and 
in benzene (data of 


Table 20-5). 


TABLE 20-5 
Osmotic-pressure results 
at 25°C for a polyiso- 


butylene fraction* 


* Calculated from the data 
of P. J. Flory, J. Am. Chem. 
Soc., 65:372 (1943). 
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The boiling point of benzene is raised from its normal value of 80.1°C to 
82.4°C by the addition of 13.76 g of biphenyl, CgH5CgHs, to 100 g of 
benzene. 
What are the boiling-point-elevation constant and the heat of 
vaporization of benzene according to these data? 
Ans. AHyap = 7500 cal/mole. 


Make a scale diagram, like that of Fig. 20-1, showing the solvent chloro- 
form, which has a normal boiling point of 61.3°C, a heat of vaporization 
7050 cal/mole, and a solution consisting of 0.1 mole of hexachloroethane, 


C2Cl¢, dissolved in 1 mole of chloroform. 


Equation [13] involves the quantity n4, the moles of solvent in 1000 g of 
solvent. Explain why, even if the heat to vaporize a given amount of 
solvent were measured, Eq. [13] could not be used to obtain the molecular 
weight of the solvent if a measurement of AT), were made with a solute 


of known molecular weight. 


Benzene has a freezing point of 5.5°C, a heat of fusion of 2360 cal/mole, 
and a heat of vaporization of 7350 cal/mole. Plot to scale the curves 
corresponding to those of Fig. 20-4 for pure benzene and for a solution 


containing 1 g of anthracene, C14H4o, in 50 g of benzene. 


A newly synthesized organic compound is analyzed for carbon and hydro- 
gen and found to contain 63.2 per cent, by weight, carbon, 8.8 per cent 
hydrogen, and the remainder oxygen. A solution of 0.0702 g of the com- 
pound in 0.804 g of camphor is found to freeze 15.3°C lower than the 
freezing point of the pure camphor. What are the molecular weight and 


the formula of the new compound? Ans. Cy2H 2004. 


Henry-law constants ky! of the relation M = ky-P for No and Os in 
water at 0°C are 0.00103 and 0.0022 mole/liter atm, respectively. What 
will be the difference in freezing point between pure water and water in 
equilibrium, i.e., saturated, with air? 


The osmotic pressure is measured between water and a solution contain- 

ing 1 g of glucose, CeH120¢, and 1 g of sucrose, Cy2H2201, in 1000 g of 

water. The temperature is maintained at 25°C. 

a What osmotic pressure would be expected? 

b If this pressure were measured and it were not known that the solute 
was a mixture, what molecular weight would have been calculated? 

Ans. 236. 

c The measurement of the osmotic pressure gives an average molecular 
weight of the solute. What kind of average, i.e., number or weight, is 
this? 


Verify some of the calculated values in Table 20-4. 
It is reasonable to expect that a number of water molecules, say, five, are 
bound quite strongly to a sucrose molecule by hydrogen bonding. This 


would have the effect of decreasing the number of solvent particles rela- 
tive to the number of solute particles. Calculate what value of the 


11 


12 


13 


14 


osmotic pressure of the 1 M sucrose solution would be expected with this 
hydration assumption and Eq. [30]. Compare with the observed value of 
Table 20-4. 


A solution of 2.58 g phenol in 100 g bromoform freezes at a temperature 

2.374° lower than does pure bromoform. 

a What is the apparent molecular weight of phenol at this concentration 
and temperature in benzene? Ans. 157. 


b Give a qualitative explanation for this molecular weight. 


The osmotic pressure of a dilute solution of KNO3 in water is 357 mm Hg 
when measured against water at 25°C. What would be the vapor pres- 
sure at 25°C (the vapor pressure of pure water is 23.756 mm Hg at this 
temperature), the freezing point, and the boiling point of the solution? 


Obtain an expression for the freezing point as a function of pressure, and 
apply this expression to find the difference in the freezing point of ice 
at 1 atm pressure and that of ice under its own vapor pressure. The 
vapor pressure of ice at 0°C is 4.579 mm Hg. The densities of ice and 
water at 0°C are 1.000 and 0.9168 g/cc, respectively, and the heat of 


fusion of ice is 1436 cal/mole. 


Combine the results of Probs. 7 and 13 to obtain the difference in freezing 
point of water saturated with air at 1 atm from that of pure water under 


its own vapor pressure. 
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CHAPTER 
TWENTY-ONE 


THE NATURE 
OF ELECTROLYTES 
IN SOLUTION 


In our study of physical chemistry so far, we have learned much about 
the details of atomic and molecular systems and have used this infor- 
mation to understand better a number of chemical and physical prop- 
erties. Itis a fact, however, that many of the phenomena that interest 
chemists deal with electrolytes in aqueous solutions. It wasin studies 
of such systems by Ostwald, van’t Hoff, Kohlrausch, Arrhenius, and 
others that the subject of physical chemistry had its beginnings. Our 
knowledge of the behavior of free, independent molecules is not an 
adequate basis on which to understand systems in which charged 
particles are immersed in a far from inert medium. 

It is necessary to start our study at a state of ignorance that 
corresponds to views about gases before the advent of the kinetic- 
molecular theory. The early interpretations that gave basic molecu- 
lar-scale details of solutions will first be followed. Later, and still 
continuing, investigations of the finer details of the molecular behavior 
in these systems will then be considered. Again it will be apparent 
that the molecular approach leads to an easier comprehension of the 
macroproperties. 


An essentially thermodynamic treatment of solutions of electro- 
lytes will be postponed until the following two chapters. It is more 
satisfactory to obtain first a few ideas about the nature of these solu- 
tions. The two empirical approaches that contributed greatly were 
measurements of the colligative properties and measurement of the 
electrical conductivity of such solutions. Historically, it was the con- 
ductivity results that were first available, and it was primarily these 
results that stimulated the important theory of Arrhenius. Our study 
starts, therefore, with a discussion of such conductivity measure- 
ments. 


21-1. ELECTRICAL CONDUCTIVITY OF SOLUTIONS 


The experimental arrangement and the treatment of the experimental 
data that lead to quantities measuring the readiness, or ease, with 
which a current is carried through a solution will now be given. The 
schematic diagram of Fig. 21-1 shows the typical arrangement for 
such studies. The setup has a conductivity cell in one arm of a 
Wheatstone-bridge circuit that allows the measurement of the elec- 
tric resistance provided by the cell. The measurement consists in 
altering the variable resistances until no current flows through the 
detecting circuit containing the earphones. When this state of bal- 
ance is achieved, the potential at D must be the same as that at E. 
For equal potential drops from A to D and from A to E one writes 


LX = I2R, [1] 
and for equal drops from D to B and from E to B one has 


I,R3 = [2R2 [2] 


MERCURY, 
CONNECTIONS 


PLATINUM 
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FIGURE 21-1 
Schematic diagram of 
a conductivity appa- 


ratus. 


650 


Chapter 21 
The nature 
of electrolytes 
in solution 


Combination of these equalities gives 


Nee hy py 1S 3 


Knowledge of the values of the three variable resistances for a state 
of balance allows the calculation of the resistance of the conductivity 
cell containing the electrolyte. 

Some special care must be taken for this measured resistance 
to be meaningful. Ifa direct current, for example, is used, the appar- 
ent resistance of the cell changes with time. This can be attributed 
to a polarization effect in which the positive ions are somewhat dis- 
placed toward the negative electrode. The acquired polarity of the 
solution greatly affects the ease of current flow through the cell. This 
effect can be overcome and the resistance of the solution, undisturbed 
by polarization effects, can be obtained by using an alternating cur- 
rent of several thousand cycles per second. The other necessary 
precaution concerns the nature of the platinum electrodes. These 
normally consist of platinum sheets of about 1-sq-cm area, attached 
to the electrode wires and separated from each other by about 1 cm. 
A clear, reproducible state of balance on the Wheatstone bridge is 
usually obtained only when the electrodes are coated with platinum 
black. 

When these two precautions are taken, it is found that the con- 
ductivity cell filled with a solution of an electrolyte obeys Ohm's law; 
i.e., the current is proportional to the applied voltage. It is possible, 
therefore, to assign a resistance of so many ohms to such a cell in the 
same manner as one assigns a resistance to a metallic conductor. 

It is, however, more convenient to focus our attention on the 
conductance of an electrolytic solution rather than on its resistance. 
These quantities are reciprocally related, and the conductance, de- 
noted by L, is calculated from the measured resistance as 


Laz [4] 
where R is the resistance in ohms, and L has the units, therefore, of 
the reciprocal ohm, sometimes called ‘‘mho.’’ As for metallic con- 
ductors, the resistance, and therefore the conductance, depends on 
the cross-section area A and the length J of the conductivity cell, i.e., 
of the region between the electrodes. Justas for a metallic conductor 
one has 


R= oy (5] 


where p is the specific resistance and is the proportionality factor that 
corresponds to the resistance of a cell of 1-sq-cm cross section and 
l-cm length. Thus 


La nt (6] 


where x, the specific conductance, can be thought of as the con- 
ductance of a 1-cm cube of the solution of electrolyte. It is x, there- 
fore, that characterizes the electrical conductivity of the solution. 

The specific conductance can, in principle, be obtained from the 
measured value of R, which gives L = 1/R, and of J and A of the cell. 
In practice, it is more convenient to deduce / and A, or rather the cell 
constant 1/A, from a measurement of L when the cell is filled with a 
solution of known specific conductance. With such a measurement 
and datum one can use the equation 


= +L = (cell const)L [7] 


to calculate a value for the cell constant. Once this geometric factor 
has been obtained for a cell, it can be used to deduce x for an unknown 
solution from a measured value of L and Eq. [7]. 

The cell constant is almost always determined by using a solu- 
tion of KCI. Some specific conductances of these reference solutions 
are shown in Table 21-1. These absolutely determined conductances 
come from measurements with rather elaborately designed electrodes 
which avoid the usual ambiguity about the exact cross section of the 
solution that is effective in the current-carrying process. One should 
notice that the data of Table 21-1 showa marked temperature depend- 
ence. Since this dependence is characteristic of all conductance 
results, it is necessary to make measurements of conductances in 
well-thermostated cells. 

Although the specific conductance is a measure of the ease with 
which a current flows through a 1-cm cube of solution, it is not a con- 
venient quantity for the discussion of the conduction process of solu- 
tions of electrolytes. Solutions of different concentrations, for ex- 
ample, will have very different specific conductances simply because 
1 cc of the different solutions will contain different amounts of elec- 
trolyte. Since it will be of particular interest to compare the current- 
carrying ability of a given number of electrolyte charges at different 
concentrations, it is helpful to define yet another measure of conduct- 
ance. 


21-2. EQUIVALENT CONDUCTANCE 


An equivalent weight of an electrolyte is that amount which, for com- 
plete dissociation, would lead to ions with total positive and negative 


=i 
Concentration In ohms~1/cm 


(equiv /liter) °c 18°C 25°C 
= 
1 0.06543 0.09820 0.11173 
0.1 0.007154 0.011192 0.012886 


0.01 0.0007751 0.0012227 0.0014114 
a 
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TABLE 21-1 
Specific conductance of 
KCl solutions* 


* From G. Kortum and 

J. O’M. Bockris, “Text- 
book of Electrochemistry,” 
vol. 1, Elsevier Press, Inc., 
Amsterdam, 1951. 


652 charges of +e9 and —e%, where e is the electronic charge. Thus an 
equivalent of NaCl gives an Avogadro’s number of Na* ions and of 


eee CI- ions; an equivalent of MgSO, gives half an Avogadro’s number of 
The nature q 
of electrolytes Mgt* ions and of SO4= ions; and so forth. One equivalent of any elec- 


in solution trolyte would, on complete dissociation, provide the same effective 

number of charge-carrying particles. The conductance that would 
be conveniently dealt with, therefore, is that which would be given by 
a conductance cell with electrodes 1 cm apart and of large enough 
cross sections so that the volume of solution containing one equivalent 
of the electrolyte would be held between the electrodes. This con- 
ductance, known as the equivalent conductance and designated by 
A, would measure the current-carrying ability of an equivalent of 
solute. 

The volume of solution of concentration c equiv/liter that holds 
1 equiv is 1/c liters, or 1000/c cc. The conductance of a cell with 
plates 1 cm apart and of area 1000/c sq cm is 

eS ey [8] 

G 

This relation defines the equivalent conductance in terms of the 
specific conductance. The concept of the cell holding solution of 
volume 1000/c is introduced only to suggest the definition of Eq. [8], 
and one should recognize that, in practice, one uses any convenient 
conductance cell, measures R, and calculates L = 1/R. With this 
datum one obtains « = (cell const)L, and finally, A from Eq. [8]. 

Many precise measurements of equivalent conductances were 
made by Kohlrausch and his coworkers between about 1860 and 
1880. The data of Table 21-2 are typical of these measurements. 
On the basis of such data and in the absence of any satisfactory theory 
as to the nature of conduction in these solutions, some valuable 
empirical relations were deduced. 


Mal sIR ES as 21-3. EMPIRICAL EQUIVALENT-CONDUCTANCE RELATIONS 


Equivalent conductances 
It was recognized empirically by Kohlrausch that plotting the equiva- 


in aqueous solution ht . 
lent conductance of an electrolyte at a fixed temperature against the 


at 25° Cf 
eeeeeeeeeSSSeSFSFSeSese 
c 

Cannan NaCl KCl HCl NaAc CuS04 BaCl. HoSO4 HAc NH40H 
—SSeeeeeeeSSSSSSSSSSSSSSSSSSSSSeSeSSSeSeSSSSSSSSSSSe 
0.0000 126.45 149.86 426.16 91.0 133 139.98 429.6 (390.7) (271.4) 
0.0005 124.50 147.81 422.74 89.2 135.96 = 413.1 67.7 4] 
0.001 123.74 146.95 421.36 88.5 1152 134.34 399.5 49.2 34 
0.010 118.51 141.27 412.00 83.76 83.3 123.94 336.4 16.3 11.3 
0.100 106.74 128.96 391.32 72.80 90.5 105.19 250.8 3.6 
1.000 111.9 332.8 49.1 29.3 80.5 


a a 
} Data mostly from D. A. MacInnes, “The Principles of Electrochemistry,” Reinhold 
Publishing Corporation, New York, 1939. 


square root of the concentration led, for some electrolytes, to plots 
which, at the lower concentrations, conformed very closely to straight 
lines. Such plots for a few electrolytes are shown in Fig. 21-2. Itis 
clear from this figure that two different types of behavior are exhibited. 
Those electrolytes which lead to essentially linear plots are now classed 
as strong electrolytes, and those which seem to approach the dilute- 
solution limit almost tangentially are classed as weak electrolytes. 

An important relation can be deduced from the extrapolations of 
the strong-electrolyte data to infinite dilution to give what are known 
as limiting equivalent conductances. These conductances, denoted 
by Ao, are the basis for Kohlrausch’s law of the independent migra- 
tion of ions. The law is more easily stated and understandable if 
some later ideas are anticipated and the conductance of an electrolyte 
at infinite dilution is treated as being made up of contributions from 
the individual ions of the electrolyte. In this way one introduces 
equivalent ionic conductances and writes for the limit of infinite 
dilution 


Noe Aot + do” [9] 


The law of Kohlrausch now suggests that at infinite dilution the con- 
ductance of an electrolyte, NaCl, for example, depends on independ- 
ent contributions from Na* and from CI-. The independence of these 
contributions is judged by a comparison of pairs of electrolytes con- 
taining a common ion, as shown in Table 21-3. The differences show 
the value of AK+ — Abit and AGE — AQP, and these differences are 


c, EQUIVALENT/LITER 
0.001 0.005 0.01 0.02 0.05 


EQUIVALENT CONDUCTANCE A 
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relations 


FIGURE 21-2 

The equivalent conduct- 
ance versus \/¢ for 
some electrolytes in 


water at 25°C. 


654 seen to be independent of the other ionic species present. Kohl- 
rausch’s law, it should be noted, gives no way of deducing the con- 

Ces tributions of the individual ions. 

tee fore The immediate practical application of the idea of the independ- 

s a has ent contribution of the ions at infinite dilution is a method for deducing 
the limiting equivalent conductance of weak electrolytes. For acetic 
acid, for example, one can write 


Ao(HAc) = Ao(NaAc) + Ao(HCl) — Ao(NaCl) 
because the right side can be interpreted as 
Ayer + Age b ABT + Ag — ANet — NG = ABH 4 Age 
= Ao(HAc) 
In this way, the value, at 25°C, of 
Ao(HAc) = 91.0 + 426.2 — 126.5 = 390.7 [10] 


is found, and itis clear from Fig. 21-2 that no reliable value could have 
been determined by a graphical extrapolation. 

The availability of limiting equivalent conductances for all types 
of electrolytes was a prerequisite for the development of the theory 
for the nature of electrolytes in solution, which followed closely the 
experimental studies of Kohlrausch. 


21-4. THE ARRHENIUS THEORY OF DISSOCIATIONS 


Prior to the development of the important theory of Arrhenius, about 
1887, anumber of suggestions had been made to explain the fact that 
solutions of electrolytes were conductors of electricity. It is difficult 
for the modern student, who is brought up with the idea that salts and 
strong acids and bases are completely ionized in water, to appreciate 
the early difficulties in recognizing that such solutions of ions could 
exist. In the nineteenth century chemists were very much impressed 
The basis for Kohl- with the difficulty of breaking apart stable molecules, and they could 
rausch’s law of inde- not accept the idea that a molecule, like HCI, could be dissociated 
pendent migration of except at a very high temperature. It must be remembered also that 


TABLE 21-3 


tons* (data for 25° C) 


/A\ (= Yel = AoNOs-) 


KC 149.86 115.03 

Lic 115.03 a LiNO, 110.1 49 

KCI0, 140.04 KCI 149.86 

LiClO, 105,98 ee KNO; 144.96 4.90 
HCI 426.16 i 
HNO, 4213 


*Data from H. S. Harned and B. B. Owen, “The Physical Chemistry of Electro- 
lytic Solutions,” Reinhold Publishing Corporation, New York, 1950. 


at this time solid salts had not been represented as an array of ions in 
the crystal lattice. 

It was Arrhenius who made the then bold postulate that the dis- 
solving of an electrolyte in an aqueous solution could lead to electro- 
lytic dissociation and, even at ordinary temperatures, the conversion 
of an appreciable fraction of the electrolyte to free ions. Basic to the 
theory was the explanation offered by Arrhenius for the observed 
variation of conductance with concentration, as illustrated by the data 
of Fig. 21-2 and Table 21-2. The increase of equivalent conductance 
with decreasing concentration, observed in dilute solutions of all elec- 
trolytes, was attributed by him to the partial dissociation of the elec- 
trolyte. A chemical equilibrium between undissociated electrolyte 
molecules and the ions that result from dissociation always leads to an 
increase of the degree of dissociation for more dilute solutions. Since 
the conductance depends on the presence of charged species, a quali- 
tative explanation for the concentration variation of the equivalent 
conductance was immediately reached. 

These ideas of Arrhenius led him to a method for the calculation 
of the degree of dissociation of an electrolyte from the conductivity 
data. The supposition of a dissociation equilibrium implies that at 
infinite dilution all electrolytes are completely dissociated. (This gen- 
eral result depends on the fact that the products contain more par- 
ticles than do the reactants. Equations [18] and [20], to be obtained 
in a following section, illustrate that, as c—> 0, the degree of dis- 
sociation a must approach unity.) A comparison of the equivalent 
conductance at some finite concentration with that at infinite dilution 
therefore gives a measure of the fraction of electrolyte dissociated at 
the higher concentration. One introduces a, the degree of dissocia- 
tion, and writes 


A 

o= Gs [11] 
In this way Arrhenius could calculate results for the degree of dissocia- 
tion, such as are shown in Table 21-4 for HCI and acetic acid. One 
notices that Arrhenius treated strong and weak electrolytes in essenti- 
ally the same way, the apparent different behavior revealed in Fig. 
21-2 being interpreted merely as a difference in degree of dissociation. 
It should, however, be mentioned that later ideas tend to substantiate 
the previous suggestion of two essentially different behaviors being 
exhibited in Fig. 21-2. 

The Arrhenius theory and the deduced degrees of dissociation 
were received with considerable skepticism, and it was still generally 
held to be unlikely that the mere solution of an electrolyte could break 
up the molecules into separate ions. At this stage the measurements 
of colligative properties of solutions of electrolytes by van’t Hoff be- 
came available. The interpretation of these results by the electrolytic- 
dissociation theory of Arrhenius swung support almost completely 
over to this new theory. 
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TABLE 21-4 

Degrees of dissociation 
for a strong and a weak 
electrolyte calculated 
according to the 
Arrhenius theory 


(at temperature 25° C). 


[Acetic acid conductivity 
data from D. A. 
MaclInnes and T. Shed- 
lovsky, J. Am. Chem. 
Soc., 54:1429 (1932).] 


21-5. COLLIGATIVE PROPERTIES OF ELECTROLYTES 


In the preceding chapter it was shown that the measurement of any 
one of the colligative properties could be used to deduce the molality 
of the solution. The fact that the colligative properties are independ- 
ent of the nature of the solute particles means that the molality 
obtained in this way measures the number of particles of solute that 
exist in the solution. It follows that measurements of colligative prop- 
erties of solutions of electrolytes provide a means of determining the 
number of solute particles, and the results of such measurements are 
clearly pertinent to the Arrhenius theory of dissociation. 

The first of these experiments on solutions of electrolytes were 
the determinations of osmotic pressures in 1885 by van’t Hoff. These 
studies were subsequently followed by measurements of the boiling- 
point elevations and freezing-point depressions of solutions of elec- 
trolytes. 

Table 21-5 shows some results that have been obtained for the 
freezing-point-depression term AT;,/m for a number of electrolytes 
as functions of their concentration in water. When it is recalled that 
a great variety of nonelectrolytes show the rather consistent freezing- 
point-depression constant of 1.86, these results are, at first, quite 
remarkable. 


ACETIC ACID 


0.0000280 
0.0001113 
0.001028 
0.00984 
0.0200 
0.0500 
0.1000 
0.2000 


Si l0 52 
177 
1.78 
1.80 
1.80 
1.81 
1.80 
1.78 


It was recognized by van’t Hoff that the comparison of electro- 
lyte and nonelectrolyte colligative behavior could conveniently be 
made by writing the previous colligative-property equations in the 
more general form 


AT pp = tKppm 
AT; = tKepm [12] 
and 

Pie==zilg 


where Kop, Kep, and Tig are quantities appropriate to nonelectrolytes. 
The value of 7, called the van’t Hoff i factor, shows explicitly the 
enhancement of the colligative properties encountered with electro- 
lytes. Table 21-6 shows the i factors corresponding to the freezing- 
point depressions of Table 21-5. These van’t Hoff i factors are 
clearly in qualitative accord with the view that electrolytes are more or 
less dissociated in solution. Since, for noninteracting solute par- 
ticles, the colligative measurements give the number of particles in 
solution, it is apparent that the strong electrolytes behave as though 
there are about two, three, or four times as many particles as might 
have been expected. The numbers, furthermore, correspond to the 
number of ions that would be expected to result from the dissociation 
of the electrolyte molecule. The colligative-property results provided 
by van’t Hoff gave a virtual proof to the Arrhenius idea of appreciable 
dissociation of electrolytes in aqueous solution. 

It is necessary, however, to look more closely at the results and 
to see whether or not the Arrhenius theory can provide an explanation 
for the fact that the i factors tend to be less than the integer expected 
for complete dissociation. A quantitative explanation can be at- 
tempted in terms of incomplete dissociation, and it will be of interest 
to compare the degree of dissociation computed from van't Hoff 
i factors with the corresponding results from conductivity data. 


m Nacl HCl CuSO, MgSO,  H2S0, —Pb(NOs)2_—- KaFe(CN)s 
0.001 3.66 3.690 3.38 5.368 7.10 

001 3604 3601 2703 2.85 4584 4.898 6.26 

01 3478 3.523 208 2252 3.940 3.955 5.30 

to oar aoe 2 202 4.04 2.435 

m Nacl HCl CuSO, © MgSOy  H2S04 — Pb(NOs)2 —KsFe(CN)« 
0.001 197 1.98 1.82 2.89 3.82 

ool 194 198 145 158 246 263 3,36 

0.1 icy) Mie | UNA A ae 2.13 2.85 

1.0 181 212 093 4109 2 131 
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Consider the general electrolyte A,B,, which might undergo 
complete dissociation to form a positive ions and 6b negative ions 
according to the equation 


A,B, = aA + bBO) 


It is necessary to calculate the net number of particles that result from 
a degree of dissociation a. If the molality of the electrolyte is m and 
the degree of dissociation is a, the concentration of undissociated 
electrolyte will be m — am = m(1 — a). In addition, the concentra- 
tion of AM and BO will be aam and bam respectively. The concen- 
tration of particles, regardless of their kind, is therefore 


m1 — a) + aam + bam [13] 


It is customary to let v be the total number of ions yielded by complete 
dissociation of a molecule; i.e., 


p= Gb te ly [14] 


With this notation the molality of particles for the partially dissociated 
electrolyte is 


m(1 — a) + avm [15] 


rather than the value of m expected for no dissociation. 
The definition of the van’t Hoff z factor shows that it is to be 
identified with the ratio 


m1 — a) + avm 
m 


i= 
= ila @ tb op [16] 
From this interpretation of z, one obtains 


a=tat [17] 


This important relation provides an alternative way to that given by 
Eqs. [12] for calculating the degree of dissociation of an electrolyte. 
The results of such calculations for HCI are included in Table 21-4. 

For rather dilute solutions the two methods of calculating a lead 
to fair agreement, and in the early stages of the theory such agree- 
ment could be accepted as support for the interpretation of the con- 
ductivity and the i-factor data in terms of incomplete dissociation. 
The modern view, it should be mentioned, does not accept the idea 
of only partial dissociation of strong electrolytes. 

A further test of the Arrhenius theory is possible with the data 
of Table 21-6. If the equilibria postulated by Arrhenius are, in fact, 
set up and if this is the only feature of ionic solutions that need be 
considered, it should be possible to calculate a good equilibrium con- 
stant from the deduced degrees of dissociation. 


21-6. DISSOCIATION EQUILIBRIA sce 
No convenient general expression can be set up for the equilibrium ‘. ae 
constant of the dissociation reaction in terms of the degree of dissocia- a cad 5 
tion for all types of electrolytes. For a particular type of electrolyte 
such a relation can be easily deduced, as two examples will show. 
The treatment of the free energies or chemical potentials of 
solutes in Sec. 19-5 led to an expression for the chemical potential of 
a solute that had the same form, but involving the solute activity, as 
the equation for the chemical potential, or molal free energy, of an 
ideal gas which involved the pressure of the gas. Since this latter 
equation led, by the derivation of Sec. 8-7, to the familiar equilibrium- 
constant expression, it follows that a similar equation can be written 
involving activities when an equilibrium is set up involving solute 
species. Here it will be instructive, and in keeping with the assump- 
tions of Arrhenius theory, to assume ideal solute behavior. We then 
can replace, in view of the discussion of Sec. 19-5, the activities of 
the solute species by their molar concentrations. 
For a single one-to-one electrolyte AB with a degree of dissocia- 
tion a at a concentration of c moles/liter, the concentration of the 
dissociated species will be ca and that of the remaining undissociated 
electrolyte will be c — ca. Thus one can write the dissociation reac- 
tion and the equilibrium concentrations as 


AB =At+B 
Equil. conc. aql—a) ca ca 


The equilibrium-constant expression 


_ (At) 
K =a [18] 


can therefore be written as 


2 
a= (ca)(ca) eee ce 19 
c(1 — a) eS: 2) 
With this expression, a value of K can be calculated for an electrolyte 
of the type AB for any concentration for which a value of ais available. 
Results for such calculations are shown for HCI in Table 21-4. 
For an electrolyte of the type ApoB one writes 


AoB = 2A* + B= 
Equil. conc. (il —a) 2ca ca 


The equilibrium-constant expression is 


EAs B=) 
K = TAB [20] 


and substitution of the equilibrium concentrations gives 


(2ca)*(ca) _ 4¢?a* [21] 


iS c(1 — a) ip=ca. 
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Similar relations between K and ae can be worked out for any 
other type of electrolyte. 

The calculated equilibrium constants are confusing if one seeks 
evidence for or against the Arrhenius theory. Those electrolytes 
previously classified as weak electrolytes give quite constant values 
for K, whereas strong electrolytes give the unsatisfactory results of 
which those for HCI are representative. 

It is now necessary to sum up the ideas that were held in the 
forty years that followed the publication of the Arrhenius theory. This 
summation should make clear that the Arrhenius theory led to a great 
advance in our knowledge of the molecular behavior of solutions of 
electrolytes. However, just as the simple kinetic-molecular theory left 
the details of the behavior of real gases unexplained, so also did the 
Arrhenius theory fail to allow for some rather important effects that 
are operative in solution of electrolytes. 


21-7. DIFFICULTIES OF THE ARRHENIUS THEORY 
AND SOME ASPECTS OF IONIC SOLUTIONS 


Although almost all the calculations of the previous section seemed at 
first to lend support to the basic idea of the Arrhenius theory, it began 
to be apparent in the early years of the twentieth century that the 
theory led to some serious difficulties, especially when applied to 
strong electrolytes. 

First, the degree-of-dissociation results of Table 21-4 from the 
conductivity measurements are, for the higher concentrations, in very 
poor agreement with those from the van’t Hoff 7 factor. Furthermore. 
values of a greater than even unity appear. 

Second, the calculated values for the equilibrium constants of 
strong electrolytes, as illustrated by the data for HCI in Table 21-4. 
vary with concentration in a way that raised questions as to the exist- 
ence of the equilibria assumed by Arrhenius. 

A third criticism was based on the data on the heats of mixing 
of electrolyte solutions. Arrhenius had Originally claimed support 
for his theory of dissociation from the fact, noted earlier by Hess, that. 
little heat was evolved or absorbed when solutions of strong electro- 
lytes were mixed. This generalization Supported the idea that the 
electrolytes are very largely dissociated and that mixing produced no 
new chemical reaction. A more careful consideration of the data 
shows that, even where the Arrhenius theory predicts an appreciable 
fraction of undissociated molecules, the heat evolved or absorbed is 
very much less than would be expected for the combining of solutions 
of different electrolytes. 

A fourth criticism centered around the newly deduced crystal 
Structure of NaCl by Bragg in 1912 in which no molecules, in the 
Arrhenius understanding of the word, were present. It becomes 
difficult to see why the process of solution should cause such an ionic 


salt to form molecules! This criticism, though a historical fact, is 
perhaps misleading. The interpretation of the NaCl molecule as an 
ion pair, such as exists in the vapor, which would not contribute to the 
electrical conductivity, would allow the Arrhenius view of undissociated 
molecules to be maintained without serious conflict with the deduc- 
tions drawn from the crystal structure. 

It is interesting to note that the early criticisms that were raised 
against Arrhenius’ theory were that it postulated ions for situations in 
which everyone had felt molecules existed. It overcame these criti- 
cisms only to end up by being attacked because it postulated mole- 
cules where its critics now insisted only ions existed! 

Before proceeding to the theory that, at least for strong electro- 
lytes, was finally to supplant that of Arrhenius, we should look at some 
of the features of solutions of electrolytes on which the attention of 
the chemist concerned with these systems began to be focused. 

It was recognized that a remarkable feature of the Arrhenius 
theory is that, although it attributes the dissociation process to the 
solution of the electrolyte, it proceeds to ignore the role of the solvent, 
or rather treats the solvent as if it were an inert medium. A detailed 
understanding of the molecular nature of ionic solutions must clearly 
involve the very important role played by the solvent. It is neces- 
sary, for instance, to understand why water is such a unique solvent 
for ionic systems. 

In this regard two aspects of solvent behavior are important. 
The first of these is the tendency of the solvent molecules to interact 
with, or to solvate, solute species. Of particular importance is the 
solvation of charged species. The water molecules can be looked 
upon as dipole units that can arrange themselves about either positive 
or negative solute particles. The question of just how many water 
molecules can arrange themselves directly around an ion, in what Is 
called the first solvation layer, is difficult to answer. About six mole- 
cules might be expected to fit. Clearly, however, this will be a rather 
flexible arrangement, and there will be other, less tightly bound mole- 
cules in secondary, or outer, solvation layers. It seems certain, how- 
ever, that an ion in aqueous solution must be looked upon as sur- 
rounded by a considerable number of more or less bound water 
molecules. 

Some idea of the energy of this solvation can be obtained by 
considering the heat evolved when an Avogadro’s number of Na* ions 
and of Cl- ions is taken from the gas phase to an infinitely dilute 
aqueous solution. 

In Sec. 17-2 it was found that 


NaCl(cryst) = Nat(g) + Cl-(g) AE = 184 kcal 


The heat of solution of crystalline NaCl is easily measured, and this 
quantity can be identified with little error with the internal-energy 
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change. Thus 

NaCl(cryst) 2° Nat(ag) + Cl-(aq) AE = 1.3 kcal 
Combination of these reactions gives 

Na*(g) + Cl-(g) > Nat(aqg) + Cl-(ag) AE = —183 kcal 


The liberation of this amount of heat corresponds to a value per solvat- 
ing water molecule, if something like six water molecules are involved 
with each ion, that must be less than that of chemical binding but 
much greater than that of van der Waals forces and greater even than 
that of typical hydrogen-bond energies. It should be recognized, 
however, that the separate solvation energies of the Nat and Cl- ions 
cannot, unfortunately, be obtained. 

An extreme example of solvation is presented by that of the 
proton in aqueous solutions. The properties of acidic solutions are 
not those expected for a system of bare protons. Spectroscopic 
evidence, moreover, indicates that the species H3;0*, the hydronium 
ion, does exist. The writing of the hydrated proton, i.e., of H30+, and 
at the same time the use of symbols such as Nat, Cl-, OH-, and so 
forth, tends to obscure the fact that all ions are associated with solvent 
molecules and that the proton may be an extreme, rather than a 
special, case. 

Many attempts have been made to deduce the number of water 
molecules that are presumed to be bound to various ions. No satis- 
factory results have as yet been obtained. The difficulty undoubtedly 
stems from the fact that the concept of solvation has not been care- 
fully defined. Since at least some of the solvating water molecules 
can be expected to be in rapid equilibrium with the molecules of the 
bulk of the liquid, whereas others may be tightly and more perma- 
nently bound to the ion, the extent of solvation would appear to bea 
concept of some complexity. 

The second important role of the solvent is the decrease in elec- 
trostatic interactions that it produced as a result of its dielectric effect. 
The electrostatic force of attraction between ions of charge Z* and Z- 
is given by Coulomb's law as : 

f(r) = CLG 


er? 


[22] 


where r is the distance between the ions, and « is the dielectric con- 
stant of the medium in which the ions are immersed. The high value 
of 80 for the dielectric constant for water, along with its special solvat- 
ing ability for both positive and negative ions, plays a decisive role in 
making water an exceptional medium for electrolytes. The solubility 
of salts in water compared with almost all other solvents is perhaps 
the most dramatic illustration of these Special properties. 

The importance of the dielectric constant can be illustrated by 
the calculation of the electrostatic energy required to pull apart an 
NaCl molecule. Studies of such a molecule in the gas phase, where 


individual NaCl molecules do occur, show that it can be treated ap- 
proximately as a pair of ions that have an equilibrium internuclear 
separation of 2.36 A. To overcome this electrostatic binding, an 
amount of energy must be spent that is given by 


r=00 r=co > 92 © 
i pases" fare 
r=2.36 A r=2.36 A P* Yr 432.36 


0.97 « 107! erg/molecule 
— 140 kcal/mole 


AE 


This amount, less the repulsion energy at the equilibrium internuclear 
distance, as is shown in Sec. 10-7, is approximately the energy for the 
dissociation of NaCl into ions in the vapor state. 

In the presence of a medium with a dielectric constant of 80, this 
electrostatic energy amounts to only 


eS ee 2 ap ea JDO 107-18 erg/molecule 


=2.36 €r? 


\I 


— 1.76 kcal/mole 


The easy dissociation of electrolytes in aqueous solution as compared 
with gas-phase or low-dielectric material is therefore readily under- 
standable in terms of the high dielectric constant of water. The initial 
criticisms raised against the Arrhenius theory for postulating the dis- 
sociation of electrolytes in solution remain, however, valid arguments 
against any theory postulating appreciable dissociation to form free 
ions in solvents of low dielectric constant. 

A calculation such as that given for NaCl suggests that water 
is a solvent that will allow, or will affect, dissociation. It is not valid, 
however, to conclude that the dielectric constant is such that all inter- 
actions between charged species will be eliminated. The Arrhenius 
theory is based on the idea that the ions are completely noninteracting 
and that their contribution to the conductivity is simply proportional 
to their concentration. 

It is illustrative to estimate, first, the average distance between 
nearest ionic neighbors in a 1 M solution of, for example, NaCl. On 
the basis of a simple lattice, as for the calculation for the NaCl crystal, 
one deduces that about ¥/12 x 1023 ions would be spaced irregularly 
along a distance of \/1000 cc. One estimates that a nearest ionic 
neighbor is about 9 A away. A similar calculation for a gas shows that 
the pressure would have to be about 50 atm for the gas molecules to 
be as closely spaced. The ions of all but the most dilute solutions are 
therefore not far removed from their nearest neighbors. 

The importance of this nearness of ions is even more apparent 
when one compares the electrostatic energy of interaction between 
ions with the van der Waals interaction between neutral molecules at 
the same distance. At 10-A separation, for example, the electrostatic 
energy of attraction of oppositely charged ions, compared with infinite 
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separation, is 


BSE SPO 8 ala er 
f  si0r v0 a : 


= 33 kcal/mole 


This gas-phase value reduces to $8 = 0.4 kcal if the ions are im- 
mersed in a dielectric medium like water. For typical small neutral 
molecules in the gas phase at such a distance, the data of Table 16-3 
indicate that the van der Waals interaction would be of the order of 
only 0.003 kcal/mole. 

It will be recalled that the interactions between gas molecules 
led to appreciable changes in the simple theory of gases and that these 
changes led us to a more detailed understanding of the nature of 
gases. From the calculations that have been introduced here, it 
seems unlikely that the interactions between ions can be ignored. 
They would be expected to influence the behavior of all but infinitely 
dilute ionic solutions. This is, in fact, found to be so. 

The discussion of this section recapitulates the attitudes that 
were prevalent in the years after the publication of the theory of 
Arrhenius. First, the defects of the Arrhenius theory were more and 
more emphasized. Second, the specific role played by the solvent, in 
terms of solvation and dielectric effects, was appreciated. Finally, the 
fact that interactions between the ions of all but infinitely dilute solu- 
tions would be appreciable was recognized. Attempts to improve the 
Arrhenius theory by recognizing the role of the solvent and that of in- 
terionic attractions were made in the early 1900s by van Laar, Noyes, 
Bjerrum, Milner, and G. N. Lewis. The effects that these and other 
workers recognized as being important were handled by the important 
theoretical development of Debye and Hiickel in 1923. 


21-8. INTERPRETATION OF CONDUCTANCE RESULTS 
BY THE DEBYE-HUCKEL THEORY 


The effect of ion solvation and interionic attractions on the behavior 
of dilute solutions of electrolytes was successfully treated by Debye 
and Huckel. These features, as we shall see, are not easily handled, 
and the Debye-Huckel theory is really satisfactory only for rather dilute 
solutions, i.e., below about 0.01 M. Inthe following chapter some of 
the thermodynamic features of ionic solutions predicted by the Debye- 
Huckel theory will be derived in detail. An introduction to the theory 
and the qualitative aspects of its explanation for the strong-electrolyte 
conductance curves of Fig. 21-2 will be given here. 

The most dramatic result of the Debye-Hiickel theory is that, 
for rather dilute solutions, the behavior of strong electrolytes can be 
understood on the basis of complete dissociation. The behavior of 
these electrolytes that had led the Arrhenius theory to calculate 
degrees of dissociation is interpreted by the Debye-Hiickel theory in 
a way that is more satisfactory with regard to some of the features 


pointed out in the previous section. The ions of weak electrolytes, 
it should be mentioned, were also considered to be subject to the 
effects of solvation and ionic interactions, but the behavior of weak 
electrolytes was such that they were still postulated to be only partially 
dissociated, to much the same extent as given by the Arrhenius theory. 

The first factor that the Debye-Huckel theory evaluated to ex- 
plain the curves of Fig. 21-2 was the effect of interionic attractions. 
Although the ions move ina random manner, it was shown that, if one 
focused attention on one ion, that ion would be surrounded more by 
oppositely charged ions than by like charges. Anion has therefore an 
oppositely charged zon atmosphere, as indicated in Fig. Poss, — Vlnyss 
ionic distribution can be looked on as resembling an expanded and 
loosely held NaCl crystal; for example, the overall arrangement places 
each ion among nearest neighbors of the opposite charge. This ion 
atmosphere around each ion is, of course, better formed at higher 
concentrations. 

The application of an electric field, as in a conductance experi- 
ment, results initially in the movement of the central ion away from 
the center of the oppositely charged sphere, as shown in Fig. 21-3. 
The distorted ion atmosphere tends to oppose the applied field, and 
this decreases the current produced by a given applied electric field. 
Since the ion atmosphere is more important at higher concentrations, 
this decrease becomes more important at higher concentrations. 
Debye and Huckel evaluated this factor quantitatively and showed that 
it contributed to the observed \/c dependence of the equivalent con- 
ductance. This effect is further enhanced by the tendency of the 
oppositely charged ions that predominate in the ion atmosphere to 
move in the opposite direction. 

The ionic-atmosphere drag depends on the fact that the atmos- 
phere does not instantaneously adjust itself to the new positions of the 
central ion. One says that the ionic atmosphere has a relaxation 
time; i.e., when a stress is applied, it takes a finite time for the atmos- 
phere to relax, or to be re-established. The mechanism by which 
this occurs, as the central ion moves, is better thought of as a build- 
ing of new ions on the front of the atmosphere and the dropping of 
some off the back rather than a maintaining of the same set of ions, 
which move to keep up with the central ion. 

The second factor that acts to decrease the conductance at 


(a) (b) 
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Representation of ton 
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(a) At rest. (b) Moving 
under the influence of 


an electric field. 
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higher concentrations is an enhanced frictional drag that sets in. 
When an electric field is applied, the ions set off to the oppositely 
charged electrodes. Each ion moves with a velocity that depends on 
a balance between the electric force and the viscous drag. The aver- 
age velocity, and therefore the current, are concentration-dependent 
because the ions can be thought of as carrying along with them their 
many solvating molecules, and at higher concentrations an ion seems 
to swim against the current produced by the oppositely charged, 
solvated ions moving in the opposite direction. Again Debye and 
Huckel evaluated this effect, and it likewise depended on the square 
root of the concentration. 

The theory of Debye and HUckel has been used to draw the 
slopes of the straight, dashed lines of Fig. 21-2. It is apparent that 
the effects considered by the theory are adequate to explain the con- 
ductance behavior of strong electrolytes up to concentrations of about 
0.01 M. Thus the Arrhenius assumption that a decrease in conduct- 
ance must be interpreted as a decreased number of conducting 
particles cannot be maintained, and the relation a = A/Ao can be 
applied only when the Debye-Hickel effects are not appreciable or are 
corrected for. Only for solutions with low ionic concentrations will 
these effects be small. For weak electrolytes, therefore, one can still 
rely on A/Ao to give a value that can be interpreted primarily in terms 
of a degree of dissociation. 

Higher concentrations, i.e., in the 0.1 and 1 M regions, are not 
dealt with by the Debye-Hiickel theory and are still not susceptible to 
any satisfactory theoretical treatment. The effects dealt with by the 
Debye-Huckel theory will still exist, but they are not easily evaluated 
quantitatively. Furthermore, new features become important, and of 
these, attention is often directed to the formation of ion pairs or ton 
triplets. Primarily as a result of the work of Bjerrum and Fuoss, it has 
been recognized that a more specific attraction between oppositely 
charged ions must be recognized at concentrations in the molar range. 
Bjerrum has calculated that, for a monovalent strong electrolyte with 
ions of about 2 A diameter, about 20 per cent of the ions, on the aver- 
age, may be present as ion pairs; i.e., the random motion of the ions 
in solution will be affected by the electrostatic attractions so that at. 
any time 20 per cent of the ions will be making ‘‘sticky’’ collisions 
with oppositely charged ions. Such ion pairs will affect the conduct- 
ance and other electrolyte properties. The recognition of these ion 
pairs is particularly important in solvents of low dielectric constant. 
In a solvent like chloroform, for example, the neutralization reaction 
between an acid and a base leads almost exclusively to the formation 
of ion pairs. One has, for example, 


re) 
| 
HAc + NEts >» CH;—C—O- --- H—NEt, 


The recognition of the importance of ion pairs is to some extent 
a return to the Arrhenius view. For an electrolyte like NaCl, the ion 


pair that is postulated in the more concentrated solutions might 
equally well be called an undissociated NaCl molecule. These mole- 
cules are present, however, to a much less extent and only in much 
more concentrated solutions than expected by Arrhenius. The dis- 
tinction between an ion pair and a molecule becomes more real when 
one thinks of a strong acid. The ion pair, of HCI, for example, would 
be depicted as 

Hee 

Donen s 
H 


whereas the solvated undissociated molecule would be represented as 


Ae 
pre! 
H 


As with the extent of solvation, the nature of an ion pair, or the 
formation of undissociated molecules in solutions of strong electro- 
lytes, must be treated with some care. A very short lifetime of an ion 
pair, for example, is better treated as a collision between the ions 
than as molecule formation. In these terms the distinction between 
colliding species and molecules can become poorly defined and will 
vary with the experimental approach. 

With this section, the information about the molecular-scale be- 
havior of electrolytic solutions that can be derived from conductivities 
and from van’t Hoff i factors is completed. The theories of Arrhenius 
and of Debye and Hickel have led to some understanding of the ex- 
perimental results. At the same time our knowledge of the ionic 
world has been considerably enlarged. Strong electrolytes are in- 
terpreted as being completely dissociated into ions, but at higher con- 
centrations these ions appear to be associated into ion pairs, or undis- 
sociated molecules. Furthermore, it is known that ions are solvated 
and that solvation, along with interionic attractions, is an important 
factor. 

This information, however, falls far short of the detailed, precise 
data obtained for the molecular world. Now we proceed with some 
further experimental results that will lead us to a more thorough 
understanding of how ions in solution behave. 


21-9. ELECTROLYSIS AND THE ELECTRODE PROCESS 


The variations of equivalent conductance with concentration have 
been the principal data for the theories of the preceding sections. 
Much additional information is obtained from studies of the passage 
of a direct current through a cell containing a solution of an electrolyte. 
One is able to investigate some further features of the way in which 
the current is carried through the solution by the electrolyte. Since 
d-c experiments involve chemical reactions at the electrodes, a feature 
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FIGURE 21-4 
Electrolysis of a hydro- 


chloric acid solution. 


that is avoided in conductivity studies by the use of an alternating 
current, it is first necessary to describe and classify these electrode 
processes. 

When electrodes are inserted in a solution of electrolyte and a 
sufficient potential, of the order of several volts, is applied, chemical 
reactions are observed at the electrodes. Electrolysis is said to be 
occurring. The electrode that is charged positively, i.e., that has a 
deficit of electrons, by the applied potential is called the anode, and 
that charged negatively, i.e., that has an excess of electrons, is called 
the cathode. The electrodes consist of conductors that introduce the 
source and sink of electrons into the solution. In classifying the reac- 
tions that occur as a result of the charged electrodes, it is convenient 
to distinguish inert electrodes, usually a platinum wire, that serve only 
to transfer electrons to and from the solution, from reacting electrodes 
that enter chemically into the electrode reaction. Most simply, the 
reacting electrode is a metal that either contributes metal ions to the 
solution or accepts discharged metal ions from the solution. 

Only a few basically different types of electrode reactions occur. 
Three important types are of interest here, and these will be intro- 
duced through several examples. Detailed discussions of other elec- 
trodes and electrode reactions will be postponed until Chap. 23. 

Consider first the electrolysis of a solution of HCI between plati- 
num electrodes. A cell that allows the study of the electrode reac- 
tions is illustrated in Fig. 21-4. With a voltage of about 1.3 volts, its 
value depends, among other things, on the HCI concentration; it is 
found that He is evolved at the cathode and Cl. at the anode. 

It is instructive to investigate how the current flows across 
various parts of the circuit. Through the external metallic conductor 
the electrons flow, as a result of the driving force of the battery, in the 
direction indicated to maintain the negative charge on the cathode and 
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the positive charge at the anode. Through the bulk of the solution 
this flow of current is maintained by motion of the principal charged 
species H* (or H3O* if preferred) to the left and Cl- to the right; 1.e., 
the Cl- ions flow in the same direction as the negative particles of the 
external circuit, and the positive particles flow in the opposite 
direction. 

Chemical reactions occur at the electrodes to transfer electrons 
between the solution and the electrodes. At the cathode the product 
H. can be accounted for simply by the discharge of Ht ions according 
to the reaction 


apo te Ga — tHe 


The detailed mechanism as to how two H* ions are discharged and 
come together to form He, however, is not easily depicted. At the 
anode the current can get across the boundary by means of the re- 
moval of electrons from Cl- ions according to the equation 


Cl #Cle + 


The battery can be thought of, therefore, as an electron pump that 
keeps pumping electrons from the positive well at the anode, which 
tends to fill up as Cl” ions are discharged, over to the reservoir at the 
cathode, which the H~ ions tend to deplete. Since addition of elec- 
trons to a chemical species is called reduction and removal is called 
oxidation, one recognizes that in electrolysis reduction occurs at the 
cathode and oxidation at the anode. 

The HCI electrolysis represents the first type of electrode reac- 
tion: current-carrying tons are discharged at the electrode. 

Consider now the electrolysis of a solution of copper sulfate as 
indicated in Fig. 21-5. The flow of electrons occurs as before, but 
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the most important ions are now Cu*+t and SO4=, and they are respon- 
sible for the current flow through the solution. At the cathode one 
now finds the deposition of metallic copper, and the equation 


4Cut* + e~ > 4$Cu 


indicates that the reaction can be put in the same class as the forma- 
tion of gases in the previous example. 

At the anode Op» gas is evolved, and the solution around the elec- 
trode is found to contain sulfuric acid. These products can be under- 
stood by recognizing that, although the SO4= ions are the important 
carriers of current through the solution, they are not necessarily the 
species that is discharged to accomplish the transfer of current be- 
tween the solution and the electrode. The products are explained if 
it is assumed that the OH~, present in low concentration from the 
dissociation of water, is discharged more easily than is the SO4= ion. 
The anode reaction can then be written as 


H20 = Ht + OH- 
and 
OH- — $H2O0 + 402 + e7 


or the two equations can be combined and the electrode reaction 
represented as 


4H20 = [qpr ok 40. + e— 


The migration of SO4= ions to the anode region, as will be shown in 
more detail later, produces, with the H* ions, the sulfuric acid. 

An alternative mechanism might suggest itself. One might 
postulate the initial discharge of SO4= ions and the subsequent reac- 
tion with water to give 


SO4= — SO4 4+ 2e7 
SO4 + H20 > Alnpr te SO4= + 405 


Although the correct products are predicted, this mechanism depends 
on the existence of the uncharged SO, group. Since no substantiating 
evidence for this group exists, it seems more satisfactory to interpret 
the electrode reaction as an initial discharge of hydroxide ions. 

This anode reaction represents the second type of electrode 
process. A difficultly discharged negative ion, or anion, leads to 
the decomposition of water at the anode to give H*, Oo, and electrons. 

The third type of electrode reaction is illustrated when the cation 
of the electrolyte is difficult to discharge. Thus, in the electrolysis 
of an NaCl solution, one observes, at the cathode, the evolution of 
He and the accumulation of NaOH in the solution around the cathode. 
Again the explanation is that the principal current-carrying cation is 
less easily discharged than is anion from water. The cathode reaction 
can be represented as 


H20 — Ht + OH- 


and 
H+ + e > $He 

or again in a combined manner as 
H.O + e- — OH- + 4$He 


The migration of Na* ions produces the observed NaOH. Thus, a 
difficultly discharged cation leads to the decomposition of water at 
the cathode by the uptake of electrons and the production of OH™ 
and Hp. 

More complicated electrode reactions do occur, but the features 
of electrolytic solutions that are to be studied in this chapter can be 
dealt with in terms of electrode reactions of these three types. 

Electrolyses of the type illustrated here were extensively and 
quantitatively studied as early as 1820 by Faraday. He was led to the 
important conclusion that one equivalent of product is produced by 
the passage of 96,500 coulombs of charge for an electrolyte and for 
any electrode reaction. Now it can be recognized that 96,500, or 
more accurately, 96,493, coulombs is the charge of an Avogadro's 
number of electrons. Faraday’s result is understandable because an 
Avogadro's number of electrons added to or removed from a reagent 
will produce an equivalent weight of product. 

The quantity of charge that corresponds to a chemical equiva- 
lent is of enough importance to merit a name, and the unit of a faraday 
is introduced as 


1 faraday = 96,493 coulombs 


A faraday is an Avogadro's number of electrons just as a mole is an 
Avogadro’s number of molecules. The principal significance of the 
faraday is that it is the amount of charge that produces an equivalent 
of chemical change. 

This electrochemical quantity can be related to our often used 
value of 4.8 x 10-1 esu as the charge of an electron. An esu of 
charge is related to the coulomb through the velocity of light, which, 
with more significant figures than used previously, gives 


1 coulomb = AG — 2.998 x 109 esu 


The value of the electronic charge can therefore be calculated from 
the value of the faraday and Avogadro’s number as 


_ 96,493 x 2.998 x 109 _ 10-10 
C= 6.023 x 1023 = 4.803 x esu 


Before leaving this introduction to electrolysis, it seems neces- 
sary to emphasize, in view of the analyses to follow, that in all elec- 
trochemical processes all parts of the chemical system remain es- 
sentially neutral. This can be illustrated by a simple calculation of 
the work that would be necessary to separate an Avogadro's number 
of positively charged ions a distance of 1 cm from an equal number of 
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FIGURE 21-6 
Transference numbers 
for HCl by the Hittorf 


method. 


negative ions. The work required, or the excess potential energy of 
a pair of separated univalent positive and negative ions, immersed 
in water, is e2/er, and for an Avogadro’s number of each type of ion 
the total excess potential energy is 
= 4(Ne)(Ne) 
er 
_ (4.8 x 10°4°)°(6.02 « 1023)2 ews Oe 
e 2(80\(1)2 Shia 2 


= 1.24 x 1019 cal 


The energy required to produce a gross separation of positively and 
negatively charged ions, even in solution, is therefore much higher 
than the energies that are available, and we must conclude, therefore, 
that in electrolysis experiments all parts of the solution will be essen- 
tially electrically neutral. It is sometimes helpful to check that an 
analysis of an electrochemical process obeys this neutrality rule. 


21-10. TRANSFERENCE NUMBERS 


Now that the general features of electrode processes have been men- 
tioned, the details of the passage of the electric current through the 
body of the solution can be investigated. The flow of either the posi- 
tive ions or the negative ions, or both, might be responsible for con- 
duction processes, and the first goal is the determination of the frac- 
tion of the current carried by each ion in a given electrolyte. For this 
purpose the transference numbers t, and t_ are introduced according 
to the definitions 


t,. = fraction of current carried by cation 
t_ = fraction of current carried by anion 


These definitions imply the relation 


ty + et 1 [23] 


1 FARA 


RGE (e-) 
—s 


——————— 


Cl-—> faClo+ e- 


H+ + e——> Ho 


In metal conductors all the current is carried by the electrons, 
and for such conductors one could write ¢_ = 1 and ¢, = Onno 
solutions of electrolytes it is clearly difficult to guess what fraction of 
the current is carried past some position in the electrolyte by the 
cations and what fraction by the anions. One method, known as the 
Hittorf method, for measuring transference numbers will now be 
illustrated by two examples. 

A schematic diagram of a cell marked off into three compart- 
ments is shown in Fig. 21-6. In practice, a cell of the type shown in 
Fig. 21-7 can be used, and the three compartments that can be drained 
off correspond to those marked off by the cross-section lines of 
Fig. 21-6. The following treatment will show that transference num- 
bers can be deduced from the analysis for the amount of electrolyte in 
the separate compartments following passage of a measured amount 
of current through the cell. 

Consider an experiment in which a cell such as that of Fig. 21-6 
or 21-7 is filled with an HCI solution and 1 faraday of charge is passed 
through the cell. The electrode processes, indicated in Fig. 21-6, 
were given in the preceding section. The current is carried across the 
cross sections by the flow of ions, and in view of the definitions of 
t, and t_, the passage of 1 faraday of charge across these sections Is 
accomplished by the flow of ¢, equivalents of H* to the right and 
t_ equivalents of Cl to the left. The net flow across these sections 
is then t, + ¢. = 1 equiv of ions, which corresponds to 1 faraday of 
charge. It is clear from Fig. 21-6 that the number of equivalents of 
HCl in the central compartment should not be changed by the passage 
of current. 

Consider now the changes that occur in the cathode portion. 
The change in equivalents of H* and Cl- due to ion migrations is shown 
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by the transfers across the cross-section line. In addition to migra- 
tion there is a removal of 1 equiv of H* at the electrode by the reaction 


Ht + e- — tHe 


The net cathode-compartment changes for the passage of 1 faraday 
are calculated as 


Change in equivalents of H* 
= electrode reaction + migration effect 
SS 
— feta eGULV, 

Change in equivalents of Cl- ; 
= electrode reaction + migration effect 
=O=h 
= —t_ 


Passage of 1 faraday of current results, therefore, in the removal of 
t_ equiv of HCI from the cathode portion. 

Ina similar manner, the changes in the anode compartment are 
calculated as 


Change in equivalents of Ht 
= electrode reaction + migration effect 
=O =f 
ie 

Change in equivalents of Cl- 
= electrode reaction + migration effect 
= Sil ey 
SG 1 ihn 


The net effect around the anode is the removal of ¢, equiv of HCI. 

It should be noticed that the analysis is in terms of the changes 
in the number of equivalents, and not concentration. The volume of 
the compartments, as we shall see, is not critical. 

This calculation suggests a method introduced by Hittorf for 
determining transference numbers. The procedure consists in filling 
a ceil like that of Fig. 21-7 with the HCI solution and, first, without pas-. 
sage of current, draining the compartments and analyzing for the 
number of equivalents of HCl in each compartment. The number of 
equivalents would be calculated from the concentrations and compart- 
ment volumes. The cell is then refilled with the same solution, and 
a measured number of coulombs of current is passed. The compart- 
ments are then drained and analyzed to give the number of equivalents 
in each and, from this, the change in equivalents in each compartment. 

If not too large an amount of current is passed and if no mixing 
of the compartment solutions occurs, it will be found, in accordance 
with the previous treatment, that the number of equivalents in the 
central compartment will be unchanged. The changes in the number 
of equivalents in either of the electrode compartments allow the deter- 
mination of the transference numbers of H+ and Cl-. 


In practice, of course, an amount of charge much less than 
1 faraday is passed through the cell. The observed changes in the 
electrode compartments can, however, be used to calculate the 
change expected per faraday of charge passed through the cell. 
These data can then be used directly with the type of analysis indicated 
above to give ¢, and ¢_. 

The treatment is much the same when more complicated elec- 
trode processes occur. The electrolysis of a solution of CuSO, will 
illustrate this. Again consider the effect of the passage of 1 faraday 
of charge. The electrode reactions and transfers between the com- 
partments are shown in Fig. 21-8. Again, if the electrolysis is not 
carried too far, the middle compartment will experience no net change. 

At the cathode the addition of 1 faraday of charge discharges 
1 equiv of Cu** according to the electrode reaction 


Nei eB $Cu 


The changes in the number of equivalents of the species involved in 
the cathode compartment are 


Change in equivalents of Cu** 
— electrode reaction + migration effect 
= —l + ta 
= te l= —t 

Change in equivalents of SO4= 
— electrode reaction + migration effect 
= 0 = ¢t_ 
= —t_ 


The net effect is the loss of ¢_ equiv from the cathode compartment 
per faraday of charge passed through the cell. 
At the anode the electrode reaction was seen to be 


$H.O = 402 + Ht + & 


and the changes in all ionic species affected by the passage of current 


a 
1 FARADAY OF CHARGE C)———s 
SS Loder —- 5 
ty Cu+ t 1 
=a} tee a : 
seers ES S0g =) as 
ease, = 
YeHpO—>H+ + 402+ e— | 


%wCu + + e—-—>'”Cu 
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TABLE 21-7 
Transference numbers 
for positive ions at 25°C 
and the values obtained 
by extrapolation to 
infinite dilution* 

* From L. G. Longsworth, 
J. Am. Chem. Soc., 54:2741 
(1932), and 57:1185 (1935); 
L. G. Longsworth and D. A. 


MaclInnes, J. Am. Chem. 
Soc., 60:3070 (1938). 


can be deduced as 


Change in equivalents of Cutt 
= electrode reaction + migration effect 
=0-#, 
= -t, 

Change in equivalents of SO4= 
= electrode reaction + migration effect 
=O4 ¢t 


Change in equivalents of H* 
= electrode reaction + migration effect 


These ionic changes can be expressed as the gain of 1 equiv of HeSO4 
and the loss of ¢, equiv of CuSO. One sees that this corresponds to 
a net change of 1 — t, equiv of SO4y=. An analysis for the change, in 
the number of equivalents either of Cut+* or of SO4=, could be used to 
calculate the transference numbers. Thus the decrease in number 
of equivalents of Cut* per faraday of charge gives ¢,, from which one 
obtains ¢ =1—€#,. Alternatively, the increase in the number of 
equivalents of SO4= per faraday of charge gives ¢_, from which 
t, = 1 — ¢ is also calculated. 

Other methods are available for the determination of transfer- 
ence numbers, but the detailed look at the conduction process that 
the Hittorf method requires makes this method sufficient to illustrate 
the determination of these quantities. 

Table 21-7 shows the transference numbers for several electro- 
lytes at various concentrations. The cation transference numbers 
t, are listed, and the relation t, + t_ = 1 can be used to give the cor- 
responding anion values. This table shows that both positive and 
negative ions carry the current through the solution and that they do 
so to approximately the same extent. 

It is important to notice that the transference numbers show 
some concentration dependence, particularly for electrolytes with 
highly charged ions. The relative conductance contributions of the 
ions are therefore a function of concentration, as would be expected, 
for example, from ionic interactions such as are recognized by the 
Debye-Huckel theory. 


_——_—_... k eee ee 


Normality HCl NaCl KCl CaCly LaCl. 
———— 
0 0.821 0.396 0.491 0.438 0.477 
0.01 0.825 0.392 0.490 0.426 0.462 
0.02 0.827 0.390 0.490 0.422 0.458 
0.05 0.829 0.388 0.490 0.414 0.448 
0.1 0.831 0.385 0.490 0.406 0.438 
0.2 0.834 0.382 0.489 0.395 0.423 


——_-_————————___—_—_— 


Knowledge of the values of transference numbers lets us pro- 
ceed to a discussion of other ionic properties. 


21-11. IONIC CONDUCTANCES 


Values can now be obtained for the contributions that the individual 
ions of an electrolyte make to the equivalent conductance. The 
empirical law of Kohlrausch implies that at infinite dilution the equiva- 
lent conductance can be interpreted in terms of such ionic contribu- 
tions and that the contributions of an ion are independent of the other 
ion of the electrolyte. 

At infinite dilution, therefore, it is profitable to write 


No = Ayo + Qo [24] 


where (Ao and (A_)o are the equivalent tonic conductances at infinite 
dilution. Since the transference numbers give the fraction of the 
total current carried by each ion, i.e., the fraction of the total conduct- 
ance that each ion contributes, we can write 


Not = (t,.)oAo and Ao” = (t_)oAo [25] 


where (t,)o and (¢_)o are the transference numbers extrapolated to 
infinite dilution. Table 21-8 shows some values for these limiting 
equivalent ionic conductances. An immediate use of such tabulated 
values is the calculation of the limiting equivalent conductance of a 
weak electrolyte without the addition and subtraction procedures of 
Sec. 21-3. 

In a formal manner one can use the data for the equivalent con- 
ductance and the transference numbers at concentrations other than 
that of infinite dilution to obtain values of A, and A_ at these higher 
concentrations. At such concentrations, however, the law of inde- 
pendent migration of the ions fails, and the conductance is really a 
property of the electrolyte rather than of the individual ions of the 
electrolyte. This means that an ionic conductance calculated for 


(V4)0/V 
[(cm /sec) /(volt/cm)] 


(v4)0/V 


Ion (A_)o 
[(cm /sec) /(volt/cm)] 


H+ 349.82 363 x 10-4 OH 1980 «205 < 10. 
Lit 38.69 AO 10 Cl- wee Ta 
Nat 50.11 Bg 105" If 168 199° 10 
Kt 73.52 mole 10: = CH;COO- 40.9 423 x 10 
Agt 61.92 6.41 S047 Sg. 827 10 


NHyt 73.4 P00. 10-4 
Car® 59.50 6.16 x 10-4 
69.6 120 
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Equivalent tonic con- 
ductances and ionic 
mobilities at infinite 


dilution and 25° Cf 


+ Data from D. A. Mac- 
Innes, “The Principles of 
Electrochemistry,” Reinhold 
Publishing Corporation, 
New York, 1939. 
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FIGURE 21-9 
Diagram for tonic- 


mobility calculation. 


a Cl- ion, for example, in a 1 M HCI solution, will be different from 
that deduced for the Cl- ion in a 1 M NaCl solution. The concept of 
ionic conductances is really valuable, therefore, only at infinite 
dilution. 

Rather than try to understand the different current-carrying 
properties of the ions of Table 21-8 in terms of ionic conductances, we 
proceed now to obtain an even more fundamental ionic property: the 
velocity with which the ions travel through the solution under the in- 
fluence of the applied electric field. 


21-12. IONIC MOBILITIES 


Consider a cell of the type used to introduce the concept of equivalent 
conductance. Such a cell, it will be recalled, consists of two elec- 
trodes 1 cm apart and of cross-section area A such that an amount of 
solution that contains 1 equiv of electrolyte is held between the elec- 
trode. A distorted picture of such a cell is shown in Fig. 21-9. 

For an applied voltage ‘V, a current J will flow through the cell. 
These electrical quantities are related by 

I=5 On nn ey [26] 
since the conductance of such a cell is the equivalent conductance 
of the electrolyte. At infinite dilution the current can be attributed to 
the independent flow of positive and negative ions, and one can write 


[= AoV= [Ayo + Aol V 
= (y)oV¥ + A_)oV 
= 1, 72. [27] 


This flow of current through the cell can also be analyzed in 
terms of the details of the ion movements in the cell. Since the cell 
contains 1 equiv of electrolyte, there will be 9(/Z, positive ions pres- 
ent and %./Z_ negative ions present, where XU is an Avogadro’s num- 
ber and Z, and Z_ are the charges of the ions of the electrolyte. The 
average velocities with which the ions move to their respective elec- 


trodes under the influence of the applied voltage are represented by 
v,andv_. The current passing a cross section of the cell can now be 
obtained in terms of these ionic quantities and the applied voltage. 

For an ion to cross the shaded cross section of Fig. 21-9 within 
1 sec, it must start within a distance v, or v_ cm from the cross sec- 
tion. (The ions travel a distance v, or v_ in 1 sec.) In 1 sec, there- 
fore, all the positive ions in the right rectangular compartment and all 
the negative ions in the left compartment will have crossed the bound- 
ary. Since these rectangular volumes have lengths of v, and v_ and 
the cell has a width of 1 cm, the volumes will contain fractions v,/1 
and v_/1 of the total number of positive and negative ions in the cell. 
We can write, therefore, 

RU Ue 


No. positive ions crossing b d So Ree 
( p g boundary)/sec Za Z, 


(No. negative ions crossing boundary)/sec = 3 = 


The current corresponding to these flow rates is obtained by multi- 
plying by the ion charges eZ, and eZ_ to give 


(Positive charge crossing)/sec = I, = eZ, Nw. 


= Ww, 
+ 


Se 


(Negative charge crossing)/sec = I_ = eZ_ Ge eNv_ 


For an infinitely dilute solution, if the average ionic velocities in the 
electric-field direction are represented as (v,)o and (v_)o, comparison 
with Eq. [22] gives 


VAy)o = eUv+)o and VA_)o = eIKv_)o [28] 
Furthermore, the substitution e% = % can be made to yield, finally, 
(wp =O and = @)o = AE [29] 


5 


The average velocity with which an ion moves toward an elec- 
trode under the influence of a potential of 1 volt applied across a l-cm 
cell is given by (v4)o/\ or (v_)o/‘V and is known as the ionic mobility. 
The ionic mobility is calculated, as Eq. [29] shows, by dividing the 
ionic conductance, as listed in Table 21-8, by the value of the faraday. 
These mobility results are also shown in Table 21-8. 

The most remarkable feature of the data of Table 21-8 Is, per- 
haps, the high values for the mobilities of the Ht and OH™ ions com- 
pared with those of all the other ions. Since the proton is present as 
an H30* ion and since both the H30* and OH™ ions are expected to be 
highly solvated, an explanation cannot be given in terms of the size of 
these ions. A mechanism of the type suggested originally by von 
Grotthuss in 1805 to explain conduction by all electrolytes appears 
now to be applicable, but only to the H;0+ and OH ions. Figure 21-10 
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FIGURE 21-10 

Movement of (a) H* and 
(b) OH by the Grotthuss 
mechanism. The 
charges outlined by 
dashed circles are formed 
as a result of the series 


of proton transfers. 


shows how a series of transfers of protons between neighboring water 
molecules can have the effect of moving either an Ht or an OH™ 
through the solution. The high mobilities of Ht and OH” and the fact 
that they are the dissociation products of the solvent are seen to be 
related. In other solvents, where such a mechanism could not oper- 
ate, these ions would show mobilities more in line with those of the 
other ions. 

The values of the mobilities of the other ions in aqueous solution 
are more difficult to understand. The high degree of solvation ex- 
pected for the small ions, such as Lit, and for the highly charged ions, 
such as La3*, apparently works against the expected dependence of 
mobility on size and charge. A better understanding of the ionic world 
than we now have would be necessary before the fairly small variation 
of mobility such as that shown in Table 21-8, except for H* and OH, 
could be interpreted in terms of the properties of the solvated ions. 

It is interesting to compare the mobilities of ions with the veloc- 
ities previously found for molecules of a gas. For a voltage of 100 
volts placed across electrodes 1 cm apart, for instance, ions would 
migrate according to the mobility data of Table 21-8, with a velocity 
of about 0.05 cm/sec. It would take a typical ion 20 sec to travel the 
distance of 1 cm. This quantity is to be compared with molecular 
speeds in gases of about 10,000 cm/sec, as deduced in Chap. 2. We 
conclude, therefore, that the path of an ion under the influence of an 
electric field is a slow, devious trek of a cumbersome solvated ion 
through the interfering solvent molecules. This would be explained 
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also by saying that the electric field that is conveniently applied to a 
solution is not an overwhelming factor in the affairs of ions. The ions 
are to be thought of as having only a slight directional component 
imposed on their random motions. 

This takes us as far as we Can go in our nonthermodynamic 
study of the behavior and nature of ions in solution. Many facets re- 
main obscure. The problems that existed even before the days of 
Arrhenius with regard to the extent of dissociation of strong electro- 
lytes are still unsolved for any but rather dilute solutions. The extent 
of solvation of ions and even an exact interpretation of this term, in 
view of the rapid coming and going of solvent molecules, remain an 
open question. Thus, although we have learned a great deal about 
solutions of electrolytes, a great deal more remains to be discovered. 


21-13. SOME APPLICATIONS OF CONDUCTANCE MEASUREMENTS 


Previously, the results of conductance measurements have been used 
for the investigation of the nature of electrolytes in solution. There 
are also a number of direct applications of conductance measure- 
ments to chemical problems. The usefulness of conductance arises 
from its dependence on the ionic concentration and from its special 
sensitivity to the concentration of H+ and OH~ ions. The complica- 
tions recognized by Debye and Htickel that stand in the way of simple 
interpretations of conductance experiments can be avoided when 
solutions with very low ionic concentrations are studied. In other 
cases conductance measurements can be used without a quantitative 
interpretation being made of the ionic concentrations. Three ex- 
amples will illustrate the uses to which conductance measurements 
are put. 


Example 1 Conductimetric Titrations An acid-base titration, using 
HCl and NaOH, for example, can be performed in a conductivity cell, 
and the change of conductance followed as the base is added to the 
acid. Results such as those shown in Fig. 21-11 are obtained. This 
behavior depends on the high ionic conductances of Ht and OH” com- 


CONDUCTANCE OF REACTION CELL 


EQUIVALENCE POINT 
ML OF NaOH ——> 
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FIGURE 21-11 
The form of the con- 


ductimetric titration 


curve of HCl with 


NaOH. 
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pared with the ions Nat and Cl-. Seen initially, the H* concentration 
is large, and as the titration proceeds, the concentration of this ion de- 
creases up to the equivalence point and is replaced by the less con- 
ducting Na+ ion. At the equivalence point, where for a strong acid 
and base the concentration of Ht and OH~ are both only 107’, the con- 
ductance is due to the Nat and Cl- ions. As further base is added, the 
OH- concentration builds up and the conductance increases. 

If the base is added as a concentrated solution so that the vol- 
ume does not change appreciably during the titration, the concentra- 
tion of Ht and OH~ will vary, except very near the equivalence point, 
in a linear manner with the amount of base added. The equivalence 
point can then be conveniently taken as the intersection of the two 
straight lines that can be drawn. 

For titrations involving a weak acid or a weak base the behavior 
is not quite so simple, but the conductance still provides a useful 
means for following the titration. 

Of particular value is the fact that the conductance is derived 
from the measured resistance of the cell. The change in resistance 
as the titration proceeds can be used in an instrumental method for 
following the course of the titration automatically. 


Example 2 Degree of lonization of Weak Electrolytes The complica- 
tions of ionic interactions and solvation tend to spoil the Arrhenius 
relation 


ae 
=i 


a 


For strong electrolytes this relation leads to erroneous values for the 
degree of dissociation. For weak electrolytes the ionic concentrations 
are sometimes very small, and the very dominant effect of the associa- 
tion of the weak-electrolyte ions into undissociated molecules can be 
studied with little error. Corrections can be made, furthermore, for 
the variation of A with concentration due to ionic interaction effects. 

A good, but rather special, illustration of a use of conductance 
measurements is to be found in the determination of the dissociation 
constant of water, 


HO = H* + OH= 


At 25°C the lowest specific conductance that can be obtained with the 
most carefully distilled water is 0.58 ~ 10-7 ohm-1, and this conduct- 
ance must be attributed to the equilibrium concentration of H+ and 
OH-. The molarity of pure water is calculated as 


Poe (1000)(0.997) 


18 02 = 5,8: 


which gives, for the equivalent conductance, the result 


A = 1000 
Cc 


= IO S¢ N@=¢ 


The equivalent conductance expected for completely dissociated 
water is calculated as 


Ne ean Cat 
= 547.5 


The degree of dissociation of water at 25°C is therefore 


Ad LOS 5c 108 Me 
Ma. eins es opie 


a= 


and the ionic concentrations are 
[H+] = FOH-] = ac = 1.05 x 10°% 

The familiar ion product for water is then determined as 
Ko = (tH gon j= 1.x 10 


The very low concentration of ions makes the Arrhenius relation 
a = A/Ao quite valid, and the value obtained for K,, is therefore 
reliable. 


Example 3. The lonic Concentrations Produced by Sparingly Soluble 
Salts A large number of salts are sufficiently insoluble in water to 
make a chemical analysis of their solubility quite difficult. Informa- 
tion on the concentration of the ions in solution in equilibrium with the 
solid can be obtained from measurements of the conductance of a 
saturated solution. For the salt MX, for example, the solubility 
product 


[M*]X"] 


can then be deduced. For very insoluble salts the concentration of 
ions in solution will again be low enough so that the conductance can 
be taken as a measure of ionic concentrations. 

The example, frequently referred to, of an insoluble salt that can 
be studied in this way is AgCl. The specific conductance of a satu- 
rated solution at 25°C is given, after subtraction of the specific con- 
ductance of the water itself, as 


kK = 2.28 x 10-6 ohm 1/cm 


The conductance of 1 equiv at infinite dilution is obtained from the 
data of Table 21-8, which are deduced from measurements on more 
soluble electrolytes. Thus 


Ag = AoA& + Ao 
= 619 + 763-1382 ohm-1/(cm?)(equiv) 


Since the solubility of AgCl is quite low, the equivalent conductance of 
a saturated solution will be little different from that at infinite dilution. 
Thus one can use Eq. [8] to write, for the saturated solution, 


a 0 
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or 


« — 1000« _ 1000(2.28 x 10°) _ 1 65 y 10-5 


No 138.2 


The solubility product is then calculated as 
Ka = [Ast Cl“) = (4.65 & 10)? = 272 x10 © 


Such a calculation assumes that the Debye-HUckel effects are 
negligible, a good assumption at ion concentrations of 10~> M, and 
that the conducting ionic species are Agt and Cl-. Such a treatment 
is disturbed if, for example, complex ions such as AgeCl* or AgClo~ 
are present, but is not affected by any ion pairs or higher neutral 
association species. If such species are important, however, the 
solubility of the electrolyte would not be simply given by the concen- 
trations of the Ag+ or Cl- ions deduced from the solubility product. 


PROBLEMS 


1 The specific conductance of a 0.1 M KCI solution at 25°C is 0.01289 
ohm-1/cm. What are the conductance and the resistance of a conduct- 
ance cell for which the electrodes have an effective area of 2.037 sq cm 


and are separated by a distance of 0.531 cm? Ans. 20.2 ohms. 


2 The resistance of a conductance cell filled with a 0.01 M KCl solution is 
found to be 8.30 ohms at 25°C. What is the cell constant //A for the cell? 


3 A cell whose resistance when filled with 0.1 M KCl is 192.3 ohms is 
measured to be 6363 ohms when filled with 0.003186 M NaCl solution. 
All measurements are at 25°C. What are the specific and the equivalent 
conductance of the NaCl solution? Ans. A = 112.2 ohm“}. 


4 The limiting equivalent conductance of NH4Cl at 25°C is 149.7; that of 
NaOH is 247.8; and that of NaCl is 126.45. Calculate the limiting equiv- 


alent conductance of NH4,OH, and compare with the value reported in 
Table 21-2. 


5 Show from the expression for the equilibrium constant in terms of the 
concentration of the electrolyte and the degree of dissociation a for an 
electrolyte AB that, as the concentration approaches zero, the value of 
a approaches unity, regardless of the value of K. 


6 The limiting equivalent conductance of NaOH is 247.8. With this datum 
and the results of Table 21-2, calculate what the equivalent conductance 
of a completely ionized mole of water at infinite dilution in the solvent 


water at 25°C would be. Ans. 547.6. 


7 Calculate, according to the Arrhenius theory, the degree of dissociation 
and the dissociation equilibrium constants for CuSO, up to a 1 M con- 
centration at 25°C, from the data of Table 21-2. 


8 Calculate according to the Arrhenius theory the degree of dissocia- 


tion and the dissociation equilibrium constants for the reaction 


10 


11 


12 


13 


14 


15 


16 


H.SO,—= H+ + HSO,4-, up to a 0.1 M concentration, from the data of 
Table 21-2. 


Calculate the degree of dissociation and the equilibrium constants for 
the dissociation of CuSO, from the van’t Hoff i factors of Table 21-6, and 
compare with the results of Prob. 7. 


Calculate the degree of dissociation and the equilibrium constants for 
the dissociation of H»SO, from the van’t Hoff i factors of Table 21-6, and 


compare with the values obtained in Prob. 8. 


At low concentrations the freezing-point-depression constant —AT{p/m 
for one-to-one electrolytes in water approaches the limiting value of 3.72. 
At higher concentrations the values of —AT'p/m deviate from this limit. 
Calculate the value that would be expected for a 1 M solution as a result 
of the removal of water molecules from the solvent by solvation of each 
of the ions by six water molecules. 

In view of the results shown in Table 21-5 for NaCl, would such 
an explanation be able to account for the observed variation in AT;,/m? 


Calculate the energy required to dissociate 1 mole of NaCl in the solvents 
acetonitrile and benzene, which have dielectric constants 39 and 2.3, 
respectively. Ignoring the entropy change accompanying dissociation, 
and the solvation of the ions, which is in fact very important in the polar 
solvents, use Boltzmann’s distribution to deduce the relative amounts 
of dissociated and undissociated NaCl in benzene, in acetonitrile, and in 
water at 25°C. 


Using data given in previous tables and the result that 17.8 kcal of heat 
is liberated when 1 mole of HCl is added to a large amount of water, cal- 


culate the energy change for the reaction 


H+(g) + Cl-(q) 23 H*(aqg) + Cl(aq) 


What is the difference in the hydration energy of Na* and H* in dilute 
aqueous solutions? Ans. AH = —345 kcal, 162 kcal. 


Show by a diagram the process by which current is carried through 
a solution of NaCl, and show the electrode reactions that carry the cur- 
rent between the solutions and the electrodes when an aqueous solution 


of NaCl is electrolyzed. 


Show by a diagram the conduction process through an aqueous solution 
and at the electrodes when an aqueous solution of Na2SOx is electrolyzed 
between inert electrodes. 

Write the electrode reactions. 

If 0.342 amp is passed through such a cell for 4.80 min, how many 
equivalents and how many moles of the products of electrolysis will be 
obtained? Ans. Equivalents of O2 = 0.00102; moles of O2 = 0.00025. 


What volumes of gases, measured at 1 atm pressure and 0°C, will be 
obtained at the electrodes when 1000 coulombs of charge is passed 


through an aqueous NaOH solution? 
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20 
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What weight of copper will be deposited at the cathode by the passage 
of 0.473 amp of current through a solution of copper sulfate for 5 min? 
Ans. 0.0467 g. 


A determination of the transference numbers of cadmium and iodide ions 
by Hittorf gave the following data: 

A stock solution of Cdl, was prepared, and its concentration was 
determined, by precipitation of iodide as AgI, to be 0.002763 g of Cdl 
per gram of solution. 

Another sample of this solution was placed in a Hittorf transfer- 
ence-number cell, and current was passed through the cell. It was found 
that 0.03462 g of cadmium was deposited at the cathode by the passage 
of the current. Furthermore, analysis of the anode-compartment solu- 
tion, which weighed 152.643 g, indicated the presence of 0.3718 g of 
cadmium iodide. 

a What are the electrode reactions? 

b Indicate diagrammatically, using ¢, and ¢_ to represent the transfer- 
ence numbers, the changes in the amounts of the ions in the anode and 
cathode compartments as a result of migration and electrode reactions. 


c How many coulombs of charge were passed through the cell in the 


experiment? 
d What are the transference numbers of Cd*++ and I- in this Cdl, 
solution? Anis. ta — 0443; 


e What was the change in the equivalents of CdIy in the cathode com- 
partment? 


A solution is prepared so that it is 0.01 M in HCl and 0.1 M in NaCl. 

a Can the fraction of current carried by the various ions of this solution 
be rigorously deduced from any of the data given in this chapter? 

b Estimate a value for the fraction of the current carried by each of the 


ions. 


In aqueous solutions chlorine is hydrolyzed, to some extent, according 
to the reaction 


Cl, + HzO = Ht + Cl- + HOC! 


The hypochlorous acid is not appreciably dissociated. At 25°C the 
specific conductance of a 0.0246 M chlorine solution was found to be 
0.0068 ohm~!/cm. What is the fraction of Cle that has been hydrolyzed? 

Ans. 0.65. 


The following equivalent conductances of sodium propionate at 25°C 
have been reported by Belcher [J. Am. Chem. Soc., 60:2746 (1938) ]: 


Cone. (moles/liter) 0.002178 0.004180 0.007870 0.01427 0.02597 
A 82.53 81.27 WDE 77.88 75.64 


a What is the limiting conductance of sodium propionate? 
b What, in view of the data of Table 21-2, is the limiting conductance of 
propionic acid? 


c Ataconcentration of 1 M the equivalent conductance of propionic acid 


is 1.4 em2/ohm. What is the degree of dissociation of propionic acid 687 
in this solution? 

d Estimate from the curves of Fig. 21-2 or the data of Table 21-2 what is chic 
effect the interionic interaction would have on this conductance 
measurement. 


e Deduce a dissociation constant for propionic acid. 


22 Calculate the ionic mobility of the Cl- ion at an ionic concentration of 
0.1 g ion/liter from the transference numbers for the electrolytes HCl, 
NaCl, and KCl of Table 21-7 and the equivalent conductances of 
Table 21-2. Recognize that only at infinite dilution is the ionic conduct- 
ance a property of the ion rather than the electrolyte. 


23 The specific conductance, at 18°C, of a saturated silver iodate solution 
is 1.19 x 10-5 greater than the water used to prepare the solution. The 
sum of the limiting equivalent conductances of Agt and 103” is found, 
from measurements on more soluble salts, to be 87.3. Calculate the 
solubility product [Ag*][I03~] at 18°C. What value of the solubility is 
obtained if it is assumed that no species other than Ag* and IO3” are 


present in the solution? 


24 At 18°C the specific conductance of water saturated with CaF», is 
3.86 < 10-5 and that of the water used in the preparation of this solution 
is 0.15 x 10-5. The equivalent ionic conductances at infinite dilution of 
Cat+ and F- are 51.0 and 47.0, respectively. Calculate the solubility 
product for CaF, and, assuming only Cat+ and F> ions in solution, the 
solubility of CaF». Ans. Solubility = 0.0148 g/liter. 
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CHAPTER 
TWENTY-TWO 


THE THERMODYNAMICS 
OF SOLUTIONS 
OF ELECTROLYTES 


Although the thermodynamic treatment that was developed im Sec. 
19-5 for the free energies of solutes can be carried over to solutions of 
electrolytes, a somewhat special treatment is convenient when the 
solute is looked on as the ionic products formed from the dissociation 
ofa neutral molecule. Furthermore, there is an impertant theory, due 
to Debye and Huckel, that develops, from considerations of the elec 
trostatic interactions of ionic species, an interpretation of the activity 
coefficients of ionic solutes in dilute solutions. Here the special ther. 
modynamic features and the Debye-HUcke! theory will be presented. 


22-1. ION ACTIVITIES 


Let us consider, to begin with, a simple electrolyte of the type AB that 
dissociates as 


AB-A*+B 


If one recalls the form of the equations written for the equilidria of 
such an electrolyte, the ionization of a weak acid or a weak base or the 


solubility of an insoluble salt, one recognizes that only the product 
[AT]B ] 


appears and that no thermodynamic study leads to the occurrence of 
a term involving only [At] or only [B-]. In a similar manner, if one 
deals with the thermodynamically more exact functions, the activities, 
one finds only the product 


(a4+)(Gp-) 
usually written as 
Ouyohe 
In view of the absence of any other arrangement of the activities, it is 


convenient to introduce an average, or mean, activity of the ions. 
A geometric mean is appropriate, and one writes 


a,a_ = (ax) [1] 


A similar treatment holds for activity coefficients. Since a = yc, 
we have 


Gia. = (Crh), = Yala IS | [2] 


The activity coefficients also occur only as the product y,y_, and the 
mean-activity coefficient is introduced as 


ye Ve [3] 
More generally, an electrolyte dissociates according to 
A,By > aA? + yBO 

The concentration term that occurs in thermodynamic treatments is 
[AMPLBOY 

and the corresponding activity term is written as 
(a,)"(a_)" 
Now the geometric mean gives the mean activity as 


ax = [(a,(a_yer 


or 

(az)*t¥ = (a,)*(a_)¥ [4] 
Similarly, 

VN OEE Keaes 
or 


yatty = ya ty_¥ [5] 


A salt like NaoSO.4, for example, would introduce into thermo- 
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dynamic treatments the activity expression 
(Ana+)*(Qso =) 


which could be replaced by (a+)3. Similarly, the activity-coefficient 
expression 


%: 
YNat~YSO4= 


could be replaced by the mean-activity-coefficient expression y+°. 

We shall see that these mean activities and activity coefficients 
are a considerable convenience and that their use loses nothing that 
is of thermodynamic concern. Furthermore, no thermodynamically 
exact method has been devised that allows the determination of the 
individual ion activities or activity coefficients. 


22-2. DEPENDENCE OF ACTIVITY COEFFICIENTS 
ON IONIC STRENGTH 


Evaluation of activity coefficients for many systems, by means that 
we shall consider later, led Lewis and Randall to recognize that the 
mean-activity coefficient of the ions of an electrolyte can be related 
to a function of the concentration of charged particles in the solution. 
That such a relation exists reflects the fact that it is the ionic interac- 
tions that are primarily responsible for the nonideality of ionic solutes. 
Lewis and Randall introduced the ionic strength as a measure of the 
nonideality that the solution imposes on any dissociated electrolyte in 
the solution. Recognition of this function, as we shall see, will simplify 
our thermodynamic determinations of activity coefficients. 

The ionic strength, denoted by p, is a characteristic of the 
solution and is defined as 


i 5 ake [6] 


where c; is the concentration of the ith ion, Z; is its charge, and the 
summation extends over all the ions in the solution. It is found 
empirically, and substantiated for dilute solutions by the theory of 
Debye and Huckel, that the ionic strength is a good measure of the 
nonideality imposed by all the ions of a solution on the ions produced 
by a given electrolyte in the solution. 

A few examples will illustrate the calculation of ionic strengths. 
In a solution containing only 0.01 M NaCl, 


uw = 3{(0.01)(1)2 + (0.01)(1)2] = 0.01 


and for a single one-to-one electrolyte the ionic strength is therefore 
equal to the concentration. In a solution containing only 0.01 M 
Na2SO,4, where the concentration of Nat is 0.02 and that of SO4= 
is 0.01, 


uw = (0.02\(1) + (0.01\X2)2] = 0.03 


For a solution containing both 0.01 M NaCl and 0.01 M Na»SO, the 
concentration of Na* is 0.03, of Cl- is 0.01, and of SO4=is 0.01. The 
ionic strength of the solution is therefore 


uw = 4{(0.03)(1)2 + (0.01)(1)2 + (0.01)(2)2] = 0.04 


It is important to keep in mind that the ionic strength is a prop- 
erty of the solution and is not a property of any particular ion in the 
solution. 

Lewis and Randall were able to generalize their determinations 
of activity coefficients of ions of electrolytes into the following empiri- 
cal statement: In dilute aqueous solutions the activity coefficient of a 
given strong electrolyte is the same in all solutions of the same ionic 
strength. In view of the tremendous number of different electrolyte 
solutions one might deal with, this rule is of great aid. Later we shall 
see how thermodynamic deductions of activity coefficients confirm 
this statement. We are now prepared to proceed with thermodynamic 
determinations of activity coefficients, but first a considerable digres- 
sion is introduced in order to show how the Debye-HUckel theory leads 
to a theoretical expression for the mean-activity coefficient of an elec- 
trolyte in terms of the ionic strength of the solution. 

For those who cannot afford the time that this digression re- 
quires it is enough to state that the Debye-Huckel theory recognizes 
the stabilizing effect on a particular ion of the excess of oppositely 
charged ions that tend, in spite of the random movement of the ions, 
to surround preferentially an ion of the opposite charge. The net re- 
sult of the analysis for dilute solutions, less than about 0.01 M, is the 
important expression for the mean-activity coefficient at 25°C of an 
electrolyte with anion charge Z_ and cation charge Z,, 


log y+ = 0.5091Z,Z_ \/p 


where Z_ is to be written as a negative number. Thus the Debye- 
Hiickel theory predicts that log y+ is negative and therefore that y+ is 
less than unity. The experimental results, for solutions of sufficiently 
low ionic strength, as will be shown in Sec. 22-4 and in the following 
chapter, are in good agreement with this theoretical expression. 


22-3. THE DEBYE-HUCKEL THEORY 
OF ACTIVITY COEFFICIENTS 


When some experimental determinations of activity coefficients are 
dealt with in the next section, it will be found that, for fairly dilute solu- 
tions, the activity coefficients are invariably less than unity. The free 
energy of a dissociated electrolyte in solution is therefore less than 
might be expected on the basis of its concentration. The Debye- 
Huckel theory attributes this free-energy lowering to an electrostatic 
stabilization of each ion, treated as a point charge, by the other ions 
that are present in the solution. This idea led Debye and Huckel to 
a quantitative explanation for the activity coefficients of ions in rather 
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dilute solutions, i.e., less than about 0.01 M. The theory might ap- 
pear to have had very limited success, being applicable only to such 
dilute solutions. It has, however, greatly influenced all subsequent 
ideas about ionic solutions. It is very worthwhile, therefore, to follow 
through the Debye-Hickel derivation in some detail. 

It is necessary to present here only a very condensed version 
that takes in the important features of the theory but ignores many of 
the subtleties that are involved. Even so, the treatment is somewhat 
lengthy, but this is due to the use of simple steps rather than reliance 
on some useful but rather advanced mathematical relationships. The 
Debye-Huckel theory that leads to values for the activity coefficients 
of dissociated electrolytes in solution can be conveniently divided into 
several parts. 


The Electrical Potential Surrounding a Charged Particle We can start 
with the result of Sec. 14-2 that there are 47 lines of force emanating 
from a unit positive charge in vacuum. For acharge q ina dielectric e 
the lines of force become, according to Sec. 14-3, 47q/e. Since one 
line of force per square centimeter corresponds to a unit electric field, 
the electric field strength & at a distance r from the charge can be 
written as 


ee lines of force 
cross-section area 


4rq/e 
Amore detailed treatment shows that a similar result is obtained 
for the electric field at the surface of the sphere even if the charge 
q, instead of being at the center of the sphere, is spread out or dis- 
persed within the sphere of radius r. Therefore, for these spherically 
symmetric arrangements, one can express the electric field at a dis- 
tance r from a central point as 


enclosed charge 
er? 


c 
(== 


[8] 


If a uniform charge density p is assumed, the enclosed charge 
is $7r%p and the electric field intensity at ris 


a3 
« _ 4nr3p _ 4 arp 
Ye Bee Fae on; [9] 


A desired relation is obtained by multiplying both sides by r? and 
differentiating with respect to r to obtain 


(ptt = (4%) _ Aart 
Sane € 


or 


r2 dr Oe € [10] 


Now the relation 
6 = — av [11] 
from Sec. 14-2 can be inserted to give the electrical potential ‘Vas a 


function of r and the charge density; i.e., 


1 d/(..dV\_ _ Ap 
amr le es 


€ 


This expression might be recognized as the form of the Poisson 
equation appropriate to a spherically symmetric problem. 

This result gives the potential in terms of a general charge dis- 
tribution po. It is now necessary to consider the situation that arises 
for discrete charged particles such as occur in ionic solutions. 


The Charge Distribution about the Reference lon We consider now 
how the ions in a solution distribute themselves relative to one an- 
other. The two factors that play roles are the thermal jostlings and the 
electrical attractions between oppositely charged particles. Suppose 
that on the average there are n; ions of the z type per unit volume. 
Around any positive ion there will be an increase in the concentration 
of negative ions and a decrease in the concentration of positive ions. 
These changes result from the ions moving to the energetically more 
favored regions, i.e., those in which their potential energy is low, and 
the tendency for this movement must compete with the random 
thermal motion. 

Boltzmann’s equation can be used to give the number of ions 
that on the average are a distance r from the positive charge. The 
energy of ions of charge Z;e in a potential of value ‘V is (eZ;)‘\. If Z; is 
positive, the energy is higher near the reference positive charge, and 
if Z, is negative, the energy is lower, as illustrated in Fig. 22-1. 
Boltzmann’s equation gives 


nr) = njye~ eZ kT i 


where n,(r) is the number of ith ions per unit volume at a distance 
r from the reference positive charge and n; is the average number per 
unit volume in the solution. 

The charge density at a distance r from the unit positive charge 
can now be written as the ion density times the ion charges. This 
gives the charge density, which is a function of r, as 


or) = eZ ni(r) 
= eS inZyeneaeer [14] 


The treatment is mathematically tractable, and the development 
is physically reasonable only if it is assumed that 


eZiV < kT [15] 
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FIGURE 22-1 

The potential energy of 
charges, due to Cou- 
lombic interactions, as 
a function of their dis- 
tances from a unit posi- 


tive test charge. 


i.e., that the energy of the ionic interactions is less than the average 
thermal energy. Such is the case for dilute solutions. For more con- 
centrated solutions the interionic attractions can more effectively 
overcome the thermal motion and associations occur that are not 
easily treated. The Debye-HUuckel treatment applies, therefore, only 
to solutions in which interionic effects are not too important. For 
these solutions 


eZiV 
kT 


<1 [16] 


and one can expand the exponential of Eq. [14] to give 


eZ V 
kT 


exca hr + higher terms [17] 


If all the higher terms are neglected, Eq. [14] becomes 
& Ui CSG 
p(r) = ie = a pane [18] 


The electrical neutrality of the solution leads to a value of zero for the 
first summation since it is nothing more than the summation over all 
the types of ions in the solution of the average number of ith ions per 
cubic centimeter times the charge of the 7th ion. Elimination of this 
necessarily zero term leaves 


hee = Saye [19] 


The expression SnZ2 is very similar to, and can be related to, 


the ionic strength introduced by Lewis and Randall on an empirical 
basis. Since the number of ions of the ith type per cubic centimeter 


ENERGY ———> 


is related to the number of gram ions per liter c; by the relation 


Lee 
™% = 7000 [20] 


where is Avogadro's number, we have 


See a 
1000 = ae 
2 
2000" [21] 


S nZi? 
aed 
U] 


where u is the ionic strength defined previously as 
b= 5 oe [22] 


With this notation the charge distribution about the central 

positive-reference ion is written, from Eq. [16], as 
eee OCI, 

”) = — T000RT re 
This relation, deduced from the specific considerations of the thermal 
agitation of ions counteracting the tendency of oppositely charged 
ions to attract one another, can be introduced into the more general 
equation (Eq. [12]) to eliminate p(r) and give a relation for ‘V in terms 
of the concentrations and ionic strength. 


The Potentia! of the Reference lon Elimination of p(r) from Eq. [12] 
by means of Eq. [23] leads to the relation 


1 d(.,dV\_ 8a%e2n'V 
od, 3 = 24 
So(r =) 1000ekT baal 
or 
a 2a) LeBron.» 
oP (r dE} = (000eT o 
= Br2V [25] 


where B has been introduced as 


8mNe? 
B= 5 0008kT [26] 
Equation [25], known as the Poisson-Boltzmann equation, is 
a differential equation that can be solved to give ‘\ as a function of r. 
A certain amount of manipulation is necessary to put Eq. [25] in an 
easily soluble form. 
Introduction of the function wu, defined as 


u=rv [27] 
together with the relation 


av 2 d (4) = 2% - u (28] 
di TORN ar ar r2 
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gives 


dr2 dr ap = dr2 
[29] 


d ( ; 2) d (es ie u) i GC. OU ameOL d*u 


Substitution of this result for the left side of Eq. [25] and the 
relation uw = r‘\ in the right gives 


du _ 30 

ape = bY [30] 
The solution of this form of Eq. [25] can be immediately verified to be 
of the form 

u = Ae-ver + Bever ish 


which implies that the potential ‘has the form 


v= 4 ever + Bevin [32] 


At an infinite distance from the reference charge the ionic dis- 
tribution will be undisturbed from neutrality, and the potential must 
be zero. This boundary condition requires B = O since 

m oe 


r= © 


a0) 
Equation [32] can therefore be reduced to 
v= Sever [33] 


The constant A can be evaluated by recognizing that when the ionic 
strength is zero, and therefore \/B is zero, the potential about the 
reference positive charge is simply 


eee ee [34] 


cr 


where the positive charge is assumed now to have a charge Ze. 
With B = O, Eq. [33] gives 


v= A or = A 


ie r 
and comparison with Eq. [33] shows that A must be identified as 


Ae 


€ 


[35] 
The solution to the differential equation is therefore 


ay — Ze e-var [36] 


Ch 


For dilute solutions the ionic strength will be small, and near 
the reference ion, which is the only region that is of interest, 


VBr<1 


The exponential of Eq. [36] can therefore be expanded to give 


V= 20 — VBr+---) [37] 
v= a ~ VBr) [38] 
or 
: /R 


We have obtained, finally, an expression for the potential-energy 
function about an ion in an ionic solution. It must be remembered 
that the potential function is defined as the work required to bring a 
unit positive charge to a distance r from the reference charge. For 
the present purpose this statement is better turned around to say that 
‘is the work that a unit positive charge can do as a result of its 
proximity to the reference charge. For anionina dielectric this avail- 
able work is simply Ze/er, the first term on the right of Eq. [39]. The 
additional term on the right of Eq. [39] then must give the change in 
the amount of available work that is produced by the other ions in the 
solution. It is this term to which the Debye-Huckel theory has led. 
It is now necessary to relate this potential-energy term to the activity 
coefficient of the reference ion. 


Relation of the Change in Potential Energy to the Activity Coefficient 
The chemical potential, or free energy, of 1 mole of reference ions is 
written, in thermodynamic terms, as 


Geo SRE Ina 
= RT Incy 
= RT |Inc+ RT Iny [40] 


The right side suggests that the free energy, compared with the stand- 
ard state, be thought of in terms of an ideal contribution corresponding 
to RT In c and a nonideal contribution corresponding to RT In y. 
Thus, one might write 


Gideal — G° = RT Inc [41] 
and 
AGnonideal LN 6) V¢ [42] 
so that 
G = Gideal + Gnonideal 
It is the term for the nonideal-free-energy contribution that measures 
the change in free energy of the reference ions as a result of the non- 
ideal effects. If the potential energy due to the ionic interactions can 
be related to a free-energy effect, this quantity can be identified with 


RT In y. 
The energy of any charge @ is given by the expression QV, 
where ‘Vis the potential of the charge. This general electrostatic rela- 
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tion can be seen as follows: Imagine a charge and the potential 
associated with it to be gradually created. The work done in adding 
to the charge an amount dQ when the potential is ‘Vis given by 


dw = VdQ [43] 


This expression is analogous to the more frequently encountered re- 
sult dw = Qd‘V in which a fixed charge moves through a potential 
difference. The potential in Eq. [43] is related to the charge, and it 
is sufficient here to write the proportionality equation 

‘Vv = (const)@ [44] 
Substitution in Eq. [43] gives 

dw = (const)Q dQ [45] 


and 
w= const) [“@ aQy= Const Qe = 3\@ [46] 


The work that can be identified with the nonideal free energy is 
that which arises from the final term in the potential-energy expres- 
sion for an ionin an ionic solution. One identifies w of Eq. [46] with 
AGnonideal, Q with the reference ion charge Ze, and ‘\ with the second 
term of Eq. [39]. For an Avogadro’s number of reference ions, there- 
fore, 


AGnonideal = 4(Ze) (- VEZ) 


aed MEE EN [47] 


€ 


This free-energy term is related to the activity coefficient (Eq. [42]). 
Thus 


Iny = _ Be? BN [48] 


2RTe 


On substitution of the expression for 8 one obtains 


7 BAGS TOES os 
i (=) tooo 2 VU [49] 


This is the important limiting law, i.e., for dilute solutions, 
obtained by Debye and Hickel in 1923. It shows how the activity 
coefficient of an ion of charge Z can be calculated. It should be men- 
tioned that our derivation has assumed a positive reference charge. 
The same result is obtained for a negative charge. Thus a positive 
value of Z or a negative value can be used in Eq. [49], and the same 
calculated value of the activity coefficient of the positive or negative 
ion will be obtained. 

It is convenient to put numerical values in Eq. [49] for the 
special case of aqueous solutions at 25°C. Substituting values for 


the constants, and converting to logarithms to the base 10, gives 

log y = —0.509122 \/p [50] 
More explicitly one writes the important results 

log yz = —0.5091Z,2 \/p 


and [51] 
logy. =. — 0.509122 v/u 


The Mean-activity Coefficient |The thermodynamic expressions have 
been set up in terms of the mean-activity coefficient, and it is neces- 
sary, therefore, to have the Debye-Huckel prediction of the mean- 
activity coefficient as well as the predictions for individual ions. Some 
manipulation is necessary. 

The definition of a mean coefficient for an electrolyte A,B,, 
where the charge of A is Z, and that of Bis Z_, has been written as 


yo yee [52] 
which gives the logarithm of the mean coefficient as 


EI == ; z log 77>") 
1 


(x log y + y log y_) [53] 


x+y 


The Debye-Hiickel predictions for log y, and log y_, if the charge of 
Ais Z, and that of B is Z_. can be inserted to give 


log yx = — SS H (xZ,2 + yZ_2) [54] 


Simplification results from the electrical-neutrality requirement for the 
electrolyte; i.e., 


x(Z,) + KZ_) = 0 [55] 


A rearrangement trick consists in multiplying Eq. [55] by 
Z.. to give 


tLe LL. =O [56] 
and Eq. [55] by Z_ to give 

Oe Seg ES SY Mac e—t 0) [57] 
Addition of these last two expressions and rearrangement gives 

xZ,2 + yZ? = —Z,Z(x + 9) [58] 


Use of this relation in Eq. [54] leads to the desired Debye-Huckel 
limiting-law prediction for the mean-activity coefficient for an electro- 
lyte in aqueous solution at 25°C as 


log y+ = 0.5091Z,Z_ \/p [59] 
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It is understood that Z_ is a negative number and therefore that 
log y+ is always negative and yz is less than unity. 

An example will illustrate the use of the Debye-Huckel equations 
for activity coefficients. The thermodynamics of a salt such as BaClz 
will introduce the expression 


(@pa++)(Aor-)? 
or 
¥i7¥-1Bat* TCi | 
which can also be written as 
y+*[Ba** [Cl ? 


The activity-coefficient term can be calculated for solutions of low 
enough ionic strength. Asan example, assume a solution of » = 0.01. 

First let us proceed by calculating the individual ionic activity 
coefficients. Thus, from Eqs. [51], 


log y, = —(0.5091)(2)2 \/0.01 = —0.2036 = 0.7964 — 1 
and 
¥. = 0.626 
log y_ = —(0.5091)(— 1)? \/0.01 = —0.0509 = 0.9491 — 1 
and 
y— = 0.890 


These give the activity-coefficient term 
¥+y~” = (0.626)(0.890)2 = 0.497 
Calculation of the mean-activity coefficient directly from Eq. [59] gives 
log y+ = (0.5091)(2)(— 1) \/0.01 = —0.1018 = 0.8982 — 1 
and 
¥s+ = 0.792 


The activity-coefficient term is then, as before, 


By either method the theory predicts that in a solution of 0.01 
ionic strength 


(apa+acr)? = 0.497[Bat+]{Cl-P [60] 


The Debye-Hickel limiting law will be seen, when some experi- 
mental determinations of activity coefficients are presented, to be 
applicable only to solutions that have ionic strengths less than about 
0.01. The success of the Debye-Huckel theory for these dilute solu- 
tions, where, as the BaCls calculation just given shows, the nonideality 
is far from negligible, must be looked upon as a great triumph. An 
ionic solution cannot be understood simply in terms of the individual 
ions. The interactions between the ions are important and determine 


the properties of the electrolyte in somewhat the same way as the in- 
teractions between gas molecules determine the properties of a non- 
ideal gas. 

Solutions with higher ionic strengths present a very difficult 
problem. Some attempts to understand the ionic behavior, and there- 
fore the activity coefficients, of these more concentrated solutions 
will be given after some thermodynamic methods are presented for 
evaluating mean-activity coefficients. 


22-4. TWO METHODS FOR THE DETERMINATION 
OF MEAN-ACTIVITY COEFFICIENTS 


A number of experimental methods are available for the determination 
of activity coefficients of electrolytes in solution. These methods de- 
pend on situations in which the nonideality of the ionic solution affects 
some measurable quantity. Here we shall study the influence of non- 
ideality on the dissociation of a weak acid and on the solubilities of 
slightly soluble salts. These studies will lead to two ways for deter- 
mining activity coefficients. The most general method depends on 
the measurement of the emf of an electrochemical cell, and this will 
be dealt with in the following chapter. 


Activity Coefficients from the Dissociation of a Weak Electrolyte A 
convenient weak electrolyte to be used as an example is acetic acid, 
which, in aqueous solution, sets up the equilibrium 


HAc = H* + Ac™ [61] 
The thermodynamic equilibrium constant is 


Ka (au Ga) [62] 


Av Ac 


which can also be written as 


She Acsl 
Key = Ae] ee 
This expression is simplified when it is realized that the electrostatic 
interactions are primarily responsible for the nonideality which pro- 
duces activity coefficients different from unity. The uncharged 
HAc molecule should therefore behave relatively ideally, and we can 
set yHa. = 1. Introduction of y+? for y,y- and rearrangement gives 


TH*WAcT] — jog Ky, — 2 log y+ 64 

log [HAc] oa g th g Vee [ ] 

The concentration expression is that for the equilibrium constant in 

terms of concentrations, and introduction of the degree of dissociation 
allows the equation to be written as 

log 2% = log Kin — 2 log yx [65] 


ra 
l= @ 
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FIGURE 22-2 

The extrapolation of the 
logarithm of the con- 
centration-equilibrium- 
constant expression, 

log [ca?/(1 — a)], for 
acetic acid to zero 

tonic strength, accord- 
ing to the plot suggested 
by the Debye-Hiickel 


theory. 


For solutions that are very dilute in ions one can still use the 
Arrhenius expression 


a=A [66] 
Ao 

to obtain the degree of dissociation from the conductivity. More 
accurately, one can correct for the effect of ion concentration on con- 
ductance. In this way, the left side of Eq. [65] is determined for 
various acetic acid concentrations. The right side consists of a con- 
stant term log A;, and a term which the Debye-Hiickel theory of the 
previous section suggests will, at low ionic concentrations, be proper- 
tional to the square root of the ionic strength. If the solution contains 
only the H* and Ac” ions from the dissociation of HAc, one has 


u = U{(caX1® + (caX1P] = ca [67] 


and 
Vn = Vea 


It might be informative, therefore, to plot, as is done in Fig. 
22-2, the left side of Eq. [65] against \/ca. At low concentrations the 
points do seem to fall along a straight line, in agreement with the pre- 
diction of the Debye-Hickel theory. The theory predicts, furthermore, 
that the last term of Eq. [65] should be 


—2 log y= = +(2)0.5091) \/ea 


and the line of Fig. 22-2, drawn with slope + 1.018, fits the data satis- 
factorily. 
Extrapolation to zero ionic strength, where y. = 1 and log 


ca 


0.0001 0.0005 0.001 
1&5 T 


4.73 


- 
| 


| SLOPE = 1.01 » - 


y+ = O, gives 


log Ki, = —4.7565 
and 
Ky, = 1.752 «x 10-5 


Equation [65] can now be rearranged to give 
log yx = $ log Ky, — } log °° 
lea 


= —2.3782 — 4 log =o [68] 


From this equation we can determine y+ for the dissociation products 
of HAc at any concentrations for which values of a can be obtained. 


Activity Coefficients from Solubility Measurements A one-to-one salt 
AB goes into. solution and, possibly among a number of reactions, 
establishes the equilibrium 


AB(s) = At + B™ [69] 
The thermodynamic equilibrium constant, the solubility product, is 


Kin = (a4+(ap-) = y+y-[ATIB ] 
y+"[A*]B] [70] 


II 


Taking logarithms and rearranging, one gets 

log [A*][B-] = log Ky, — 2 log y+ [71 
The solubility s of such a salt is equal to the moles per liter of the salt 
that dissolve, which, if no species from the electrolyte AB other than 
A+ and B~ exist in solution, gives 

[At] =[B ]=s 

Thus 

log s? = log Ki, — 210g y+ 


II 


or 
log s = 4 log Ky, — log y+ [72] 


Now consider the data that are obtained when a sparingly 
soluble salt is dissolved in solutions that contain various amounts of 
nonreacting electrolytes that do not contain the ions At or B-. The 
Debye-Hiickel theory again suggests that at low ionic strengths the 
log y+ term of the sparingly soluble electrolyte will be proportional to 
the square root of the ionic strength. One therefore plots the left side 
of Eq. [72] against \/ as shown for the complicated but experiment- 
ally convenient salt [Co(NH3)4C204][Co(N H3)2(NOz)2C 204] in Fig. 22-3. 
The data for solutions with singly charged ions support the Debye- 
Huckel predictions of a linear relation, and the straight line of Fig. 22-3 
has been drawn with the predicted slope of 0.5091. The solutions 
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FIGURE 22-3 

The effect of added salts 
on the solubility of a 
salt [Co(NH3)4C204] 
[Co(NH3)2(NO2)2C204] 
containing a singly 
charged cation and a 
singly charged anion. 
(From L. P. Hammett, 
“Introduction to the 
Study of Physical Chem- 
istry,” McGraw-Hill 
Book Company, New 
York, 1952.) 


containing more highly charged ions agree rather less well with the 
Debye-HUuckel prediction. 

For this particular set of data one sees that the linear relation is 
rather rough and that support for the Debye-Hlickel theory is given 
but is not very convincing here. It is just such difficulties that the 
theory frequently encounters, particularly in solutions other than 
those of extremely low ionic strength. 

An extrapolation can be made in Fig. 22-3, with or without the 
Debye-Huckel theory, and one obtains for the left side of Eq. [72], at 
zero ionic strength, the value —3.377. Again the limit of zero ionic 
strength corresponds to the complete absence of ionic interactions 
and therefore to y+ = landlogy+ = 0. At this limit Eq. [72] gives, 
therefore, 


37 WOR IK, = = S357/7/ 
or 


Ni ah Oa Ons [73] 


With this value one is again able to turn the previous relation 
around to give an expression for the activity coefficient of the slightly 
soluble salt at any concentration as 


log ys = —3.377 — logs [74] 


The solubility data used to construct Fig. 22-3 can therefore be made 
to give y+ for the dissolved salt in all the solutions studied. Although 
the Debye-Huckel theory was used to aid in the extrapolation to obtain 
K,, in Fig. 22-3, it should be recognized that these results do not de- 
pend on this theory and are valid for any aqueous solution at this tem- 
perature for which the solubility of the salt can be measured. 

Salts other than those of the one-to-one type can be handled in 
a similar manner. For the solubility equilibrium 


A2B(s) = 2At+ + B= L751 


the solubility product is 


@NaCl oKNO3 4 BaSO4 aMgsSO4 O K3Co(CN)¢ 


=3:28 


3.30 


LOG S 


=] 


Ka = (a )(Gs-) = 777-14" FLEA) 
y+5[AtP[B=] [76] 


If the solubility is s moles /liter, the concentration of At will be 2s and 
of Bwill bes. Interms of the solubility one has 


Ka = 7+9(28)(s) = y2°48° [77] 
Taking logarithms and rearranging now gives 
log s = log Km — log 4) — log y+ [78] 


Data on the solubility of a salt of the type A2B as a function of the ionic 
strength of the solution can now be used, in the same manner as for 
the salt AB, to give the value of Ky, and values for y+. 

Other methods, some of which will be studied in the following 
chapter, also yield activity-coefficient data. A collection of results for 
a variety of types of electrolytes is shown in Table 22-1. These data 
correspond to solutions in which the only electrolyte present is that 
indicated. At lower concentrations, particularly for the electrolytes 
whose ions are singly charged, the Debye-Huckel theory is seen to give 
values in quite good agreement with the values obtained experi- 
mentally. 

The Debye-Hiickel theory gives, therefore, a molecular interpre- 
tation of the behavior of ions that satisfactorily accounts for their 
thermodynamic behavior in solutions of ionic strength less than about 
0.01. The limiting Debye-Htickel law has, moreover, almost the neat- 
ness of a law for ideal systems. It characterizes the solution for 
aqueous solutions at 25°C simply by the dielectric constant of water 
and the ionic strength of the solution and characterizes the ion only 
by the absolute value of its charge. In dilute enough solutions, a 
molecular interpretation needs, apparently, to take into account no 
other solute or solvent property. 

The situation is much more complicated in solutions with higher 
ionic strength. 


22-5. ACTIVITY COEFFICIENTS IN 
MORE CONCENTRATED SOLUTIONS 


If attention is given to concentrations that give ionic strengths greater 
than about 0.01 but less than about 0.1, a similar pattern of activity- 
coefficient behavior for different electrolytes is noticed. Figure 22-4 
shows some of these data, and such curves can be fitted by an equa- 
tion of the type 


log yx _ —0.5091 Vu 
= +b [79] 
aiZ. ian s 


where b is an empirical constant. More simply, all the available data 
are approximately fitted by the expression 


Se yi 
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TABLE 22-1 Mean-activity coefficients for electrolytes in water at 25° C7 


Molality 0.001 0.005 0.01 0.05 0.10 0.50 1.00 2.00 4.00 


Debye-Hickel 


theory for 

AB A* + Bo 0.965 0.920 0890 0.770 

HCl 0.965 0.929 0.905 0.830 0.794 0.757 0.809 1.009 1.762 
NaCl 0.965 0.927 0.902 0819 0.778 0.681 0.657 0.668 0.783 
NaOH 0.818 0.766 0.693 0.679 0.700 0.890 


Debye-Huckel 


theory for 

AoB —=. 2A+ + B= 

Ia I te Dey 0.880 0.750 0.667 

CdCly 0.819 0.623 0.524 0.304 0.228 0.100 0.066 0.044 

HoS04 0.830 0.639 0.544 0.340 0.265 0.154 0.130 0.124 0.171 


eee 


Debye-Hiickel 


theory for 

AB=At* + B= 0.744 0.515 

ZnSO4 0.700 0.477 0.387 0.202 (0.150) 0.063 0.043 0.035 
CdSO4 0.697 0.476 0.383 0.199 (0.150) 0.061 0.041 0.032 


——o eee 
} Data are from H. S. Harned and B. B. Owen, “The Physical Chemistry of Electrolytic 
Solutions,” Reinhold Publishing Corporation, New York, 1958, and B. E. Conway, 
“Electrochemical Data,” Elsevier Publishing Company, Amsterdam, 1962. 


as shown in Fig. 22-4. Even in the ionic-strength range of less than 
0.1, however, it is apparent that the ionic charge is not a sufficient 
description of an ion to account for its activity coefficient. 

At concentrations above those dealt with in Fig. 22-4, nonideality 
of the solutions, as expressed by the activity coefficients, becomes 
very striking, as the curves of Fig. 22-5 show. Even electrolytes of the 
same charge type have very different activity-coefficient curves. No 
satisfactory theoretical or even semiempirical explanation of these 
curves is available. 

The phenomenon of an ion atmosphere and the resultant stabili- 
zation on which the Debye-Huckel theory is based still undoubtedly 
operates. This effect is, however, much enhanced, even to the extent 
that ion pairs and ion triplets or other species should be recognized. 
Such electrostatic associations will necessarily lower the free energies 
of the ions and produce a value of y+ of considerably less than unity. 

A qualitative explanation of the activity coefficients that increase 
with concentration and even become greater than unity can be given 
initerms of the solvation of the ions. As the ions tie up solvent mole- 
cules, the effective concentration, i.e., the moles solute per mole of 
free solvent, becomes greater than the concentration calculated as 
moles of solute per mole of solvent. The solute in the apparently 
more concentrated solution has a higher free energy than would be 
expected, and this shows up as an increased activity coefficient. 

A quantitative explanation for data such as those of Fig. 22-5is, 
however, as yet nonexistent. In solution chemistry one of the prin- 
cipal goals of research is that of clearly recognizing the factors that 
are involved and fitting the data such as are shown in Fig. 22-5 into 
a quantitative theory. 
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FIGURE 22-4 

The activity coefficients 
of one-to-one electrolytes 
in the concentration 
range up to 0.01 M. 
(From L. P. Hammett, 
“Introduction to the 
Study of Physical Chem- 
istry,” McGraw-Hill 
Book Company, New 
York, 1952.) 
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FIGURE 22-5 

The mean-activity coeffi- 
clent of some electrolytes 
in the concentration 
range up to 3 M. 
(Adapted from L. P. 
Hammett, “Introduction 
to the Study of Physical 
Chemistry,” MeGraw- 
Hill Book Company, 
New York, 1952.) 


22-6. THE USE OF CONSTANT IONIC STRENGTH 


The activity coefficients for ions in solutions of higher ionic strengths 
can depart very appreciably from unity. The study of any equilibrium 
involving ions under these conditions cannot therefore be made simply 
in terms of concentrations—as one always seems to do in practice 
problems dealing with ionic equilibria. The activities of the jens 
should be used, but it is frequently difficult to obtain the activity 
coefficients that are necessary for the calculation of activities from 
concentrations. 

A frequently encountered approach that attempts to avoid this 
difficulty arranges, by the addition of a relatively large amount of 
nonreacting electrolyte, to keep the ionic strength at a high but 
essentially constant value. Although this procedure makes all the 
activity coefficients very different from unity, it is intended to keep the 
activity coefficients of any participating ion constant regardless of the 


variation in the amount of the other reacting ions. The activity 
coefficients of the ions in the equilibrium 
Fest + I- = Fe** + [82] 


would, for example, be expected to be very sensitive to changes in the 
ionic strength of the system. That this equilibrium is set up would not 
be apparent if one attempted to use the concentrations in an equilib- 
rium-constant expression. As the data of Table 22-2 indicate, how- 
ever, in the presence of 1.65 M KCl the activity coefficients apparently 
are not changed as the amounts of FeS*, I>, and Fe** are varied and 
a quite constant equilibrium constant based on concentrations re. 
sults. It must be recognized that this constant may be very different 
from the thermodynamic equilibrium constant. The experiment 
really shows only that an equilibrium is established according to the 
reaction of Eq. [81]. 


MEAN ACTIVITY COEFFICIENT Y . 


MOLALITY 


22-7. THE EFFECT OF ELECTROSTATIC INTERACTIONS 
ON REACTION RATES 


The introduction of the concept of activities and the development of 
methods for relating activities to concentrations allow the methods of 
thermodynamics to be applied to solutions of ionic species where the 
electrostatic interactions are often very considerable. Itis true, how- 
ever, that not only are the equilibrium conditions of a system affected 
by these interactions, but so also are the rates of chemical reactions 
proceeding in such systems. Although thermodynamic quantities 
cannot be carried over with thermodynamic rigor to the treatment of 
rate effects, some of the ideas previously introduced are valuable in 
the discussion of reaction rates in ionic systems. 

It is particularly profitable, as was shown by Brgnsted and 
Bjerrum, to follow through the transition-state theory with the recogni- 
tion that activities rather than concentrations should be used in the 
equilibrium-constant expression for the formation of the activated 
complex. 

The general bimolecular reaction, allowing for charges on the 
reagents and on the activated complex, can be written as 


AZ + BZe = (AB)4+4s — products [82] 


where Z, and Zz are the charges of the reagents A and B. The 
equilibrium constant for the formation of the activated complex must 
now be written as follows: 


eee eee 57” [83] 
a4aB C4CB YAYB 


As in the treatment in Sec. 15-15, the transition-state theory 
attributes the rate of a reaction to the product of the concentration of 
the activated complex and a frequency factor. Thus the rate 


— —_— = Rkocace [84] 


is interpreted as 


ee a BE es [85] 


0.001223 0.00114 0.001257 0.0053 2] 

0.002644 0.00224 0.003536 0.00129 21.4 
0.00483 0.00358 0.007535 0.00238 21.3 
0.00900 0.00549 0.01574 0.00415 20.5 
0.00436 0.00161 0.000804 0.00032 20.5 
0.001104 0.00526 0.003856 0.00104 21.4 
0.00043 0.01713 0.005752 0.00076 21.6 
0.00192 0.01117 0.01045 0.00185 21.0 
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TABLE 22-2 

Equilibrium constant at 
25°C for the reaction 
Fe3+ + [- — Fet+ + 4]o7 
(values for K are based 
on concentrations of the 
reagents, and a constant 
ionic strength is main- 
tained by 1.65 M KCl 
and 0.1 M HCl) 

+ From J. N. Brénsted and 


K. Pedersen, Z. Physik. 
Chem., 103:307 (1923). 
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Substitution of the expression of Eq. [83] for the activated-complex 
concentration gives 


ky — PE K+ Yate [86] 
h y* 
This treatment leads, therefore, to the appearance of the activity 
coefficients of the reagents and of the activated complex in the rate 
constant. 

At high ionic concentrations it must be anticipated that the rate 
constant will behave in some not easily predicted manner if the 
activated complex carries a charge and therefore has some indeter- 
minate activity coefficient. : 

In more dilute solutions reliance can be placed on the Debye- 
Huckel limiting law, 


log y, = —0.5091Z,2\/p 


87 
log y. = —0.5091Z_2\/u en 


These expressions for the activity coefficients can be inserted into the 
logarithm of Eq. [86] to give 


log ky = log (42 K:) 10.5091 5/0 [2,27 Za el 


= log (47 K+) HVUOMEE ae [88] 


This result predicts that the rate constant for a reaction depends not 
only on the (kT/h)K+ term that appears for noncharged systems, but 
also on the ionic strength of the solution and the charges of the 
reagents. 

The dependence for a given reaction is determined by the prod- 
uct of the charges of the reagents, and the prediction is made that 
the rate will increase with increasing ionic strength if both reagents 
have charges of the same sign and will decrease with increasing ionic 
strength if the reagents are oppositely charged. 

It should again be pointed out, however, that in solutions of 
higher ionic strength no simple dependence of the rate constant on 
the ionic strength can be expected. Again one frequently resorts to 
studies on solutions with a large excess of a nonparticipating electro- 
lyte present to preserve a constant ionic strength. Although this 
approach is often successful in providing data of some value, the 
occurrence of specific interactions must again be anticipated. 


PROBLEMS 


1 Ifthe mean-activity coefficient of the ions formed from the dissociation of 
Na3PQO, is 0.887 in a certain solution, what is the activity coefficient 
(y,2y_) of the salt? Ans. Na3PO4 = 0.62. 


2 If the activity coefficient for CaCls in a 0.1 M solution is 0.515, what is the 
mean-activity coefficient for the ions? 


3 For 1™ solutions at 25°C the activities a,a_ of the electrolytes NaCl, 711 
NaNOs, HNOs, and HCl are 0.657, 0.548, 0.724, and 0.809, respectively. 
Show that these data are such that the activities of electrolytes could not ALTRI G 
be broken down to contributions from the separate ions, as was done, for 
example, for conductivities at infinite dilution. 


4 Calculate the ionic strengths of solutions that contain: 


a 0.38 M CaClo. Ans. 0.9. 

b 0.38 M Na3POx,. 

c 0.1. M NazSO, plus 0.2 M NaCl. Ans. 0.5. 

d 0.0078 M acetic acid, which is 4.8 per cent dissociated, and 0.5 M 
dioxane. 


5 Calculate, according to the limiting law of the Debye-Hiickel theory, the 
activity coefficient of Ba++ and of Cl and the mean-activity coefficient 
of BaCls in a 0.005 M aqueous solution at 25°C. 

Ans. y. = 0.563; y_ = 0.866; y+ = 0.750. 


6 Calculate, aecording to the limiting form of the Debye-Hiickel theory, the 
activity coefficients of each of the ions Nat, SO,=, OH_, and Ht ina solu- 
tion that contains both 0.003 M NasSO, and 0.001 M NaOH. 


7 Calculate the activity coefficients for the H* and the acetate ion in a solu- 
tion which is 0.0078 M in acetic acid. The degree of dissociation at this 


concentration is 4.8 per cent. 


8 From the conductance data of Table 21-2 and the limiting law of the 
Debye-Hiickel theory, deduce the mean-activity coefficient of the ions of 
NH,OH in the concentration range for which data are given. 

INS INGOMI, ys = ODN 


9 Calculate the concentration, the activity coefficient, and the activity of 
[Co(NH3)4C204 ][Co(NH3)2(NO2)2C204] when it is present in a saturated 
solution containing 0.0026 M K3Co(CN). at 15°C. (The necessary data 
are available from Fig. 22-3.) 
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CHAPTER 
TWENTY-THREE 


THE ELECTROMOTIVE 
FORCE 
OF CHEMICAL CELLS 


In previous treatments of the thermodynamics of chemical reactions 
quantitative use could not be made of the fact that the free-energy 
change for a reaction is equal to the negative of the useful work which 
can theoretically be obtained from the reaction. It was necessary to 
develop a number of more devious ways ‘for determining free-energy 
changes from measurable thermal quantities. 

In this chapter arrangements are considered whereby chemical 
reactions can be studied at a state of balance and the work done dur- 
ing the reversible reaction can be determined. The procedure leads to 
a direct measurement of the free energy of the reaction and, as we 
shall see, frequently to a very accurate value for this free energy. The 
arrangement consists in allowing the reaction to proceed in an elec- 
trochemical, or galvanic, cell and determining the work electrically. 

As in other thermodynamic studies, we shall not be concerned 
necessarily with theories of the molecular and ionic behavior of the 
systems being studied. It will be found, however, that the thermo- 
dynamic data obtained here provide additional valuable data with 
which theories of the nature of ionic solutions can be compared. 


23-1. THE ELECTROCHEMICAL PROCESS 


Electrochemical processes can be introduced by a consideration of 
the example illustrated in Fig. 23-1. Two platinum electrodes dip into 
a solution of hydrochloric acid. The electrode on the left is in contact 
with H2 gas, and that on the right is in contact with Clo gas. Platinum 
is indicated for the electrodes since it is an inert material, except for 
a catalytic activity, and is not affected by the chemical reaction. 

In Chap. 17 we saw that metals contain a reservoir of electrons. 
At the left electrode there are, therefore, the possible reagents Hs, Ht, 
and e-, and these could be involved in the reaction 


4Ho = H* + e [1] 
At the right electrode, similarly, there is the possibility of a reaction 
4Clp + e@ =CI- [2] 


The decomposition of HCI solution to form Hz and Cle, that is, 
the electrolysis of HCI, can in fact be effected by the application of 
a sufficient voltage to the electrodes of a cell such as that of Fig. 23-1. 
When this is done, the overall reaction 


HCl — $He + 4Cle [3] 


is observed to occur, and therefore both the possible electrode reac- 
tions (Eqs. [1] and [2]) are forced to the left by the applied voltage. 
Such an electrolytic decomposition is often performed with a large un- 
balanced applied voltage, and the reaction does not then proceed 
under equilibrium or reversible conditions. 

There will, however, be some voltage that will be just sufficient 
to cause the reaction to proceed, the pressures of He and Cl. and the 
concentration of HCI having some particular values. Under such con- 
ditions the reaction proceeds very nearly reversibly. Ifa slightly lower 
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FIGURE 23-1 

The electrolysis of an 
aqueous solution of HCl 
to form Hy» and Clz by 
application of a suffi- 
ciently high voltage. 
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FIGURE 23-2 

The generation of an 
electric current by the 
formation of an aqueous 
solution of HCl from 
Az and Clo. 


voltage is applied and the same concentration of HCI and pressures 
of Hy and Cl, are maintained, the reaction will proceed in the opposite 
direction; that is, Hz and Cl» will be used up and converted to HCl. 
Electrons will then be driven around the circuit in the opposite direc- 
tion, as shown in Fig. 23-2, to that in an electrolysis experiment. We 
see from this discussion that there will be some applied voltage which 
will keep the reaction at a state of balance. For an applied voltage 
infinitesimally higher or lower than this equilibrium voltage, the reac- 
tion will proceed in one direction or the other. 

It is clear that the electrode reactions written above proceed 
because the electrons produced at one electrode can travel through 
the external circuit and be used up at the other electrode. Although 
the two electrode reactions have been written separately, only the 
overall reaction, which is the sum of the two electrode reactions, is in 
fact observed. In the present example the electrode reactions have 
been written so that the electrons appear as reactants in one reaction 
and as products in the other. The overall, or net, reaction is obtained 
by adding these electrode reactions. This addition must be such that 
the electrons appearing as products in one reaction are used up as 
reactants In the other. With this in mind one can add electrode reac- 
tions to give a balanced overall reaction. 

It is the overall reaction which is studied at a state of balance by 
opposing the chemical tendency for the reaction to occur with an 
applied voltage. Under such balanced conditions the process is re- 
versible; i.e., it can be shifted one way or the other by an infinitesimal 
change in the applied voltage or by a similar change in the concentra- 
tions of the involved reagents. The net work that is done when such 
a balanced reaction proceeds at constant pressure is, as was pointed 
out in Chap. 8, equal to the negative of the free-energy change for the 
reaction. A large number of reactions of electrolytes in solution can 
be performed in an electrochemical cell, and if the free-energy 


changes in such reactions are to be determined, it is necessary to 
show that the net useful work can be measured. 

How much work is performed in the reaction which forms 1 mole 
of HCI at essentially reversible conditions? In this reaction an Avo- 
gadro’s number of electrons flow around the external circuit from left 
to right while the system is kept near a state of balance by an opposing 
voltage & that is infinitesimally less than that required to keep the 
system at equilibrium. The system does work by driving an Avoga- 
dro’s number of electrons through this voltage. This electrical work 
is equal to the charge of % electrons times the voltage through which 
they are pushed, that is, (Ne)S or *&, where the symbol % represents 
1 faraday of charge and is 96,493 coulombs, the charge of an 
Avogadro’s number of electrons. 

The system does work, and its free energy therefore decreases. 
For the free-energy change accompanying the formation of 1 mole 
of HCI we therefore can write 


AG = —F6 [4] 


If n Avogadro’s numbers of electrons had been involved in the 
reaction instead of one Avogadro’s number, as in the example, the 
voltage, or emf, & of the cell would have been the same, but since n 
coulombs of charge would flow, the free energy would be given by 


AG = —n%& [5] 


It is this important equation which leads us to study the emf of 
electrochemical cells. The measurement of the reversible emf to- 
gether with a knowledge of the overall reaction allows the direct cal- 
culation of an often precise value for the free-energy change of the 
reaction. 


23-2. POTENTIOMETRIC MEASUREMENT OF EMF 


It is necessary that the voltage produced by an electrochemical cell 
be measured under reversible conditions if the measurement is to be 
of use in calculating a free-energy change. A voltmeter is therefore 
not a suitable instrument for measuring voltages since it must draw 
current from the cell to make the measurement. A potentiometer is 
a device that measures the voltage of a cell by opposing it with 
an applied voltage and therefore gives the desired equilibrium emf. 
The principle on which a potentiometer operates is now briefly 
described. 

Figure 23-3 shows a schematic representation of a simple 
potentiometer. A working battery B is attached to a slide-wire type 
of resistance in such a way as to drive electrons through the circuit as 
indicated. The electrochemical cell whose emf is being measured is 
attached, along with a galvanometer and a variable contact, on the 
slide wire to drive electrons, as also indicated. The current flowing 
in the upper circuit produces a voltage applied to the lower circuit in 
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FIGURE 23-3 
The potentiometric 


method for measuring 
the voltage produced by 
an electrochemical cell 


operating at a state of 


balance. 


FIGURE 23-4 
A direct-reading 


potentiometer. 


accordance with the JR drop across the section AD of the slide wire. 
One now adjusts the position of the contact D until this voltage just 
balances that of the test cell, as indicated by a zero deflection of the 
galvanometer. The voltage drop across AD, measured perhaps by 
the resistance and the current flowing in the upper circuit, is then 
equal to that of the cell when no current flows through the cell. This 
is the desired equilibrium emf since the cell is in a state of balance. 

The more generally used direct-reading potentiometer, illus- 
trated in Fig. 23-4, can also be mentioned. Use is now made of 
a standard cell which has a known and constant voltage. The most 
frequently used standard cell, illustrated in Fig. 23-5, which will be 
understandable from later sections of this chapter, is a Weston cell 
that has a voltage of 1.0183 volts. 


B (WORKING BATTERY) 


X (ELECTROCHEMICAL CELL) 


The slide wire is arranged with a convenient scale, maybe 0 to 2, 
and the contact D is set at 1.0183 on this slide. The switch is now 
thrown to the standard cell, and the current is varied in the upper cir- 
cuit by adjusting the resistance F' until the galvanometer shows that 
balance has been obtained. By this procedure the circuit is arranged 
so that slide-wire readings correspond directly to emfs of the cell to 
be measured. 

One now leaves the position of the contact at F fixed. The cur- 
rent flowing through the upper circuit remains constant, and since 
& = IRacross the slide wire, any position D on the slide wire will cor- 
respond to a given resistance AD and to a voltage that is proportional 
to this. The scale of 0 to 2 on the slide wire corresponds, therefore, 
to a voltage as well as a resistance scale. Furthermore, this scale has 
been made to read actual voltages by fixing the 1.0183 position cor- 
rectly for a 1.0183-volt cell. It follows that all other positions on this 
scale will also give directly the voltage of the section of the slide wire 
connected to the lower circuit and therefore the voltage of the electro- 
chemical cell in the lower circuit. 

The emf of the unknown cell X is determined by throwing the 
switch to that cell and moving the position D until balance is reached. 
The slide-wire reading gives directly the desired emf. 

In practice, of course, one does not make use of simple slide 
wires as indicated in the figure. The principle of operation is, how- 
ever, exactly the same. 

We are now ina position to determine the equilibrium emf of an 
electrochemical cell, but before proceeding to a study of such cells, it 
is necessary that we consider the types of electrodes that are used to 
form these cells. 


CdSO4 3 H50 
(SOLID) 


Hg + Hg» SO4 


Cd AMALGAM 
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FIGURE 23-6 
The calomel electrode. 


23-3. TYPES OF ELECTRODES 


The examples of Figs. 23-1 and 23-2, which were used to introduce the 
subject of galvanic cells, showed that the process occurring in the cell 
could be treated in terms of the processes at the two electrodes. Al- 
though one can study only cells consisting of two electrodes, it is con- 
venient to describe the types of electrochemical arrangements that are 
used in terms of the separate electrodes. A variety of reactions can 
be made to occur electrochemically, and a variety of electrodes are 
used. A description is here given of only a few of the more important 
types. 

The reactions that occur at these electrodes will also be given. 
Since the overall reaction of the cell can always be treated in terms 
of the two electrode reactions, an understanding of the chemistry of 
electrode reactions results in an understanding of electrochemical 
reactions. 

The physical arrangement of the electrodes that constitute a cell 
consists either of electrodes which dip directly into the solution, as in 
the Hz, Clz example, or of electrodes that are in separate compart- 
ments connected through a salt bridge that allows ions to move 
through the solution. The basis for the use of a salt bridge will be 
dealt with later. For the present it is enough to recognize that this 
arrangement is used when the two electrodes require different solu- 
tions. Each electrode is then in its own solution protected by a tube 
of a saturated KCl-gelatin solution. Figure 23-6 shows an electrode 
so assembled. 


KCI SOLUTION SATURATED 
WITH Hg,Cl, 


KCI SOLUTION 
INTO WHICH 
SECOND 
ELECTRODE 
‘OF CELL DIPS 


GELATIN 


Hg, Hg>Cly PASTE 
B2bN2 AND KCI 


The different types of electrodes and the electrode reactions 
that are most frequently encountered can now be introduced. In later 
sections it will be shown how these are assembled into electrochemical 
cells. 


The Gas Electrode The H» and Cl, electrodes of the previous example 
are such electrodes. The arrangement has already been shown in 
Fig. 23-1. Most frequently the cell is open to the atmosphere, and the 
gas around the electrode is therefore at atmospheric pressure. The 
electrode material can, in principle, be any inert metal. 

One finds, however, that for the electrode to be reversible, con- 
siderable care in the choice and the treatment of the inert metal is 
necessary. An electrode must be such that, when the external 
voltage is changed by a very small amount from the equilibrium value, 
the reaction will proceed one way or the other. For inert electrodes, 
like gold or polished platinum, one finds this not to be the case, a con- 
siderable driving force being required to alter the direction of the reac- 
tion. On the other hand, platinum with a coat of fine platinum 
powder, i.e., platinum black, behaves suitably. 

Apparently only some inert electrodes provide a sufficiently easy 
path for reactions, such as 


tH, = Ht + e7 [6] 


For the electrode to be reversible it is necessary that ions such as 
H+ be able to pick up electrons from the metal, or molecules such as 
H» be able to give up electrons to the metal, with a minimum of driving 
force in either direction. On surfaces such as platinum black there 
are formed, apparently, hydrogen atoms that are immediately avail- 
able for the release of an electron and the formation of H* ions or for 
the combination into H» molecules. In any case such a surface pro- 
vides a suitable means for an equilibriurn electrode process. The ex- 
act mechanism of the electrode reaction is, in general, not easily 
depicted. 

A shorthand notation that will be found to be convenient 
describes the H» electrode as 


Pt| Hs(P atm) | HCl(c moles /liter) 


The vertical lines separate the different phases of the electrode. The 
pressure of the gas and the concentration and composition of the solu- 
tion can be included as indicated. 


Oxidation-Reduction Electrodes Although all electrodes involve oxi- 
dation-reduction reactions in the sense that electrons are being gained 
or lost at the electrode, this term is generally used for electrodes con- 
sisting of an inert metal dipping into a solution containing two different 
oxidation states of a species. An example consists of a platinum wire 
dipping into a solution containing ferrous and ferric ions. Such a cell 
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is abbreviated as 
PelPett (Chee (ce) 


The comma is used to separate the two chemical species which are in 
the same solution. These electrodes are similar to the gas electrodes 
except that the two species involved in the electrode reaction are ions. 
The electrode reaction in the example is 


Fett+ — Fe3+ 4 e- [7] 


and there Is the possibility of the electrode either donating or accept- 
ing electrons. 

Far less difficulty is experienced in obtaining a reversible elec- 
trode of this type. Apparently, the ions can readily accept or donate 
electrons to the metal surface. In fact, a suitable electrode consists 
of an ordinary piece of platinum wire for the inert metal. 

Oxidation-reduction electrodes can also be made with organic 
molecules that can exist in two different oxidation states. The most 
generally used material of this type is the system of hydroquinone and 
quinone, which can form the oxidation-reduction system 


OH O 
CO-O vars [8] 
OH O 


The presence of a platinum electrode in a solution containing these 
two species again clearly provides an electrode that can donate or 
accept electrons. One usually represents hydroquinone by QHs and 
quinone by Q, and the cell is then abbreviated as 


Pt|QH2, Q, H*(c) 


The occurrence of H* as a reagent in Eq. [8] makes it necessary also 
to state its concentration in the system. This electrode is generaily 
known as the quinhydrone electrode from the name of the crystalline 
compound QH» - Q, in which form the material is added to the solution. 


Metal-Metal-ion Electrodes The simplest of the electrodes in which 
the electrode material plays a chemical role is one in which a metal 
electrode dips into a solution containing ions of the metal. An ex- 
ample is that of a metallic silver electrode in a silver nitrate solution. 
The electrode is represented as 


Ag|Ag*(c) 
and the electrode reaction is 
Ag = Agt + e- [9] 


Such an electrode can be set up with any metal that is of inter- 


mediate activity. Very active metals react directly with the water itself 
and cannot be used for such an electrode. 


Amalgam Electrodes A variation of the previous electrode is one in 
which the metal is in the form of an amalgam, i.e., is dissolved in 
mercury, rather than inthe pure form. Electrical contact is made by 
a platinum wire dipping into the amalgam pool. The reaction is the 
same as in the metal-metal-ion electrode, the mercury playing no 
chemical role. 

The particular value of amalgam electrodes is that active metals 
such as sodium can be used in such electrodes. A sodium-amalgam 
electrode is represented as 


Na(in mercury at c1)| Na*(c2) 


where the concentration of the sodium metal in the mercury as well as 
that of the sodium ion in the solution must be given. In addition to 
allowing the study of active metals, the amalgam electrode is of inter- 
est in illustrating some of the thermodynamic relations which will be 
obtained for electrochemical cells. 


Metal-Insoluble-salt Electrodes A more elaborate, but usually sat- 
isfactory and frequently used, electrode consists of a metal in contact 
with an insoluble salt of the metal, which in turn is in contact with a 
solution containing the anion of the salt. An example is represented 
as 


Ag | AgCl|CI-(c) 


The electrode process at such an electrode is 


Ag = Ag* + & 
Ag+ + Cl = AgCl(s) 
Ag + Cl- = AgCl(s) + e- {10] 


The overall reaction shows how electrons can be released by the for- 
mation of AgCl from metallic silver and chloride ions or picked up by 
the reverse reaction. The electrode reaction involves only the concen- 
tration of Cl- as a variable. This can be contrasted with the Ag|Ag* 
electrode, which has the Ag* concentration as a variable. 

The most frequently used electrode of this type is the calomel 
electrode. This consists of metallic mercury in contact with calomel, 
Hg2Cle, which is in contact with a chloride solution. Figure 23-5 shows 
the usual arrangement of this electrode. The electrode reaction is 


Hg = Hg* + e- 
Hgt + Cl- = $Hg2Clo 
Hg + Cl =4HgeCle + e& [11] 


The calomel electrode is quite easily prepared and is frequently 
used in practice. One generally uses a chloride solution of 0.1, 1.0 M, 
or saturated KCI. The ‘saturated calomel electrode”’ is the most com- 
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FIGURE 23-7 

Electrode arrangement 
corresponding to the cell 
Pt/Hp» (1 atm)/HCl 

(1.0 M)/AgCl/Ag. 


mon, and for this electrode the calomel, Hg2Cle, is ground up with solid 
KCI and the solution is a saturated KCI solution. For this electrode 
the concentration of the chloride is therefore fixed at a given tempera- 
ture, and one has an electrode whose emf is completely determined. 
This is, as we Shall see, sometimes convenient. 


23-4. ELECTROCHEMICAL CELLS AND SIGN CONVENTIONS 


The electrodes of the previous section can be combined in pairs to 
form electrochemical cells. The emf of such cells can be measured, 
and the free-energy change for the overall reaction can be determined. 
The galvanic cell formed from two electrodes that operate in the same 
solution is most susceptible to exact theoretical interpretation and ex- 
perimental study. The cell shown in Fig. 23-7, consisting of a 
Pt|H2|H* and an Ag|AgCl|Cl- electrode, is an example of such a cell. 
A hydrochloric acid solution is suitable for both electrodes. 

It would impose too great a limitation if such cells were the only 
ones which could be studied. As mentioned previously, use can be 
made of cells consisting of electrodes operating in different solutions. 
These are usually joined by a KCI salt bridge. Although quantitative 
difficulties are introduced by this procedure, the qualitative aspects 
of electrochemical cells treated in this section are completely applic- 
able. 

Two electrodes in a solution through which ions can move, 
joined by an external circuit, constitute a galvanic cell. Each electrode 
is able to gain or lose electrons. For a given concentration of all the 
variable reagents, however, one electrode will generally have a greater 
tendency to drive electrons into the external circuit than the other 
electrode. It is very convenient, after having written down the cell 


POTENTIOMETER 


Ho 
> 
P=1 
ATMOSPHERE 


Hg CONNECTOR TUBE 


Ag COVERED 
WITH AgCl 


as consisting of a particular electrode on the left and another on the 
right, to describe the direction in which the electrons tend to flow by 
stating that the emf of the cell is positive or negative. It should be 
clear that we are at liberty to attach either sign to a tendency of elec- 
trons to flow in either direction. 

An arrangement of the electrodes is first decided upon, such as 
is represented by 


Pt|H»(1 atm) | HCI(1.0 M)| AgCl| Ag 


or as is depicted in Fig. 23-7. 

The sign convention is, then, that an emf will be called positive 
if there is a tendency for electrons to be driven through the external 
circuit from left to right. In the present example, measurements 
show that the cell tends to drive electrons around the circuit, as in- 
dicated in Fig. 23-7, from left to right with an emf of about 0.2 volt. 
We say that the cell has an emf of +0.2 volt. Had we written down 
the cell in the reverse direction, we should have found that electrons 
were driven from right to left and the cell would then be said to have 
an emf of —0.2 volt. 

Since the free energy of the cell reaction as well as the emf of 
the cell is of interest, we must also agree on how we are going to write 
this reaction. Once it is decided which electrode is to be written on 
the left and which on the right, one proceeds to write the electrode re- 
actions such that electrons are given up to the external circuit by the 
left electrode and accepted from the external circuit by the right elec- 
trode. Inthe present example this gives 


At left electrode 4H, = Ht + & 
At right electrode AgCl + e —Ag + Clr 
Overall reaction 4H. + AgCl = Ag + Ine os (le {12] 


A positive emf for the cell implies an electron flow such that the 
reactions so written tend to proceed spontaneously in the direction in 
which they are written. This corresponds to a decrease in the free 
energy as the reaction proceeds, and the relation between the free 
energy of the overall reaction and the emf of the cell is therefore 


AG = —ns& 


According to these sign conventions one has a spontaneous re- 
action, with the accompanying free-energy decrease, in the direction 
in which the reaction is written when the emf of the cell is positive. 
If the cell shows no driving force, the reaction has no spontaneous 
tendency to proceed and both AG and & are zero. When the emf of 
the cell is negative, the reaction tends to proceed spontaneously in the 
direction opposite to that written. 

The convenience introduced by strictly following these rules will 
become apparent as more electrochemical cells are considered. 
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23-5. STANDARD EMFS AND ELECTRODE POTENTIALS 


A method for the presentation of the data that are obtained from 
measurements of the equilibrium emf of electrochemical cells must 
now be developed. One expects, and a thermodynamic proof of this 
will be given in the next section, that varying the concentration of any 
reagents that are involved in the electrode process will affect the emf 
of the cell. In view of this, the emfs of cells with the regents at stand- 
ard states are reported. In keeping with the standard states intro- 
duced in the previous chapter, these standard-state conditions are 
chosen to consist of gases at unit activity, implying for most gases 
approximately 1 atm pressure, and solutes also at unit activity. ~For 
solutes, which for electrochemical cells are frequently ions, the activi- 
ties, as we saw in the previous chapter, can be quite appreciably 
different from molar concentrations. The way in which activity coeffi- 
cients can be determined from emf measurements will shortly be pre- 
sented. For the present it is sufficient to recognize that a standard 
state is chosen and that it is desired to tabulate emfs of cells which 
have their variable reagents at unit activity. 

It is impractical, however, to list the emfs of all possible combi- 
nations of electrodes, and it would be much more convenient to have 
some means of tabulating the relative electron-accepting powers of 
the individual electrodes. 

This can be done by tabulating the emfs of cells composed of 
a selected reference electrode and a variety of other electrodes. 
Quite arbitrarily, it is generally agreed that the hydrogen electrode, 
with a hydrogen pressure of 1 atm and a unit hydrogen-ion activity in 
the solution, be used as the reference electrode. 

Tabulations such as that of Table 23-1 can then be given of the 
emfs measured, or deduced indirectly, of cells of the type 


Pt|Ho(1 atm)|HCl(a = 1)|Clo(1 atm)Pt [13] 


The emf of this particular cell is found to be +1.3595 volts, and it is 
this value that is given in Table 23-1. The positive value for the emf 
of this cell implies that electrons are found to be driven around the 
external circuit from the left electrode to the right one and that the 
reaction 


FH. + $Clp > HCI [14] 


tends to proceed spontaneously. This overall reaction can be viewed 
as the combination of the two half-cell reactions 


Left electrode 4Hy > Ht 4+ em 
Right electrode lp 2& @= = GE 
Overall reaction 4H, + elo = Infra. Cl 


We see, therefore, that the emfs listed in Table 23-1 give the tend- 
encies of the electrodes to accept electrons, relative to this tendency 
for the hydrogen electrode. 


C—O 


Electrode 


Electrode reaction 


‘Vv? (volts) 


i aU U EEE 


ACID SOLUTION 


i see U EEE EEE EEE 


Li| Lit 

K| Kt 

Ba| Ba++ 

Ca| Ca++ 

Na| Nat 
Mg|Mg*+ 

Al| Als* 
Mn|Mn** 
Zn|Zn*++ 

Cr| Crs+ 

Fe| Fet* 

Cd| Cd*+* 
one Ue 
Pb| PbSO4 | SO4= 
Cu| Cul | I- 

Ag| AgI|I- 

Pb| Pb*+ 
Pt| Ho | H* 

Ag| AgBr| Br- 
Cuj CuCl | Cl- 
Pt| Cut, Cut+ 
Ag | AgCl | Cl- 
Pt| Hg | Hg2Cle | Cl- 
Cu| Cu+* 

Pt | I, |I- 
Pikes, Fes* 
Ag|Ag* 
Au|AuCl4~, Cl- 
Fight, te 

Pt | Clo | Cl- 
Pt} Mn*+*, MnO4~ 
Pt| Fo | FO 


BASIC SOLUTION 


Pt|SO3=, SO4= 
Pt| Ho | OH 
Pt|S|S= 

Pt| 02 | OH 

Pt| MnOz | Mn04~ 


fy as je a= 
K = Kt + e- 
Ba = Bat+ + 2e7 
Ca = Cat* + 2e- 


Na = Nat + e~ 
Mg = Mg** 4+ 2e7 
Al = Al8*+ + 3e7 


Mn = Mn++ + 2e7 
Zn = Znt+ + 2e7- 


Cr = Cr3+ + 3e- 
Fe — Fe++ + 2e- 
Cd = Cd*++ + 2e7 


Tit* = Tis* 4+ e7 

Pb + SO4= = PbSO4 + 2e7 
Cues — Clerics 

Ag +1 =Agl + e~ 

Pb = Pb++ + 2e7 

a 2H* + 2e7 

Ag + Br- = AgBr + e~ 

Cu + CI- = Cull + e 
Cut = Cutt + e7 

Ag + Cl- = AgCl + e~ 
2Cl- + 2Hg = HgeCle + 2e7 
Cu = Cutt + 2e7 


3I- = 137 + 2e7 

Fet+ = Fe3* 4 e7 

Ag = Agt + e- 

Au + 4CI- = AuCla~ + 3e7 
Tilt = Ti+ 4 2e7 

2CI- = Cle + 2e7 


Mn++ + 4H.0 = MnO4- + 8H* 4+ Se 


2F- = Fo(g) + 2e- 


$03= + AUG = S04= + H20 + 2e— 


Ho + 20a 2H,0 aa 2e7 
SSS 2e- 
40H- = 0. + 2H. + 4e7 


MnO» + 40H- = Mn04~ + 2H20 + 3e7 


— 3.045 
—2.925 
— 2.906 
— 2.866 
— PIN 
= 71363 
— 1.662 
— 1.180 
— 0.7628 
—0.744 
— 0.4402 
— 0.4409 
— 0.369 
— 0.3588 
— 0.1852 
—0,1518 
—0.126 
0.0000 
+ 0.0713 
SE) SY/ 
+ 0.153 
+ 0.2225 
+ 0.2676 
+ 0.337 
+ 0.536 
+0.771 
+ 0.7991 
+ 1.00 
DENS 
Sls Od0 
silyl 
+ 2.87 


—0.93 

— 0.82806 
—0.447 
+ 0.401 
+ 0.588 
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TABLE 23-1 
Some standard electrode 
potentials for aqueous 


solutions at 25° Cy 


+ Mostly from a compilation 
by A. J. deBethune, T. S. 
Licht and N. Swendeman, 
J. Electrochem. Soc., 
106:616 (1959). 
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In addition to viewing the data of Table 23-1 as giving the emfs 
of cells composed, in the manner indicated by the example of Eq. [13], 
of a reference electrode and an electrode under investigation, these 
data can be viewed as the emfs of the individual electrodes based on 
the arbitrary selection of zero for the emf of the standard hydrogen 
electrode. Then the measured value of + 1.3595 volts for the hydro- 
gen-chlorine-cell example would be interpreted as 


Left electrode reaction 4H, —>H* + e- Electrode emf = O 
Right electrode reaction $Clo - e > Cl- Electrode emf = +1.3595 
Overall reaction 4H. + Cl, SH*® + Cl- Cell emf = +1.3595 [15] 


We thus can talk of the emf data of Table 23-1 as being emfs of cells 
containing, on the left, the standard hydrogen electrode and, on the 
right, the electrode being considered, or alternatively, as standard 
electrode potentials, which will be represented by ‘V°, giving the emf 
due to half-cells in which electrons are accepted from the external 
circuit by the electrode. 

(It must be pointed out here that, although the procedure for 
writing the complete cell and the associated cell reaction and of 
assigning a sign to the cell emf, as was done in the previous section, 
has been nearly universally adopted, no such general agreement has 
existed for the treatment of the emfs of half-cells. Here, in contrast 
to the previous edition of this book, the procedure adopted by the In- 
ternational Union of Pure and Applied Chemistry in 1953 and used in 
the revision by K. S. Pitzer and L. Brewer of the important thermo- 
dynamics book by Lewis and Randall is used. One must be careful in 
using data presented for half-cell emfs to notice whether these are for 
reduction processes, as they are here, or whether they carry opposite 
signs and are ‘‘oxidation potentials’ as used, for example, by 
W. Latimer in his often cited work ‘‘Oxidation Potentials,” Prentice- 
Hall, Inc., Englewood Cliffs, N.J., 1952.) 

The emf of any cell with the reagents in their standard states, not 
necessarily involving the hydrogen electrode, can be used to obtain 
data for the standard electrode potentials of Table 23-1. Thus the 
cell 


Pt|Clo(1 atm)|HCl(a = 1)|AgCl(s)| Ag 


is found to have an emf of — 1.1370. This cell emfcan be interpreted 
in terms of the standard electrode potentials ‘\V° as 


Cell emf = ‘V°(right electrode) — ‘\°(left electrode) 
or 
S70 Ve rot (595) 
and [16] 
Vae,aec! = 0.2225 volt 


By means such as these, convenient pairs of electrodes can be 
selected and electrode potentials determined. Table 23-1 shows the 


results that are obtained for the more frequently encountered elec- 
trodes. These standard electrode potentials can, as mentioned, be 
called reduction potentials because the listed numbers give the rela- 
tive tendency for the electrode reaction to proceed with the gain of 
electrons, i.e., for reduction to occur. The electrodes at the top of the 
table, with the most negative values of ‘\°, have a high tendency to 
give up electrons. Those low down in the table have a relatively 
greater tendency to accept electrons. 

The use of this table in calculating a cell emf can be illustrated 
by the example of the cell 


Pt|Ti+(@ = 1), TR+(a = 1)\\CI-(a = 1)|Hg2Cle(s)|Hg 


where the double vertical line indicates a salt bridge separating the 
two solutions. 

The electrode reactions and the emfs due to the electrodes can 
be combined to give 
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Left electrode Salli” Seale SS ae emf = —‘Vnse = —1.25 
Right electrode 4Hg2Cle Cr Hg + GIF emf = Ver | HgoCl. | He = +0.2676 
Overall reaction 4Tl+ + HgeCle = 4718+ + Hg + Clr Cell emf = 6° = —0.98 volt 
[17] 
Furthermore, for the overall reaction 
Be lh er ane —(1)(96,500)(— 0.98) 
oe 4.18 
= +22,600 cal {18] 


The calculation tells us that the current will tend to flow from right to 
left through the external circuit of such a cell and that the reaction 
will tend to proceed spontaneously in the opposite direction to that 
written. 

Two features of this calculation should be pointed out. In the 
first place, the reaction at the left electrode has been written so that 
it is shown as an oxidation reaction. The sign of the value of the emf 
of this electrode is therefore the negative of the electrode potential 
that is found in Table 23-1. The right-electrode equation is a reduc- 
tion reaction, and the emf is the electrode potential of +0.2676 given 
in Table 23-1 for that electrode. One can then add the two electrode 
equations and their emfs to get the overall results. If one prefers, on 
the other hand, one may write both equations as reduction processes, 
as they are found in Table 23-1, and then subtract them to get the net 
effect of the cell. 

The second point to be mentioned is that one can write the reac- 
tions, such as those in the example, with one or two electrons ex- 
hibited. If two electrons are shown, this corresponds to two equiva- 
lents of reactants, and the free-energy change will be twice as much as 
for one equivalent. The emf, of course, will not be altered by a change 
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Left electrode 
Right electrode 
Overall reaction 


in the amount of material involved. We might write, therefore, 


i NEY 2. Be emf = —Vnsnr = —1.25 
HgoClo + ema 2Hg + ZC ls emf = Ver | HgeCly | Hg = +0.2676 


Tit + HgeCle = TI8+ + 2Hg + 2CI- Cell emf = &° = —0.98 volt 


[19] 
For the overall reaction as written, we calculate 
AG? = —nFG° = — 62X96,500—0.98) _ | 45 900 cal 
4.18 
[20] 


In a similar manner, one can determine the emf of any cell and 
the free-energy change for the overall reaction for which the electrode 
potentials are listed in Table 23-1. 

These results, however, apply only to standard-state conditions. 
To make any real use of these data, we must have some means for 
determining the emfs and free-energy changes when the reagents 
have concentrations other than those of the standard state. 


23-6. THE CONCENTRATION AND 
ACTIVITY DEPENDENCE OF THE EMF 


The dependence of the emf of a cell on the concentration, or more 
directly on the activity, of the variable reagents can be calculated from 
our knowledge of the relation between the free energy and the activity. 

Consider an electrochemical cell for which the overall chemical 
reaction is 


aA + bB=cC + dD [21] 


Further, suppose that A, B, C, and Dare reagents whose concentra- 
tion can be varied; i.e., they are gases, or ions, or molecules in solu- 
tion. If, in addition, there are solids involved in the reaction, they will 
contribute only a constant term to the results, as we shall see. 

For species A the free energy of 1 mole can be written as 


Cn = G4 ae RT In a, [22] 
and for a moles of reagent A the free energy is 


aG = aG4 + aRT Ina, 
= aGi + RT In (a,)2 [23] 


From expressions like these for all four reagents, the free-energy 
change for the overall cell reaction can be deduced, as was done in 
Chap. 8, and it gives 


— AG? (ac)"(ap)! 
AG = AG° + RT In (aan [24] 


where AG° is the difference in free energy of the products and the 
reactants when all reagents are in their standard states. Further- 


more, according to the discussion of Sec. 23-1, 


AG = —nF& and AG° = —n¥&° 
which gives 
6 = 6 — BE jp Saodan)" 
n¥ —— (a4)"(az)? 


[25] 


This important equation shows how the emf of a cell can be cal- 
culated from the emf for all reagents in their standard states and the 
activity coefficients of the reagents. It is clear that when the activities 
of all the reagents are unity, the logarithmic term drops out and 


S = &°, thatis, the emf for the standard states. 


At 25°C, the temperature of the standard electrode potentials 
and that at which most electrochemical results are reported, the factor 


before the logarithm term can be explicitly worked out and gives 


Pe 01S 


a 
@O.="6 


oe (a0)(any! 
n (a4)“(ap)? 


[26] 


Included in the numerical factor is the term for the conversion to 


logarithms to the base 10. 


It should be recognized that the activity term has the familiar 
form of the equilibrium-constant expression. It is not, however, the 
equilibrium constant since the activities of the reagents have the 
values that are determined by the solutions used to make up the cell, 


and these are not generally the equilibrium values. 


As in the development of the equilibrium-constant expression, 
the concentrations of solid or otherwise fixed concentration reagents 
are not explicitly included. The contribution to the free energy and 
the emf of the cell of such reagents is implicitly included in the 


AG° and &° terms. 


The use of Eq. [26] is illustrated by the calculation of the emf 


of the cell, 


Ag|AgCl(s)|Cl-(a = 0.05), Fe3+(a = 0.1), Fe+*(a = 0.02)|Pt 


The overall reaction and the standard emfs are calculated from the 


reactions and the data of Table 23-1 as 


Left electrode 


Right electrode FecueiCar— hors 


Ag + Cl- = AgCl + e 


emf — — Vag Accl 
emf = Vest, Fet+ 
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= 052225 
LOM / 1 


Overall reaction Ag + Fe?t + Cl = Fe++ + AgCl 


Equation [26] now gives 


eee 05 T15 
n 


Awet+ 
(Aye3+)(Aor) 


é 0.05915 0.02 
= 0.549 — =“ !08 (9730.05) 


= 0.549 — 0.036 = 0.513 volt 


Cell emf = &° 


[27] 


[28] 


+0.549 volt 
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An alternative way of performing the calculation is to obtain the 
electrode emfs for the activities of the reagents and then combine 
these electrode emfs. Thus, if the left-electrode reaction is written 
as 

e— + AgCl = Ag + Cl- [29] 
the left-electrode emf is 


BIBS yaa: 


a =s are 
left = — VAg Ago] — 


= 0.2225 — 0.05915 log 0.05 
0.2225 + 0.0771 = 0.2996 volt [30] 


For the right electrode the reaction is 


e- + Fe3+ — Fett [31] 
and 
2 a 0.05915 eres 
Sright = “Vie3+,Fet+ — log ee 
“3 0.05915 0.02 
= O/77/1| = a= aa log OL 
= 0.771 + 0.041 = 0.812 volt [32] 


Finally, the cell emf is obtained as 


& 3 Srient — Ghett — 0.812 — 0.2996 
= (0/5112 wok [33] 


as before. 

Either procedure can be used. One perhaps needs to be cau- 
tioned again that the two electrode reactions must be written with the 
same number of electrons before they can be combined. Although 
the standard emfs are not changed by the amounts involved, the con- 
centration-dependent term is. 


23-7. ACTIVITY COEFFICIENTS FROM EMF MEASUREMENTS 


Real use can be made of the equations of the previous section only 
if the activities of the electrolytes in the cell solution can be evaluated. 
Some methods for doing this have been mentioned in the previous 
chapter, but it is a fact that emf measurements themselves generally 
provide the most useful and accurate method. Again itis convenient 
to determine the relation between activities and concentrations by 
means of the activity coefficients. 

A satisfactory method for determining the emfs of cells with the 
reagents in their standard states must also be given. These emfs 
have been defined as being the emf of the cell when all variable con- 
centration reagents have unit activity. The definition is not Satis- 
factory without a valid method for determining when the activities are 
unity so that the standard emfs can be obtained. 


An example will show how standard emfs and activity coeffi- 
cients can be obtained electrochemically. Consider the cell 


Pt|H2(1 atm)|HCl(c)| AgCl(s) | Ag 


At a pressure of 1 atm, hydrogen will behave ideally, and its activity 
will be very nearly equal to its pressure. 

The overall reaction is determined by summing the electrode 
reactions, thus: 


4Ho = Ht + e 
AsCl() =" es — Ag = Cle 
AgCl(s) + 4H2 = Ag + H* + Cl- [34] 


The emf of the cell at 25°C can be interpreted, according to Eq. [25], 
as 


= ge .0,05915 


§ = 6 — == log (au+)(Gor-) [35] 


Pe 
At a hydrogen pressure of 1 atm this becomes 
& = &° — 0.05915 log (ay+)(ac-) [36] 


In terms of concentrations and activity coefficients the expression can 
be written as 


& = &° — 0.05915 log (y,y7_)[Ht [CI] 
= &° — 0.05915 log y,y_ — 0.05915 log [Ht][CI-] (Si7/) 
The brackets imply that the concentrations expressed here are molar 


concentrations. The directly measurable quantities are now rear- 
ranged to the left side of the equation to give 


& + 0.05915 log [H*+][CI-] = &° — 0.05915 log y+y- [38] 


Furthermore, for solutions containing appreciable HCI, the concen- 
trations of Ht and Cl- are equal and correspond to c, the hydrochloric 
acid concentration. Thus 


& + 0.05915 log c2 = &° — 0.05915 log yx? [39] 
and finally, 
6 + 0.11830 log c = &° — 0.11830 log y+ [40] 


The right side of the equation is made up of a constant term and 
the logarithmic term, which, for solutions in the Debye-Huckel limit- 
ing-law region, can be expected to be proportional to c!’?._ The left 
side of the equation, which can be obtained from measurements 
of 6 and, is therefore plotted against c!/2, as shown in Fig. 23-8. 

At c = Othe activity coefficient must go to unity, and the loga- 
rithmic term on the right side of the equation will vanish. The 
extrapolation of the data of Fig. 23-8 to cl’? = O gives, therefore, 
a value of &°. In this way one finds 


6° = 0.2225 volt [41] 
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FIGURE 23-8 
Determination of &° 

for the cell 
Ag/AgCl(s)/HC\(c)/ 
H2(1 atm)/Pt from the 
measured values of & at 
various concentrations 
of HCl. (The straight- 
line extrapolation is 
drawn with the slope 
predicted by the Debye- 
Hiickel limiting law.) 
(Partly from L. P. Ham- 
mett, “Introduction to 
the Study of Physical 
Chemistry,” McGraw- 
Hill Book Company, 
New York, 1952.) 


TABLE 23-2 
Mean-activity coefficients 
for HCl from the emf of 
the cell [Pt|H»2(1 atm) | 
HClU(c)| AgCl(s)| Ag] 


It is seen by looking at the original cell that it is this cell for which the 
standard emf is given opposite the Ag, AgCl entry in Table 23-1. 
Alternatively, we recognize that the emf &° of the cell for the reagents 
in their standard states can be written as 


&° = Vig asc: — Va, [42] 
which, with ‘Vy, taken as zero, yields 
Vine Accin= Or 222 DVOIE [43] 


as given in Table 23-1. In a similar way the standard electrode 
potentials of other electrodes are obtained. 

Now it can be shown how activity coefficients of HCI can also be 
determined from the data of Fig. 23-8. Reference to Eq. [40] shows 
that once a value for S° is obtained, the measured value of the left side 
of the equation allows the calculation of the only remaining unknown, 
the log y+ term. One obtains, therefore, as shown in Table 23-2, the 
mean-activity coefficients of HCI at any concentration for which emf 
data are available. 

In a similar way, the activity coefficient of other electrolytes in- 
volved in an electrochemical reaction can be determined. As before, 
no way Is found for the determination of the individual activity coeffi- 
cients, and therefore again mean-activity coefficients are all that need 
be considered. 


0.222 


0.224 


—0.226 


—0.228 


0.230 


e— 0.11830 LOG c 


0.232 


0.234 
° 
0.236 | 
0 0.1 0.2 0.3 0.4 
ve 

CHo) (moles /liter) & (volts) y+ 
0.003215 0.52053 0.942 
0.005619 0.49257 0.926 
0.009138 0.46860 0.909 
0.013407 0.44974 0.895 
0.02563 0.41824 0.866 
0.1238 0.34199 0.788 


23-8. EQUILIBRIUM CONSTANTS AND 
SOLUBILITY PRODUCTS FROM EMF DATA 


The data of Table 23-1 constitute a wealth of information on the free 
energies of inorganic reactions. Although reported as emfs, these 
data are readily converted to free energies by the expression 
AG° = n¥&°. Such free-energy data are of use in the determina- 
tion of equilibrium properties and, in particular, of the equilibrium 
constant for the overall cell reaction. 

Consider, for example, the possibility of reducing ferric iron to 
ferrous iron by the use of metallic zinc as a reducing agent. The reac- 
tion in which one would be interested might be performed in the cell 


Zn|Zn++| |Fe3+, Fet+|Pt 


and the reaction would be 


$Zn = 3Zn** + e7 emf = —Vin+|zn = +0.7628 
Fes! 3 e5 — Fet+ emf = Vre3+ Fett = +0.771 
Fe3+ + 4Zn = Fet* + 4Zn*+ &° = +1.534 volts 
[44] 


The cell emf is written as 


2 
= Ge o.onet log Ape Can) [45] 
Fe3t+ 


At equilibrium the cell would be able to perform no useful work, and its 
emf must then be zero. A similar argument based on free energy 
gives the same result since AG = —n%& and, as was seen in Chap. 
8, AG = 0 at equilibrium. For equilibrium activities of the variable 
reagents of Eq. [45] one has, therefore, 


56=0 [46] 
and 


[47] 


1/2 
1534 — ooo? log |e 


AFe3+ | tevead 


The activity expression is now the familiar equilibrium constant, 
expressed correctly in activities. Thus 


(gale 


Ape3+ gat 


GeO [48] 


The result shows that essentially all the iron will be reduced to the 
ferrous state by zinc. 

For some cells the overall reaction corresponds to the solution 
of aninsoluble salt. In such cases the equilibrium constant that can 
be determined is a solubility product. This can be illustrated by the 
cell 


Ag|Ag*,Br- | AgBr(s)| Ag 
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The electrode reactions and the emfs are 


Ag = Agt + e7 emf = —Vasiag = —0.7991 


AgBr(s) + e = Ag + Br- ami = Waris = 440,07Als: 
AgBr(s) = Ag* + Br- om —OW278 
[49] 


The cell emf is written as 
2 07s O.8219 log (dag: Xap) [50] 


The solubility of silver bromide is very small, and the activity coeffi- 
cients will be sufficiently close to unity to allow, if no other ions are 
present in appreciable amounts, the activities to be replaced by con- 
centrations. Again at equilibrium the emf of the cell will be zero and 


0.7278 = —0.05915 log {[Ag* [Br ]} equitibrium [51] 
or 


{TAS Bhs) } cquneram — Gera bility = 4.8 x UROL [52] 


The examples of this section are intended to show that the data 
of Table 23-1 can be used to determine the equilibrium constant for 
any reaction which is the overall reaction for a cell made from elec- 
trodes included in Table 23-1. 


23-9. ELECTRODE-CONCENTRATION CELLS 


A particularly simple electrochemical reaction is one that performs the 
dilution of either the electrode material itself, as treated here, or of 
the electrolyte, as studied in the next section. For the electrode mate- 
rial to be involved in such a process, it must have a variable concentra- 
tion. Gaseous electrodes and amalgam electrodes fall into this 
classification. 

A cell can be constructed from amalgams with two different 
concentrations of the same metal. The cell 


Pb-Hg(a,)| PbSO4(soln) | Hg-Pb(az) 
allows the electrode reactions 
Ik) = Por tk Do= 
Poy? de 2O= ==> (Powis) 
Pb(a1) = Pb(a2) [53] 
to be written. No chemical change occurs, and the reaction consists 
of the transfer of lead from an amalgam of one concentration to that 


of another concentration. The emf of such a cell, which necessarily 
Nasiour— ORS 


5 = — 0.05915 |, a 
2 ay 


[54] 


The lead will tend to go spontaneously from the high-activity amalgam 


to that of low activity. For example, if a; is greater than a», & is posi- 
tive and the reaction proceeds in the direction indicated. 

One finds that solutions of metals in mercury constitute fairly 
ideal solutions and that the emfs are almost correctly calculated by 
using concentrations instead of activities. Table 23-3 shows some 
data which illustrate this. 

The electrode-concentration cells consisting of gas electrodes 
can be illustrated by the cell 


Pt| H2(P1)| HCI | H2(P2) | Pt 


At all ordinary pressures hydrogen behaves very nearly ideally, and 
the emf corresponding to the overall cell reaction 


H2(P1) = H2(P2) [55] 
can be written as 

~ — © -O.05915 Po 

e—-—- 4 P, [56] 


For satisfactorily reversible platinum electrodes one finds experi- 
mental results in agreement with this expression. 


23-10. ELECTROLYTE-CONCENTRATION CELLS 


A second type of cell whose emf is derived only from the free-energy 
change of a dilution reaction is that in which the electrolyte of the cell 
is involved inthe dilution. If one attempts to construct such a cell by 
having two solutions of different concentrations in physical contact 
with each other, complications arise because of the nonequilibrium 
processes that occur at the liquid-liquid junction. For the present 
only the simpler concentration cells without liquid junction are con- 
sidered. Such cells can be illustrated with two cells of the type 
Pt| H» | HCl(c) | AgCl(s)| Ag 
each of which has a reaction 
$H, + AgCl = Ag + H*(c) + Cl(e) [57] 


Consider two such cells electrically connected through their 


ee SS 
Grams Cd/100 g Hg Emf (volts) 
Left electrode Right electrode Observed a 


ee 


Calculated = 0.05915 log 10 


1.000 0.1000 0.02966 0.02957 
0.1000 0.01000 0.02960 0.02957 
0.01000 0.001000 0.02956 0.02957 
0.001000 0.0001000 0.02950 0.02957 


nen 
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silver electrodes in the opposed manner, 
Pt|H»|HClI(c1)| AgCl | Ag—Ag | AgCl | HCl(c2) | H2 | Pt 


The overall reaction is now the sum of the two simple cell reactions. 
If the pressure of hydrogen gas is the same for both terminal elec- 
trodes, the electrode reactions can be combined to give 


Left cell 4H. + AgCl = Ag + H*(ce1) + Cl-(e1) 
Right cell Ag + H*(c2) + Cl-(c2) = 4He + AgCl 
Overall reaction H*(c2) + Cl-(c2) = H*(c1) + Cl-(e1) 

[58] 


The overall reaction involves, therefore, no chemical change and 
consists only of the transfer of HCI from a concentration cz to a con- 
centration cy. Theemf of the complete cell is expressed as 

c 0.05915 


on I log 


(Qu+)1(Aor-)1 
(Qu+)2(acr )2 


= —0.05915 log 1221, 
+J2 


—0.11830 log tat [59] 
Ea PA 


Again one can see that the spontaneous process takes HCl from 
a higher activity, or concentration, to a lower activity, or concentration. 
If, for example, cz is greater than c; and therefore (a+)2 is greater than 
(a), the emf will be positive and the reaction will proceed in the direc- 
tion in which it is written. 

One can clearly use such concentration cells to determine the 
activity of an electrolyte at one concentration compared with the 
activity of an electrolyte at another concentration. 

The principal purpose in presenting these concentration cells 
here, however, is to provide a contrast to the situation that arises when 
concentration cells with liquid junctions are dealt with. 


23-11. ELECTROLYTE-CONCENTRATION CELLS 
WITH LIQUID JUNCTION 


The treatment of emfs has so far ignored the problem that arises if 
one seeks to couple two electrodes which operate in different solu- 
tions. If, for instance, one studies the cell consisting of a Zn|Zn++ 
electrode and a Cu|Cu*+ electrode, one must separate the two solu- 
tions, probably ZnSO4 and CuSOx,, so that they cannot mix with each 
other. If the solutions do mix, copper will plate out directly onto the 
zinc electrode and no emf will be obtained. We are forced, therefore, 
to form a liquid junction between the solutions, and as we shall see, 
this gives rise to a junction potential. Since the direct contact be- 
tween solutions of different concentrations is not a balanced state as 
required for reversible processes, the system is not directly suscepti- 


ble to thermodynamic analysis. The source of the junction potential 
will be seen, however, if the cell reaction of a concentration cell is 
treated in detail. 

The dilution of HCI was studied in the previous section but can 
also be accomplished in a cell with a liquid junction, as illustrated in 
Fig. 23-9. Assume that two HCI solutions of different concentration 
can be brought together and prevented from mixing. The flowing of 
two streams of solution together sometimes accomplishes this. One 
then can set up the cell 


Pt|H2|HCI(e,)| HCl(c2) | He | Pt 


The emf of the cell can be related to the overall reaction that occurs 
when 1 faraday of current flows. The reactions that occur at the elec- 
trodes and those that occur at the liquid junction can be written 
separately. The electrode reactions are 


At left electrode He > H*(cx) + e7 
At right electrode H+(c2) + e — He 
Overall electrode reaction H+(c2) > H*(ex) [60] 


The junction reaction is understood by reference to Fig. 23-9. 
As the current flows according to our convention, 1 faraday of positive 
charge must pass through the cell and therefore across the junction. 
The fraction of current carried by the ions is expressed in terms of 
their transference numbers, and ¢, equiv of H* move to the right 
whereas t_ equiv of Cl- move to the left. The junction reactions are 
therefore 


t,H*(c1) > t,H*(c2) 
or 
(1 — t_)H*(c1) > (1 — t_)H*(c2) 


POTENTIOMETER 


H»(1 atm) —> <— H,(1 atm) 


YeHp <2H | (c1) + e- H* (cy) + e—=="eHo 
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and 
(2Cla(¢>)i—> c= Cline) [61] 


The electrode reaction and the junction reactions are now combined 
to give the overall cell reaction. Thus 


Electrode reaction H+(e2) = H*(e1) 

Junction reactions H+*(ey) — t_H*(e1) > Ht(c2) — tH*(c2) 
fCin(co) > Clee) 

Overall cell reaction ¢t_[H*(co) + Cl-(c2)] > ¢_[Ht(e1) + Cl-(e1)] 


[62] 
The emf of this cell, which has &° = O, can now be written as 
6 = — 0.05915 44. [au)1(@or)1]- 
1 [(au+)2(Acr-)o) 
2 
0 Os0lsmlos 
: [as]o? 
= —0.11830¢_ log (22) [63 
: (a+)o ] 


The emf of this cell, unlike that without a liquid junction, depends on 
the transference numbers. Such cells are frequently described as 
concentration cells with transference. 

If the activities of HCI at the two concentrations are known, the 
measured emf allows the determination of the transference number. 
The method is satisfactory, and the results compare well with those 
obtained by the Hittorf method. The difficulties with the method arise 
through the experimental problem of obtaining a liquid junction that 
prevents mixing of the two solutions. Reproducible and meaningful 
emfs are not always easily obtained. The assumption has been made, 
furthermore, that the transference numbers are independent of con- 
centration in the concentration range c to co. 


23-12. THE SALT BRIDGE 


It has already been mentioned that one attempts to circumvent the 
liquid-junction problem by connecting the different solutions by means 
of a bridge containing a saturated KCI solution. One then assumes 
that no junction potential exists. The use of such a device can best 
be justified by the empirical result that emfs so obtained are generally 
in satisfactory agreement with results from cells without liquid 
junctions. 

The success of the salt bridge can be attributed to the high con- 
centration of KCI at the solution junction. The effect of the difference 
between the two electrode solutions is thereby swamped out. Fur- 
thermore, the fact that the ions of KCI have about equal transference 
numbers and diffusibilities is said to be important. The mechanism 
of the salt bridge, however, is difficult to analyze, and only with a de- 
tailed understanding of its operation (it is not a thermodynamic 


device) can the role of these quantities be understood. The salt 
bridge is often used as a convenient device for constructing an elec- 
trode, asin the assembly of Fig. 23-6. Such an electrode can dip into 
the solution of another electrode to form an electrochemical cell. 
When the two electrode solutions could have been mixed and have 
not been mixed only because of cell-construction convenience, the 
cell is susceptible to thermodynamic treatment and thermodynamic 
functions enter into the cell emf expression; i.e., the activity of an 
electrolyte will occur, but an individual ion activity will not. The cell 


Hg|HgeClo(s), KCI(1 N)| | HCI} H2(1 atm)| Pt 
might be constructed, for example, and the cell reaction 

HgeCle + He = 2Hg + 2Cl- + 2Ht [64] 
would be written. The cell emf expression is then 


Cc 
(G) 


co 
= © 


EXO? 1) log cere [65] 


A typical thermodynamic-activity expression, @cr@y+ Or a+”, OCCurs. 

The nonthermodynamic nature of the salt bridge is illustrated 
when the electrode solutions must be separated for an emf to be 
produced. The cell 


Pt|H2(1 atm)|HCl(c = 0.01)| | HCl(e = 0.1)|H2(1 atm)| Pt 
can be constructed, and an emf obtained. The electrode reactions are 


Left electrode 4H. = H*(0.01) + e- 


66 
Right electrode H*(0.1) + e =+4He Eo! 


The net reaction, on the assumption that no junction reaction need be 
considered, is 


H+(0.10) = H*(0.01) [67] 


Since the &° value is zero, the cell emf can be written as 


S = 0:05915 log 2001 [68] 
Q0.10H+ 
This apparent approach to the activities of individual ions of an elec- 
trolyte, however, is upset by the assumptions made concerning the 
effectiveness of the salt bridge. 

Although a cell making use of a salt bridge is not one that can be 
analyzed by strict thermodynamic arguments, in a practical way the 
salt bridge is effective and allows cells to be studied that consist of 
electrodes requiring different solutions. 

The example of the reduction of ferric to ferrous iron by metallic 
zinc, treated in Sec. 23-8, can illustrate this further. On the basis of 
a cell that required a salt bridge, the condition for zero cell emf led to 
the expression 


| (Qpe++)(Agnt+)1/? 


| —~ 8 x 102 [69] 
(A¥e3+) equilibrium 
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FIGURE 23-10 

The glass electrode and 
calomel electrode of a 
(From 

F. Daniels, J. W. Wil- 
liams, P. Bender, R. A. 
Alberty, and C. D. Corn- 


pH meter. 


well, “Experimental 
Physical Chemistry,” 
6th ed., McGraw-Hill 
Book Company, New 
York, 1962.) 


The type of thermodynamic question that might be asked about 
this system deals with the thermodynamic equilibrium constant for, 
for example, the reaction 


Zn + 2FeCl3(aqg) = ZnClo(ag) + 2FeClo(aq) 


The equilibrium-constant expression can be written as 


Per (Aznc1,(Arec,) 


i= [70] 
(AFeci;)° 


Although the activity of an electrolyte in solution can be obtained by 
thermodynamic methods, as was the activity of HCl in Sec. 23-7, there 
is no thermodynamic way of evaluating individual ion activities. It 
follows that no rigorous thermodynamic treatment will allow the 
activities of the chloride ions to be canceled out from Eq. [70] to give 
a value for the expression of Eq. [69]. 

Thus, with the use of a salt bridge, results of considerable in- 
terest but of no exact thermodynamic value can be obtained. 


23-13. THE GLASS ELECTRODE 


Before proceeding to an important application of emf measurements, 
brief mention should be made of a component of the most frequently 
encountered electrochemical instrument. This component is an elec- 
trode called the glass electrode. Figure 23-10 indicates the typical 
construction of a glass electrode, which, however, is commercially 
available in a variety of sizes and shapes. The electrode, not the cell, 


Hg,Cl,—-Hg 


KCI SOLUTION 


AgCl, KCl, 
CH,COOH 


PLATINUM WIRE KCI CRYSTALS 


COATED WITH 
Ag-AgCl 

FIBER 
GLASS 
MEMBRANE THROUGH 


GLASS 


usually consists of the arrangement 
Ag|AgCl(s)|HCl(c = 1)|glass 


The value of the electrode stems from the fact that, when it is placed 
in a solution of given acidity and the cell is completed by use of an- 
other electrode, the emf of the cell appears to depend primarily on the 
difference in the concentration or activity of the hydrogen ions on 
either side of the glass. 

The glass membrane of the glass electrode separates two differ- 
ent solutions, as does the KCI salt bridge. The emf ofa cell involving 
the glass electrode can be expected, therefore, to be similarly lacking 
in rigorous thermodynamic interpretation. Unlike the salt bridge, 
which provides for electric conduction across the liquid junction, the 
glass membrane most often used apparently leads to a cell whose emf 
is primarily responsive to hydrogen ions. The detailed mechanism by 
which this membrane, and therefore the glass electrode, operates is 
difficult to analyze. Such analysis, furthermore, does not depend 
entirely on thermodynamic considerations and does not interpret the 
mechanism in terms of strict thermodynamic quantities. 

Much of the importance of the glass electrode stems from its 
lack of response to various oxidizing and reducing agents and to 
a large variety of ionic species. Difficulties do occur, however, if the 
glass electrode is used in solutions of high sodium-ion concentration 
or in solution sufficiently alkaline to attack the glass membrane. 


23-14. pH DEFINITION AND MEASUREMENT 


In many areas of chemistry it is very convenient to correlate the prop- 
erties of the system with something related to the hydrogen-ion con- 
centration. Thus, ina titration of an acid with a base, one might try 
to follow the process and determine the end point by any of a number 
of physical measurements. Properties that are closely dependent on 
the hydrogen-ion concentration would be most satisfactory. Ina like 
manner, since some reactions, aS was discussed in Chap. 15, are acid- 
catalyzed, the reaction rate of such reactions can be correlated with 
the concentration of the hydrogen ion. 

Such applications are not strictly thermodynamic, and in these 
applications it is not clearly specified whether it is the hydrogen-ion 
concentration that is needed or whether itis some effective hydrogen- 
ion concentration. There seems, therefore, little necessity to try to 
use the thermodynamically suggested activities or activity coeffi- 
cients. The fact that the activity of a single ion would be encountered 
emphasizes the impropriety of inserting this thermodynamic concept. 

A convenient form for the expression of hydrogen-ion concentra- 
tions was suggested in 1909 by Sorensen. He introduced the term 
pH, and his original definition gave 


pH = — log [H*] [71] 
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Hydrogen-ion concentrations, as was shown in Sec. 21-4, can 
be deduced for dilute solutions of acids from conductance measure- 
ments, and with such data the pH, according to Eq. [71], can be 
obtained. 

Most applications, however, require a measure of something like 
the hydrogen-ion concentration in solutions that may be concentrated 
and that may contain a number of other ionic species. Conductance 
measurements are therefore unsatisfactory, and one is led to consider 
some electrochemical cell whose emf might give a suitable hydrogen- 
ion index. 

One might consider, for example, the cell 


Pt|H2(1 atm) | soln| | Hg2Clo(satd) | Hg2Clo(s) | Hg 


in which a hydrogen electrode operates in the solution of interest and 
the cell is completed by a calomel electrode connected through a salt 
bridge. The electrode reactions are 


Left electrode ‘Ap = [rhe ts Ge 
Right electrode $HgoClo(s) + e~ = Hg + Cl(satd) 
Overall reaction 4He + 4HgeClo = H* + Cl-(satd) + Hg 


[72] 


If the salt bridge is assumed to be effective and the chloride con- 
centration and activity are fixed and included in a constant emf term, 
one can write 


& = const — ooser log ay: [73] 


The measured emf, after the cell has been standardized by measure- 
ments on, for example, a 1 M HCI solution, gives an indication of the 
hydrogen-ion concentration or activity, the latter being, as pointed 
out, not well defined. Such a cell does give the information that would 
be needed, for example, to follow an acid-base titration or to correlate 
the rate of an acid-catalyzed reaction with the acidity of the solution. 
The practical difficulties and inconvenience of the hydrogen electrode, 
however, make the hydrogen-calomel cell unsuitable. 

By far the most frequently used electrochemical device is the 
PH meter, which makes use of the combination of a glass electrode 
and a calomel electrode. The emf of such an assembly is found to 
depend on the acidity of a solution in much the same way as the 
hydrogen-calomel electrode. Thus one can formally write for the 
pH meter the equation 


& = const — 0.05915 log ay. 
or 


& — const 


tog Come 
22 CX =e (IO5O15 


[74] 


The value of the constant term can be determined from a meas- 
urement on a solution of known hydrogen-ion concentration. The 
measured & of a pH meter can then be inserted to give a numerical 


value for the right side of the equation when some test solution is 
used. The scale of the pH meter can be arranged, moreover, to give 
directly the right side of Eq. [74] rather than the value of &. Equation 
[74] suggests that this number will be a suitable hydrogen-ion index. 
It is convenient, therefore, to drop the original Sorensen pH definition 
and instead to define pH as 


& — const 


pi = "9 05015 


[75] 
where & is the emf of the pH meter assembly. Other similar pH defini- 
tions are also possible. A suitable choice of a value for the constant 
term allows this pH scale to coincide quite well with that of Eq. [71] 
based on conductance results. 

It is important to recognize that the operational definition of 
Eq. [75] leads to a hydrogen-ion index that has many important appli- 
cations. The pH so defined, however, is only loosely related to ther- 
modynamic quantities. A complete and detailed understanding of 
the glass electrode, or of a salt bridge, would lead to a molecular-type 
interpretation of pH, and this interpretation would not necessarily in- 
volve thermodynamic activities or activity coefficients. 

One of the important uses of the measurement of pH is the 
determination of a potential-titration curve. Figure 23-11 illustrates 
the results that are obtained in typical acid-base titrations. 


23-15. THE TEMPERATURE DEPENDENCE OF EMF 


The direct relation given by Eq. [5] between the free-energy change 
for a reaction and the emf of a cell in which this reaction occurs 


TITRATION 
OF WEAK ACID 


BY STRONG BASE at 


/ 


pH 7- 


pH OR e 


TITRATION OF STRONG 
ACID BY STRONG BASE 


l Dis 


EQUIVALENCE POINT 


OG (2 ———z 


743 


Section 23-15 
The temperature 
dependence of emf 


FIGURE 23-11 
The shape of potentio- 


metric-titration curves. 


744 

Chapter 23 

The electromotive 
force of chemical cells 


implies, according to the treatment of Sec. $4, that 2 measurement 
of the temperature dependence of the emf will lead to 2 walue for the 
entropy and the heat of the reaction. The relation 


ESP] -—» ms 


becomes, with the substitution of 
AG ss: —nss 


the entropy-determining relation 


or 


AS = nF (3s) [277] 
er Pe 
By this expression the entropy of the reaction cam be determined fram 
the temperature coefficient of the cell emf. 
This entropy value can, furthermore, be inserted into the 
expression, for a given temperature, 


AH = AG + TAS [78] 


to give a value for the enthalpy change for the reaction. 

Thus AG, AH, and AS can be evaluated for the cell reaction from 
measurements of the emf and the temperature coefficient of the emf. 
This procedure is often a more convenient way of obtaining these 
thermodynamic properties than direct calorimetric measurements. 
Electromotive-force studies therefore provide an appreciable amount 
of thermodynamic information for systems inveiving ions in aqueous 
solution. 

For example, the cell 


Pt| Hz} HCi(salin) | AgCl | Ag 


has a standard emf, i.e., with variable reagents at unit actitty, of 

0.2224 volt at 25°C and a temperature coefficient of — 0.000645 

voit/*C. : 
The cell reaction is 


$y =H + & 
AgCl + e- > Ag+ Ch 
AgCl + tH, = Ag + Ha = D+ Ce =) (279) 
and for this reaction one obtains the thermodynamic results 
AG? = —nSS° 
= —(1X96,493\0.2224) 
= —21,450 joules = —5140 cal [So] 


b 
iH 


“= ( aT ), 
(1X96,493X — 0.000645) 
~62.2 joules/deg = —149 cal/deg [st] 


and 
AH? = AG° + TAS*® 
= —5140 + (298)(—14.9) 
— —5140 — 4440 = —9580 cal [82] 


Thus measurements of the emf of cells and the temperature 
dependence of the emf give thermodynamic data for reactions in 
which solutions of ions are formed. Such measurements, along with 
direct calorimetric determinations of the heats of solutions of electro- 
lytes and of the temperature coefficient of the solubilities of electro- 
lytes, provide a large body of thermodynamic data that we shall now 
attempt to use to see further into the nature of ions in solution. We 
begin by considering enthalpies. 


23-16. THE ENTHALPY OF IONS IN AQUEOUS SOLUTIONS 


Table 6-3 has already given the standard heats of formation of ions 
in dilute aqueous solutions. Such data, which give the enthalpy of 
ions relative to the elements in their normal physical state and are 
based on the arbitrary selection of zero for the standard heat of for- 
mation of the hydrogen ion in aqueous solution, are convenient for 
use in combination with data on the standard heats of formation of 
compounds. Here data which are more directly related to the ionic 
systems are preferable. 

Results for the heat of solution of electrolytes, which can be 
obtained calorimetrically, or from cell emfs as shown in the preceding 
section, can be listed. Some values are given in Table 23-4. Since 
these data are the enthalpies of the solutions compared with those of 
the solid salts, they do not directly reflect the relative enthalpies of the 
ionic solutions. The enthalpy effects of the solution process are most 


i CI- Br- I 
Hie —11.6 —174 — 19.95 — 19.22 
Lit 1.0 —8.4 = 11.25 —14.75 
Nat 0.6 1.02 0.10 —1.25 
K* —3.6 4.12 4.73 9.22 
Rb+ —58 4.40 5.96 6.50 
Cst —8.6 475 6.73 8.25 
Agt —34 15.81 20.07 26./1 
TI* 10.12 13.0 17.53 
Mg++ —2/8 — 35.92 — 43.30 — 49.80 
Znt++ = 15163 — 15.0 —113 
Cdt++ —3.01 —0.76 0.96 
Hert 3.15 1.60 
(Hea 18.6 
Mn++ 16.0 16.0 
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TABLE 23-5 

Values of AH, in 
kcal/mole, for the solu- 
tion of gaseous ions of 
metal halides and 
hydrogen halides in 
water at 25°C [i.e., AH 
for processes of the type 
Mig) + X(g) © 
M*(aq) + X~(aq)] 


clearly exhibited if, rather, enthalpies for reactions of the type 


Nat(g) + Cl-(g) “> Nat(ag) + Cl-(aq) 


are deduced. To obtain such data it is only necessary to have, in addi- 
tion to the data of Table 23-4, for the ionic crystals, the enthalpies of 
processes such as 


NaCl(s) > Nat(g) + Cl-(g) 


Results for such processes, it will be recalled, were obtained in Sec. 
17-2 from the Born-Haber cycle and from theoretical calculations. 
With such results, the combination of equations for the NaCl example 

NaCl(s) “8° Nat(ag) + Cl-(ag) AH = 1.0 kcal/mole 
and 


NaCl(s) ——> Nat(g) + Cl-(g) AH = 184 


gives, on subtraction, the desired reaction and enthalpy value 


Nat(g) + Cl-(g) “2° Na*(aqg) + Cl-(aq) 


AH = —183 kcal/mole 


The corresponding calculation for the hydrogen halides re- 
quires, instead of the lattice energy, the enthalpy of the reaction 


HX(g) > H*(g) + X(g) 


This can be obtained from available data on dissociation energies, 
ionization potentials, and electron affinities, as illustrated for HCl. 


HCI(g) > H(g) + Cl(g) = +103 kcal/mole 
H(g) = Ht(g) + e- = See 
Ci@e)re e==>-Cla(z) = —83 
NCl(g) => Hig). ClsCg) = +334 kcal/mole 


Combination of this result with the value of —17.4 kcal/mole for AH 
for the solution of HCI(g) gives, finally, 


H*(g) + Cl-(g) “ H*(aq) + Cl“(aq) 
AH = —351 kcal/mole 
In such ways the data presented for the solution of a variety of 


gaseous Ions of electrolytes in Table 23-5 can be obtained. 
This is as far as we can go with a thermodynamic treatment. 


ie Cl- Br- I 
a — 381 — 351 — 344 — 334 
Lit — 243 — 209 
Nat —215 — 183 — 1/6 — 164 


The fact, however, that the difference between successive values in 
adjacent columns or rows of Table 23-5 are approximately constant 
leads us to recognize, in the same way as we did with the data on the 
limiting equivalent conductances of electrolytes, that the heat of solu- 
tion of the ions of an electrolyte, at infinite dilution, can be interpreted 
in terms of separate contributions made by the ions of the electrolyte. 
It remains now to see how the values of Table 23-5 can be divided up 
so that contributions from the separate ions can be obtained. 

A variety of attempts to separate the heat of hydration of the 
ions of an electrolyte into ionic components have been made. Most 
of these start with the calculation of the relative work required to 
charge a sphere, which represents the ion, in the gas phase compared 
with the work required in a medium of dielectric constant e. The work 
to form the gas-phase ion is calculated for an ion of radius R and 
charge Ze from the integration of the force g dq/r2, which is exerted 
on an additional element of charge as it is brought up to form the ion, 
times the distance element dr. The charging process involves the 
bringing of such charge from infinity to the surface of the ion, which is 
assumed to have an effective radius R. The work required to form 
the ion in solution with dielectric constant ¢ is calculated, for the same 
model, by a corresponding integration, which now depends on the 
force being g dq/er when the charges q and dq are at a separation r. 
The energy of hydration, on the basis of this model, is thus obtained as 


R (-Z R (Ze y 
°q dq q dq ee - 2) 
i 0) ) er a if if if US OR : € [83] 


This result, known as the Born equation, suggests that for two ions of 
an electrolyte, with radius R, and R_, the work involved in the hydra- 
tion process should be attributed to the individual ions in amounts 
that are inversely proportional to their effective radii. These radii, 
moreover, can be estimated from the radii of the ions, as given in 
Table 17-5, with some suitable correction terms to produce the effec- 
tive radius of the ion in solution. For example, in an important early 
attempt along these lines, Latimer decided that for singly charged 
ions the addition of 0.85 and 0.1 A to the ionic radii of cations and 
anions, respectively, was necessary. With values for the effective 
ionic radii and with the inverse dependence of hydration energies on 
these radii, as suggested by the Born equation, the data for the hydra- 
tion of the ions of electrolytes can be divided up into ionic components. 

A great variety of modifications of the approach outlined here 
have been made. Although results for the hydration energy of any 
ionare likely to vary by amounts as high as 10 kcal in different tabula- 
tions, there now exists some agreement on the value of about 260 kcal 
for the proton. It follows that, where the necessary thermodynamic 
data are available for electrolytes, other ionic hydration energies are 
equally well determined. A set of values, based in part on the data 
of Table 23-5, is given in Table 23-6. 

Some of the trends of the data of Table 23-6 are those expected 


747 


Section 23-16 
The enthalpy of ions 
in aqueous solutions 


748 
Chapter 23 


The electromotive 
force of chemical cells 


TABLE 23-6 


Some values for AH of 
hydration of gas-phase 


ions based on the value 


of —260 kcal/mole 


for H'(g) @° H*(aq) 


from the role ascribed to the size of the ion in the hydration process. 
(For more extensive data a closer look into the arrangement of the 
outer electrons of the ion and the way these electrons interact with 
the adjacent water molecules must be taken.) Of special note, how- 
ever, is the very large value for the proton. Some understanding of 
this value is provided by the estimate made by Sherman of the heat 
of the reaction 


H+(g) + H20(g) > H30*(g) [84] 


of —182 kcal/mole. If this reaction is considered to be a step in the 
solution of a proton, and if we recall that the heat of vaporization of 
water is about 9 kcal/mole, the entire heat of solution is accounted for 
by ascribing —87 kcal/mole to the heat of solution of the H30* ion. 
This value is in line with the values given in Table 23-6 for other 
cations. 

Noteworthy also are the very large values that are commonly to 
be found for the highly charged ions such as Al8*. These values, 
if divided by 6, a reasonable value for the number of water molecules 
that can come in direct contact with the ion, lead to hydration energies 
for each nearest-neighbor water molecule that are well up in the 
range expected. Thus, for these ions the hydration process must be 
regarded as involving the formation of ‘‘chemical’’ bonds. For the 
singly charged ions, on the other hand, the energy per nearest- 
neighbor water molecule is considerably less and a very strong hydro- 
gen bond or ion-dipole association is indicated. Thus, although the 
ion hydration energies cannot be easily understood, at this stage, ina 
quantitative way, they are clearly significant data in the analysis of the 
nature of ions in aqueous solution. 


23-17. THE FREE ENERGY AND ENTROPY OF IONS IN SOLUTION 


Additional thermodynamic data, as well as enthalpy results, are pro- 
vided, as pointed out in Sec. 23-15, from emf and the temperature 
dependence of emf measurements. Again such data can, in some 
cases, also be obtained more directly from the solution process. For 
a sparingly soluble salt, for example, the equilibrium established be- 
tween the crystalline salt and the saturated solution is expressed as 


(H20) 
MX(c) —— MX(aq) 


ili (— 260) Als+ —1119 
LiF —120 Las* —7190 
Nat —92 fa —121 
Kt —72 Cl- —91 
Cat+ — 379 Br- — 84 


My — 487 I= —714 


and the equilibrium constant, i.e., the solubility product, is related to 
the free-energy change for the reaction by the equation 


Kea RE In Kae [85] 


where AG? is the free-energy difference between the solid, or the salt, 
in the saturated solution and the salt in the standard state of unit 
activity in solution. Ifthe heat of this solution reaction is known, from 
one of the types of measurements referred to in the preceding sec- 
tion, one can obtain the entropy associated with the process from the 
relation, valid at the temperature T, 


AG°® = AH® — TAS° [86] 


Thus again a variety of methods are available for obtaining the 
free energy and the entropy of solutions of the ions of an electrolyte 
compared with the pure compound. 

The treatment of the free-energy data can proceed in much the 
same way as described in the preceding section for enthalpies. One 
makes use, generally, of free-energy data in thermodynamic calcula- 
tions, and the reduction of data for electrolytes to values for individual 
ions, as was desirable in the case of enthalpy data, for many investiga- 
tions of the nature of ions in solution, need not be carried out. (It can 
be mentioned, however, that the Born equation is directly applicable 
to free energies rather than enthalpies.) Further treatment of the 
free-energy data, which is implicit in the emf data of Table 23-1 and 
can be deduced also from solubility data, will not, therefore, be carried 
out. 

If our attention is now turned to the entropy data, we see that, 
since absolute entropy values are available for the pure electrolyte 
compounds from third-law measurements, the addition of entropy 
values for the solution processes will yield values for the entropies of 
electrolytes in solution which are based, it must be kept in mind, on 
the assignment of the entire entropy of solution to the electrolyte. 
Such entropies, for the hypothetical state of unit activity that serves 
as the standard state for solutes, are listed for a number of electrolytes 
in Table 23-7. 

More informative of the nature of the ionic solutions are entropy 
values for the hydration of the gas-phase ions of the electrolytes. 
Such data can be obtained from the values of Table 23-7 by subtract- 
ing the absolute entropies of the gas-phase ions that make up each of 
the electrolytes. These additional data are most easily obtained by 
a calculation, shown in detail in Sec. 9-7, of the translational entropy 
of gas-phase particles. If the ground-electronic-energy level is singly 
degenerate and no excited states are appreciably occupied, only the 
translational contribution, given by Eq. [45] of Chap. 9, need be dealt 
with. Some values for the absolute entropies of gas-phase ionic 
systems and for the entropies of hydration of the gas-phase ions of 
electrolytes are also shown in Table 23-7. 
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TABLE 23-7 

Entropies, in cal/deg 
mole at 25°C, of tons in 
solution, in the gas 
phase, and for processes 
of the type 

M+(g) + X-(g) ©, 
M*(aq) + X~(aq) 


the 


Again the problem of dividing these values between the ions of 
electrolyte arises and again there have been a variety of attempts 


to accomplish this. The discussion of the corresponding problem 
that arose with enthalpies indicates the approaches used, and the de- 
tails of the various attempts to do the same with the entropy data will 


not 


be followed through here. 


PROBLEMS 


1 


An electrolysis of HCl solution produces 94 cc of H, and 94 cc of 
Clo, measured at 25°C and 740 mm pressure. 
a How many faradays of charge were passed through the cell? 

Ans. 0.00748. 
b How many coulombs? 


c If the electrolysis was performed over a period of 10 min, what was 


the average current? Ans. 1.20 amp. 
2 Write the cell reactions for the following cells, and use Table 23-1 to 
determine the emfs of the cells under standard conditions: 
a Cd|Cd++| | KCl| Hg2Cl.|Hg| Pt. Ans. 0.665 volt. 
beet els a | Cuden Cur 
c¢ Pb|PbSO4(s)|SO4=| | Cutt |Cu. 
3 Deduce, by writing electrochemical cells and calculating their emfs, the 
standard free-energy changes for the reactions: 
a +Br. + Ag = AgBr(s) Ans. 0.993 volt, —22.9 kcal. 
b Hse + Cu** = 2H + Cu 
c 4Cl, + Bro = Cl + 4Brz2 
d Catt + 2Na = Ca + 2Na™ 
e HgoCle = 2Hg + Cle 
apanane s°, unit activity rte ils As° for the soln 
in aqueous soln fae af U liter of gas-phase ions 
HF = hs TA} —74.0 
HCi at INS} /2 73.5 ==00F3 
HBr JL IG)3 75.8 — 56.9 
HI + 26.1 Wile — 5. 
LiF au jl. 72.5 == //i\i! 
LiCl + 16.6 73.9 —/.3 
NaF aL 2) 139 —618 
NaCl +27.6 74.9 —47 3 
NaBr +- 33.7 76.5 —428 
Nal + 40.5 71.6 — 37.1 
KBr +438 77.0 =o8hZ 


10 


11 


Calculate the emf of the cell and AG° for the cell reaction of 
Pt|Cly(1 atm) | ZnClo(a = 1)Zn 


using the electrode potentials of Table 23-1 and: 
a Combining one electrode reaction written as an oxidation process and 
the other as a reduction process. 


b Combining both electrode reactions written as reduction processes. 


In what direction would the concentrations of the variable reagents in 


each of the reactions of Prob. 4 be changed to attain cells with zero emf? 


The emf of the cell Pt | H2(1 atm) | HBr(c) | AgBr(s) | Ag has the following 
values at 25°C according to the measurements of Keston [J. Am. Chem. 
Soc., 57:1671 (1935)]: 


c (moles/liter) 0.0003198 0.0004042 0.0008444 0.001355 0.001850 0.002396 


0.003719 


& (volts) 0.48469 0.47381 0.43636 0.41243 0.39667 0.38383 


By a suitable graphical method deduce: 
a S° for the cell. 
b The activity coefficients for HBr at each of the reported concentra- 


tions. 


The emf of the cell in which the reaction Hz + Hg2Clz > 2Hg + 2HCl 
occurs has been studied by Lewis and Randall [J. Am. Chem. Soc., 
36:1969 (1944)] as a function of pressure at 25°C. The pressure was 
obtained by allowing the hydrogen gas to escape against a hydrostatic 
head measured in centimeters of water. Their results are: 


P (cm water in excess of 1 atm) 0 3 63 84 
& (volts) 0.40088 0.40137 0.40163 0.40190 


Compare the pressure dependence of these results with the thermo- 


dynamic predictions. 


The cell Zn| ZnClo(c) | AgCl(s)| Ag has been studied by Lewis and Lacey 
[J. Am. Chem. Soc., 36:804 (1914)]. They report, for 25°C, 


c (moles/liter) 0.000772 0.001253 0.001453 0.003112 0.006022 0.01021 
& (volts) 1.2475 1.2289 1.2219 1.1953 1.1742 1.1558 


a Using a Debye-Hiickel limiting-law extrapolation, deduce, as well as 
possible from these data, the value of &° and the activity coefficients 
of ZnCl» at each concentration. 

b Compare the value deduced for &* from these data with that obtained 
from the data of Table 23-1. 


From the data of Table 23-1, calculate the solubility product of PbSO4 
at 2p °C: Ans. 1.12) 5< L0n2: 


Calculate AG° and the equilibrium constant for the reaction Hy, + O2 = 
H.O. at 25°C. At what total pressure would AG be equal to zero? 


Calculate, from data given in various places in the text, the enthalpy 


0.36173 


751 


Problems 


752 


Chapter 23 
The electromotive 
force of chemical cells 


12 


13 


of hydration of the fluoride ion, and compare this result with the value 
given in Table 23-6. 


The solubility of AgCl in water has been deduced from conductivity 
data to be: 


Temperature (°C) 1.55 468 9.97 17.51 25.86 34.12 
Solubility (g AgCl/g HzO) 0.0056 0.0066 0.0089 0.0131 0.0194 0.0274 


Calculate the solubility product from these data, and by a suitable 
graphical treatment, estimate the heat of solution of AgCl at 25°C 
from the temperature dependence of the solubility product. 

Deduce the free energy of AgCl in its standard, hypothetical state of 


iY) 


log 


unit activity in water at 25°C. 

Calculate the entropy of solution of AgCl to its standard unit-activity 
state in water at 25°C, and with the absolute entropy of AgCl(s) 
of 23.00 cal/deg mole, obtain a value for the entropy of AgCl in 


iz) 


aqueous solution and compare with the values of other salts given in 
Table 23-7. 


Calculate the entropy change that would be expected for the process 
Na*(g) + Cl-(g) “> Na*(aq) + Cl-(aq) 


if the process corresponded to nothing more than the restriction of the 


ions to a free volume of, say, 2 cc/mole. 
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ADSORPTION 
AND HETEROGENEOUS 
CATALYSIS 


It has been mentioned in the discussion of the liquid state that mole- 
cules on the surface of a liquid have a different environment and 
therefore a different free energy from the molecules in the bulk of the 
material. In most chemical systems the fraction of the molecules 
on a surface and the free-energy difference between the surface and 
the bulk material are relatively small. Now systems are considered 
in which the surface effects are dominant. Mention will be made of 
a liquid film spread out in another liquid, but attention will be devoted 
principally to systems in which the molecules of a gas are concen- 
trated on the surface of a solid. The molecules are said to be 
adsorbed on the solid surface, and this process is distinguished from 
the penetration of one component throughout the body of a second, 
called absorption. The chapter will be begun with a direct study of 
the adsorption process and the adsorbed layer. 

Such studies are now almost always directed toward an under- 
standing of the chemical reactions that occur at the surface. The 
surface, it will be shown, enters into reactions as a catalyst. It is in- 
teresting that this type of catalysis, called heterogeneous catalysis, 
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is understandable only on the basis of some of the information de- 
duced in absorption studies; on the other hand, conclusions that are 
drawn from the chemical reactions on a surface help to answer some 
of the problems unsolved by direct adsorption studies. 

The goal of modern physical-chemical studies of surface phe- 
nomena is the understanding of these phenomena by means of a 
molecular model. However, systems which have a very thin, often 
monomolecular layer of gas adsorbed on a complex solid adsorbent 
resist most of the methods that have already been studied to elucidate 
the molecular world. The current theories of surface reactions are 
still very tentative and loosely supported. Furthermore, little can be 
said about the nature and behavior of surface molecules. Some of 
the background information and treatments on which the ideas that 
exist are based will, however, be introduced. 

It should be pointed out immediately that heterogeneous cataly- 
sis is a procedure of great importance in industrial chemistry. This 
fact and the challenge of the many unexplained phenomena make 
the study of the adsorbed state one of the most exciting areas of 
modern physical-chemical research. 


ADSORPTION 


Although the distinction between adsorption and absorption is not 
always clear-cut and the noncommittal word sorption is sometimes 
used, the processes that will be considered here will be essentially 
surface effects and the word adsorption will be used. 

The most important and interesting type of adsorption is cer- 
tainly that in which gases are adsorbed on a solid. Before treating 
this subject, however, the much simpler and more easily treated 
process of the adsorption, or spreading, of a film of one liquid on the 
surface of another will be dealt with briefly. 


24-1. LIQUID FILMS ON LIQUIDS 


The most interesting and easily studied liquid films are formed by 
allowing a small quantity of a surface-active material, for example, a 
long-chain organic acid like stearic acid, 


CH3(CH2)1gCOOH 


to spread out on the surface of water. Such molecules are suitable 
because the acid group shows an attraction for water (short-chain 
acids are, in fact, soluble in water) that makes the material spread out 
over the water surface whereas the long hydrocarbon end prevents 
the material from dissolving. It can now be shown that such films 
can be made to form a monomolecular layer on the water surface. 

Modern studies of such films are made on an apparatus, called 
a surface balance, developed by Langmuir in 1917. The apparatus 


is shown in Fig. 24-1. The trough is filled with water, and a measured 
amount of the surface-active material is added. The movable barrier 
is pushed forward, and measurements of the force exerted on the 
fixed barrier are read off the delicate tension device. It is customary 
to plot the results as the force in dynes per centimeter on the fixed 
barrier versus the surface area per molecule of the surtace-active 
agent, i.e., the surface area covered by the surface-active agent 
divided by the number of molecules inthe sample. Typical results for 
stearic acid are shown in Fig. 24-2. 

The initial slow increase in film force with decreasing surface 
area indicates that the surface is not completely covered by the 
surface-active film. The beginning of the steep part of the curve is 
taken to correspond to the completion of the film; further decrease 
in area must compress the film itself, and a large increase in force is 
necessary. Finally, the film buckles and folds, and the area can be 
decreased without any further increase in force. 

A calculation can now be made which supports the idea that the 
onset of the steep part of the curve corresponds to a monomolecular 
film. For stearic acid this film has, according to Fig. 24-2, an area 
of about 20.5 sq A per molecule. This value can now be shown to be 
about that expected for the cross-section area occupied by a stearic 
acid molecule. 

The film is assumed to consist of molecules arranged approxi- 
mately as depicted in Fig. 24-3. The volume occupied by an Avoga- 
dro’s number of molecules of stearic acid can be taken to be approxi- 
mately that of 1 mole of liquid stearic acid, i.e., 


M — 284 = 330 cc 


oy = 
Vol of Xt molecules 0.85 


and 


Vol of 1 molecule = gas — 550 AS 
JO p 


The length of the zigzag chain of carbon atoms can be estimated, as 
Fig. 24-3 shows, as 


Length of stearic acid = (17)1,54.c0s 35 = 2A 


TORSION 
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FIGURE 24-1 

Schematic drawing of 
the Langmuir film-bal- 
ance apparatus. (Cour- 
tesy of Herman E. 

Ries, Jr., Standard Oil 
Company of Indiana, 


Whiting, Ind.) 
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FIGURE 24-2 
Pressure-area isotherm 
and molecular orienta- 
tion of stearic acid. 
(Courtesy of Herman E. 
Ries, Jr., Standard Oil 
Company of Indiana, 
Whiting, Ind.) 


FIGURE 24-3 

The dimensions of a 
monomolecular surface 
film of stearic acid, 
CH3(CH»2),;gCOOH, on 


water. 
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From these estimates one deduces the effective cross-section area as 
Cross-section area = 550/21 = 26sqA 


This result is in sufficient agreement with the value of 20.5 sq A from 
the film-balance experiment to suggest the existence of a monomolec- 
ular layer at the beginning of the steep portion of the force-area curve, 
such as that of Fig. 24-2. 

The nature of these surface layers is nicely shown by micropho- 
tographs, as indicated in Fig. 24-4. These surfaces have been 
shadow-cast by a coating of a very thin layer of chromium from a beam 
directed at an angle to the surface. Ifthe angle of the shadow-casting 
beam is known, the length of any shadow can be used to deduce the 
height of any projection. In this way the results for the collapsed 
layer of Fig. 24-4 can be interpreted in terms of double ‘“‘sandwich”’ 
layers of the fatty acid lying on top of the monomolecular surface film. 

Some features of these liquid films will be encountered in the 
study of the adsorption of gases on solids. The concept of a mono- 
molecular layer will be of great importance, but the transition to 
multiple layers, for gases on solids, will be less easily detected. Like- 
wise, the surface area of the adsorbent will be talked about but will 
seldom be as definite a concept as in liquid-film systems. Part of this 
difficulty stems from the nonhomogeneity that must be anticipated 
for solid adsorbents. Finally, the nature of the attraction of the sur- 
face layer for the adsorbent will be studied and will be found to be 
rather more complicated than the essentially physical, or van der 
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FIGURE 24-4 

Electron micrographs of 
monolayer films of n-hex- 
atriacontanoic acid 
[CH3(CH2)34COOH]. 
The arrows give the di- 
rection of chromium 
shadow casting, which 
was done at an angle of 
The 


light areas are shadows 


15° to the surface. 


not covered by chro- 
mium. (One micron ts 
104 A.) (A) Blank, no 
film. (B) At 15 
dynes/cm. (C) At 

25 dynes/cm. (D) After 
collapse. (Courtesy of 
Herman E. Ries, Jr., 
Standard Oil Company 
of Indiana, Whiting, 
Ind.) 
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TABLE 24-1 
Characteristics of 
physical adsorption and 
chemisorption 


Waals, attractions that act on the surface film on a liquid. It is, of 
course, all these added complexities which make the study of the 
nature and reactions of gases adsorbed on solids of special interest. 

An extension of studies of liquid-surface films could be made 
to liquid-liquid interfaces. The molecules of stearic acid, for example, 
would be expected to concentrate at an oil-water interface just as they 
do at an air-water interface. All such systems are clearly important in 
studies of lubrication and in the wetting action of water containing 
soaps or detergents. 


24-2. CLASSIFICATIONS OF ADSORPTIONS OF GASES ON SOLIDS 


It is very convenient in the study of adsorption to recognize that most 
adsorptions can be placed in one of two categories. These categories 
are suggested by the possibilities of having essentially physical forces 
holding the gas molecules to the solid or of having chemical bonds 
serve the function. The categories of physical adsorption and chemt- 
cal adsorption, or more commonly, chemisorption, thus arise. The 
observed characteristics of any adsorption process usually allow it 
to be placed in one or the other category. Table 24-1 outlines the 
experimental features that allow a process to be so categorized. The 
different behaviors of the two types of adsorption should be recog- 
nized as having the features of a physical process, such as condensa- 
tion, or those of a chemical reaction. It should be pointed out that 
whether or not more than a monolayer is being formed is not directly 
observable but, as we shall see, can often be deduced from experi- 
mental data. 

Most interest in adsorption, and in the closely related field of 
heterogeneous catalysis, isin chemisorption. Two of the items men- 


Physical adsorption Chemisorption 


Heat of adsorption is less than about Heat of adsorption is greater than about 


10 kcal/mole. 

Adsorption is appreciable only at tempera- 
tures below the boiling point of the 
adsorbate. 

The incremental increase in the amount 
adsorbed increases with each incre- 
mental increase in pressure of the ad- 
sorbate. 

The amount of adsorption on a surface is 
more a function of the adsorbate than 
the adsorbent. 

No appreciable activation energy is in- 
volved in the adsorption process. 

Multilayer adsorption occurs. 


20 keal/mole. 
Adsorption can occur at high tempera- 
tures. 


The incremental increase in the amount 
adsorbed decreases with each incre- 
mental increase in the pressure of the 
adsorbate. 

The amount of adsorption is characteristic 
of both adsorbate and adsorbent. 


An activation energy may be involved in 
the adsorption process. 
Adsorption leads to, at most, a monolayer. 


tioned in Table 24-1 will therefore be dealt with in more detail and 
with particular emphasis on chemisorption. 


24-3. HEAT OF ADSORPTION 
In all adsorptions, heat is given out, and AH for the process 
Gas — adsorbed layer {1] 


is negative. Heats of adsorptions are, however, generally listed with- 
out sign. The necessity for a negative AH, in contrast to chemical 
reactions in general, arises from the fact that the entropy of the 
ordered, constrained adsorbed layer is always less than that of the 
gas; i.e., for the reaction of Eq. [1], AS is invariably negative. It fol- 
lows that, for the process of Eq. [1] to be spontaneous and have 
a negative value for AG, the value of AH must be negative and greater 
than T AS. 

For physical adsorption the heats involved are of the order of 
heats of vaporization, i.e., generally less than 10 kcal/mole, and in 
keeping with the idea that physical adsorption may be leading to the 
formation of multilayers, these heats are more dependent on the 
nature of the gas than they are on that of the solid adsorbent. 

Adsorptions classed as chemisorptions, on the other hand, have 
heats of adsorption that compare with those of ordinary chemical re- 
actions: in other words, they have heats of anywhere up to about 
150 kcal/mole. 

The approximate values mentioned for physical and chemical 
adsorptions are not intended to imply a constancy for these heats as 
a function of the amount of gas adsorbed. Some of the variations in 
differential heats of adsorption in the chemisorption region are shown 
in Fig. 24-5. The frequently observed curve over the region of adsorp- 
tion from low coverages to multilayer formation has a high initial heat 


HEAT EVOLVED, KCAL/MOLE 
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FIGURE 24-5 

The heat of adsorption 
for Hy on clean metal 
surfaces. (From 

O. Beeck, Discussions 
Faraday Soc., 
1950:1/8.) 


760 that falls off at large amounts of adsorption. This behavior is teKker 
as indicative of an initial chemisorption, te form something like @ 


—- monolayer, followed by the formation of muitipie layers that are deund 
pei Races by physical forces. 
catalsis Even within a range attributed to chemisorption, however, te 


heat of adsorption is usually found to be @ function of the ameunt 
adsorbed. A number of molecular explanations have Deen offered 
for this variation. Active sites cam be assumed te eust am Me 
adsorbent, and as these are occupied by the first additions ef gas, the 
binding of later additions must eccur om less active Sites ang the 
strength of binding falls off. Alternatively, the binding of some gas t 
the solid can occur with the giving up of electrons to the solic Dy the 
adsorbed molecules or with the withdrawing of electrons from Me 
solid, and as such processes continue, the solic becomes more anc 
more reluctant to gain or lose more electrons. Such an explanation 
is particularly appropriate to semiconducting and cemducting acsort- 
ents. The final important factor that has Deen suggested iS Mat Me 
mutual repulsion of the adsorbed molecules, especially if trey acquire 
a net charge when they are adsorbed, operates to oppese the acaivem 
of further molecules. 


244. THE ADSORPTION ISOTHERM 


The most frequently encountered adsorption experiment iS the meas- 
urement of the relation between the amount of gas adSorted dy 
a given amount of adsorbent and the pressure of the gas. Such 
measurements are usually made at 2 constant temperature, and the 
results are generally presented graphically as an eeserpien Sedthermn. 
Experimentally, one measures either the volume of gas takem up dy 
a given amount of adsorbent or the change im weight of the adsorbent 
when it is exposed to a gas at a given pressure. The apparatus that 
can be used is shown in Fig. 24-6. 


FIGURE 24-6 > 
a 
~ - —_— a), ee 
Adsorption totherm i VACUUNE 
apparatus. (a) Gravi- ot. | i) =e 
; A : rT | € 
metric. (6) Volumetric. “THERMOSTAT | 
GAS OR LIQUID 
’ | SMWPLS 
ASSORSENT | 
SawePce 
MERCURY 
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A great variety of adsorption-isotherm shapes are found. 
Chemisorption is usually accompanied by an initial steeply rising 
curve that gradually flattens off. The initial rise is taken as corre- 
sponding to the strong tendency of the surface to bind the gas mole- 
cules, and the leveling off can be attributed to the saturation of these 
forces, perhaps by one or more of the three mechanisms mentioned 
in Sec. 24-3. Physical adsorption, on the other hand, is accompanied 
by an adsorption isotherm that tends to have an increasingly positive 
slope with increasing gas pressure. Each incremental increase in 
gas pressure produces a larger increase in the amount of gas 
adsorbed—up to the limit of a pressure equal to the vapor pressure 
of the material being adsorbed, at which pressure the adsorption 
isotherm ascends vertically as condensation occurs. 

Some adsorption isotherms, as Fig. 24-7 suggests, can be in- 
terpreted as a combination of these chemisorption and_ physical- 
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FIGURE 24-7 

(a) The adsorption iso- 
therm for Hz on Cu 
powder at 25°C. [From 
A. F. H. Ward, Proc. 
Roy. Soc. London, 
A133:506 (1931).] (b) 
The adsorption of Nz up 
to the vapor pressure of 
No, on silica. (From 

P. Emmett, “Catalysis,” 
vol. 1, Reinhold Publish- 
ing Corporation, New 


York, 1954.) 
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adsorption curves. As we shall see, however, no simple, or even com- 
plex, explanation can be expected for the detailed shapes of all 
adsorption isotherms. 


24-5. THE LANGMUIR ADSORPTION ISOTHERM 


A model for the adsorption process, and particularly for the chemi- 
sorption process, was presented by Langmuir in 1916 and led him to 
a simple, but important, theoretical derivation of an adsorption 
isotherm. The chemisorption process is pictured as leading ulti- 
mately to a monomolecular film over the surface of the adsorbent, and 
the derived adsorption isotherm results from an investigation of the 
equilibrium that is set up between the gas phase and the partially 
formed monolayer. When the gas is at a pressure P, the fraction of 
the surface that is covered is represented by 6. The equilibrium state 
can be interpreted in terms of the dynamic equilibrium that results 
from an equal rate of evaporation of the adsorbed material and rate 
of condensation of the gas-phase molecules. 

The Langmuir theory suggests that the rate of evaporation can 
be taken to be proportional to the fraction of the surface covered and 
can be written, therefore, as k1#, where k; is some proportionality 
constant. This simple proportionality is an assumption that ignores 
the complications that often make the heat of adsorption dependent 
on the extent of coverage and that may well be expected to spoil the 
simple assumption of an evaporation rate proportional to k,@. The 
rate of condensation, furthermore, is taken to be proportional both 
to the gas pressure P, which according to the kinetic-molecular theory 
of Chap. 2 determines the number of molecular collisions per unit 
area per unit time, and to the fraction of the surface not already 
covered by adsorbed molecules, i.e., to 1 — 6. It is assumed that 
only collisions with this exposed surface can lead to the sticking of 
a molecule to the surface. The relation between equilibrium surface 
coverage and gas pressure is then obtained by equating the expres- 
sions deduced for the rate of evaporation and the rate of condensa- 
tion, i.e., ; : 


k16 = koP(1 — 6) [2] 

where 2 is another proportionality constant. Rearrangement gives 
_ __ keP 

= ky + koP [3] 


and introduction of a = k,/k» allows this result to be written as 


oe [4] 


Inspection of Eq. [4] shows that a chemisorption-type isotherm 
is obtained from this theory. At small values of P, where P in the 
denominator can be neglected compared with a, Eq. [4] reduces to a 


simple proportionality between @ and P, and this behavior is that cor- 
responding to the initial steep rise of the isotherm curve. At higher 
pressures the value of P in the denominator contributes appreciably, 
and the increasing denominator leads to values of @ that do not in- 
crease proportionally to the increase in P. For sufficiently large 
values of P, 8 approaches the constant value of unity. 

Experimental isotherm data consist of the amount of gas ad- 
sorbed by a given weight of adsorbent as a function of the gas pres- 
sure. For adsorption, up to a monolayer, the amount of gas y ad- 
sorbed at some pressure P and the amount of gas Ym needed to form 
a monolayer are related to 6 according to 


2 =9 [5] 


and Eq. [4] becomes 


re) Vk 
aD 2 [6] 
Experimental results can be compared with the Langmuir theory most 


easily if Eq. [6] is rearranged to 


eee Ee we i eA 

y Ym Ym 
A plot of P/y versus P will, if the experimental data are in accord with 
the Langmuir theory, yield a straight line. If sucha curve is obtained, 
the intercept can be identified with a/ym and the slope with the con- 
stant 1/ym. For many chemisorptions one finds, as Fig. 24-8 shows, 
a good linear relationship on the Langmuir suggested plot. For physi- 
cal adsorption isotherms or S-shaped curves, the Langmuir plot does 
not yield a straight line, and the theory is clearly not applicable to such 
cases. The success of Eq. [7] in fitting experimental chemisorption- 
type curves must not, of course, be taken as necessarily confirming 
the model and assumptions that have been used in the derivation. 

Other theories have been developed to explain the more com- 
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FIGURE 24-8 

The Langmuir plot for 
the adsorption of Hz on 
Cu powder at 25°C 
shown in Fig. 24-7. 
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TABLE 24-2 

Estimates of surface 
area of clean nickel films 
from the physical ad- 
sorption of different 
gases 

* On different films. 

SOURCE: O. Beeck and 


A. W. Ritchie, Discussions 
Faraday Soc., 8:159 (1950). 


plete adsorption process that leads to multilayer formation. The 
most important of these treatments is due to Brunauer, Emmett, and 
Teller. Their theory, like that of Langmuir, leads to an isotherm ex- 
pression, usually abbreviated as the BET isotherm. Although this 
expression receives considerable attention as a basis for surface-area 
determinations, which will next be dealt with, it will not be necessary 
for us to investigate here the BET theory. 


24-6. DETERMINATION OF SURFACE AREAS 


It is important, if one is to obtain a definite picture of the happenings 
on a surface, to have some way of estimating the surface area. Since 
many of the solids that are used in adsorption studies are highly 
irregular and porous, like charcoal, the area cannot be measured 
directly and an adsorption method, generally using the BET isotherm, 
is ordinarily employed. Although the Langmuir isotherm can repre- 
sent only the chemisorption process, it can be used to show that 
a surface area can be deduced from adsorption studies. 

The specific example of the adsorbent used for the experiments 
that led to one of the isotherms of Fig. 24-7 can be considered. The 
Langmuir plot of these data in Fig. 24-8 gives 


Slope = rid = 0.735(cc at STP)" [8] 
Intercept = a = 0.4 cm Hg/cc at STP [9] 


The values of ym and a are calculated as 
Mp = SO Ce at SIP @ = 0,5 chin Inks [10] 


and the adsorption isotherm is represented by the equation 


_ Aste? 
v= 054P cc at STP for P, cm Hg kay 
The result is obtained, therefore, that the surface of 1 g of adsorbent 
would be covered by an amount of Hs which occupies a volume 
of 1.36 cc at STP, i.e., by 1.36/22,400 x 6.0 x 1023 = 3.6 x 1019 
molecules. 


——_Ss—X— s—s—sSsS— 


Areaniclecile Vol adsorbed to Surface area of 
Gas (sq A) give monolayer 1 g nickel film 
(on 1 g nickel film) (sq cm) 
Kr 14.6 6.15 x 1019* molecules 9.0 « 104 
Kr 14.6 5.85 x 1019* 8.6 x 104 
CH4 Lo¥/ 5.40 « 1019 8.5 «x 104 
n-C4Hio9 24.5 3.48 ~« 1019 8.5 «x 104 


—_.s Ssh 


The surface area is obtained if the area covered by this much 
H» can be estimated. The easiest, if rather crude, method is to make 
use of the bulk volume of liquid H» and to calculate the effective area 
per molecule as (Vjig/9U)?’3, where Viiq is the volume of 1 mole 
of liquid He. In this way one estimates that the area covered by one 
molecule is 


awe 6 sos) s or 13 x 10-16 sq cm 


and the area of 1 g of this charcoal adsorbent is therefore 
(36 3 101s 10s) = 4.7 x 104 sq cm [12] 


In practice, one relies on the BET isotherm and makes use of 
physical-adsorption data rather than the chemisorption data used 
in this Langmuir example. The calculation procedures are, however, 
equivalent. 

Surface areas estimated from such adsorption studies can often 
be accepted as generally reliable but approximate. Table 24-2 shows 
the type of variation in area estimated from different isotherms, and 
Table 24-3 shows some typical surface areas of adsorbents. 

There may, of course, be a number of subtleties connected with 
the surface that may lead to puzzling area values. The presence of 
fine pores or capillaries may, for example, be such as to allow one gas 
to penetrate, whereas another gas with larger molecules finds the 
pores inaccessible. In this connection it is of interest to note the 
“molecular-sieve’ materials that consist of dehydrated zeolites. 
They appear to have pores that are of sufficiently uniform size so that 
an adsorbent can be obtained which can, for example, accept 
n-paraffin molecules but not branched-chain molecules. 

The use of chemisorption data for surface determinations, it 
should be pointed out, would introduce the very questionable assump- 
tion that the ‘‘active’’ surface area is the same both for the gas with 
which the area is determined and for any other gas that might be 
studied. In practice, it is much more satisfactory to use the BET- 
isotherm expression to deduce the surface area since the BET 
isotherm includes adsorption to form multilayers. 


Monolayer volume Surface area 
Baten (cc at STP/g) (sq cm/g) 
ee —————™ 
Fused Cu catalyst 0.09 0.39 x 104 
Fe, K20 catalyst 930 0.14 0.61 ~« 104 
Fe, Aln03, K20 catalyst 931 0.81 3.5 x 104 
Fe, Aln03 catalyst 954 2.86 12.4 x 104 
Cr203 gel 53.3 230 « 104 
Silica gel 116.2 500 x 104 


US ee 
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TABLE 24-3 

Volumes of adsorbed 
nitrogen to form a mono- 
layer and the surface 
areas of a number of 
catalysts* (area covered 
by an adsorbed nitrogen 
molecule taken as 

16.2 sq A) 

* From P. H. Emmett, 
“Catalysis,” vol. 1, Reinhold 


Publishing Corporation, 
New York, 1955. 
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FIGURE 24-9 

A Freundlich plot of 
the isotherm data for 
H2 adsorbed on tung- 
sten at 400°C. [From 
the more extensive data 
of W. G. Frankenberg, 
J. Am. Chem. Soc., 
66:1827 (1944).] 


24-7. ADSORPTION FROM SOLUTION 


A very important, but little understood, process is the adsorption of 
a solute of a solution onto a solid adsorbent. This procedure is fol- 
lowed, for example, in the decolorizing of solutions using, ordinarily, 
activated charcoal. The separation technique of chromatography 
also makes use of the relative adsorption tendencies of the solutes 
of a solution. 

This process of adsorption from solution is even more difficult 
to treat theoretically than is the corresponding gas-on-solid process. 
It appears, however, that only a monomolecular layer is formed, any 
further addition being strongly opposed by the solvating power of the 
solvent. 

A fairly satisfactory empirical isotherm, which can be applied to 
adsorptions of gases with considerable success but has been used 
principally for adsorption from solution, has been discussed by 
Freundlich. Ifyis the weight of solute adsorbed per gram of adsorb- 
ent and c is the concentration of the solute in the solution, this 
empirical relation is 


y = kel/n [13] 


where k and n are empirical constants. The equation is conveniently 
used in the logarithmic form 


logy = log k + 2 log c [14] 


When applied to gases, y is the amount of gas adsorbed and c is re- 
placed by the pressure of the gas. Experimental results conform to 
the Freundlich expression if a plot of log y against log c, or log P, yields 
a Straight line. The constants can then be determined from the slope 
and intercept. Figure 24-9 shows data treated in terms of the 
Freundlich expression. 


24-8. THE NATURE OF THE ADSORBED STATE 


Physical adsorption consists in the binding of molecules to the surface 
of the adsorbent by essentially van der Waals forces, and the mole- 


5.4 


5.6 


5.8 


6.0 


6.2 


6.4 


LOG y (y IN GRAMS Hy 
ADSORBED/GRAM OF W) 


6.6 


6.8 L 
ey ke ma 0 1 2 


LOG P (P IN MM OF Hg) 


cules of the adsorbed layers can be expected to be altered only to 
about the extent that gas molecules are when they are condensed to 
the liquid state. 

Chemisorption, on the other hand, must be expected to produce 
major changes in the electronic distribution and the bonding in the 
adsorbed molecules. Much of the current interest in adsorption, and 
in heterogeneous catalysis, is centered around the description of the 
molecules that are bound to a solid in chemisorption. Some of the 
ideas that have been put forward and some of the experiments that 
have proved to be helpful can now be mentioned. 

The use of the word chemisorption implies that bonding of the 
gas molecules to the solid occurs by ordinary chemical bonds, i.e., 
that the bonds can be described in terms of ionic and covalent char- 
acter. Such an assumption is profitable for many systems, but one 
must be prepared, for example, for the sea of electrons of a metal to 
play a role in the bonding of surface groups that has no direct counter- 
part in simple chemical systems. It appears from surface dipole 
moments, however, that the adsorption of Na vapor on tungsten leads 
to a surface layer of Na* ions and a bonding to the tungsten that is 
comparable with ordinary ionic bonds. Likewise, the infrared spec- 
trum of carbon monoxide adsorbed on platinum indicates the essen- 
tial invariance of the bonding in the CO bond and suggests a bonding 
picture such as 


The electron movement in adsorptions such as these can be 
studied by measuring the magnetic properties of highly dispersed 
metal particles as a function of the adsorbed gas. The study 
of coordination compounds by magnetic measurements was seen, in 
Chap. 14, to reveal the number of unpaired electrons in the metal 
atom. Ina similar way the magnetic properties of a metallic particle 
depend on the net number of unpaired electrons. If the adsorbed 
molecules feed electrons into the partially filled d orbitals, or d band, 
of the metal, the magnetic susceptibility will decrease, and vice versa. 
From such measurements Selwood has deduced the following electron 
shifts for adsorbed species on nickel: 


i 
ee || 
We 16). teatOy es. ee N 
Ne al eee eet A ij 
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Such results emphasize that adsorption is at least as complex 
a phenomenon as chemical-bond formation and that all the variations 
in electron distribution that we are accustomed to in homogeneous 
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chemical systems will also appear in the bonding of surface molecules 
to the adsorbent. 

Adsorption of saturated hydrocarbons, and hydrogen, presents 
another problem in that these molecules have no sites for additional 
chemical bonds. Primarily from exchange studies, such as the pass- 
ing of a mixture of Dy and a hydrocarbon over an adsorbent, one 
deduces that some dissociative mechanism operates. For CoHe, for 
example, one might write the adsorbed state as 

Co aaa 


TIVITITTITTTTTT 7 


or as 


The first is suggested by the fact that ethane can be ‘‘cracked”’ to 
form methane; the second is suggested by the deuterium exchange 
occurring in an adsorbed mixture of ethane and Doz. 

Of particular interest in this connection are results such as 
those which show that cyclopentane in an excess of Dz tends to form, 
at low temperatures on a suitable adsorbent, the exchange product 
Cs5H;D;s rather than a more or a less deuterium-containing product. 
A picture for the adsorbed molecule lying on the catalyst with ex- 
change readily occurring only on one side of the approximately planar 
carbon ring is suggested. 

No general principles can be given for the nature of the adsorp- 
tion bond of any gas on any adsorbent. It appears thata great variety 
of features must be considered. Not only must the surface of the 
catalyst be considered but also the electron reservoir or sink that the 
solid presents. It is becoming clear that chemisorption encompasses 
a great variety of chemical reactions and that these reactions cannot 
be understood in terms of one or a few simple processes. At present, 
however, many suggestions as to the reactions of surface molecules 
are being made, and much information will be forthcoming on the 
nature of chemisorbed species. 


24-9. IMPORTANCE OF THE PREPARATION OF THE SURFACE 


Much of the early work directed toward an understanding of the 
adsorbed state in chemisorption has recently come under doubt be- 
cause of uncertainties as to the nature of the surface. Itisnow recog- 
nized that there is an almost infinite variety of surface reactions and 
that a surface reaction cannot be expected to be correlated with the 
properties of the bulk material unless the state of the surface is well 
defined. 

The most important developments have been those made in the 
Study of adsorption on freshly prepared metal surfaces. Primarily 


as a result of Beeck’s work it has been shown that, if a metal, such as 
Ni, W, Pt, etc., is evaporated from an electrically heated filamentinan 
evacuated system, a film several thousand atoms thick can be de- 
posited on the surface of a Pyrex adsorption cell. The film, moreover, 
is of such a large surface area that it is not appreciably coated by ad- 
sorption of the residual gas in the reaction cell. With this technique 
it has been possible to obtain adsorption isotherms and heats of 
adsorption that are apparently characteristic of the pure metal. It 
has been shown, furthermore, that most attempts to clean a surface 
by prolonged evacuation have been futile and therefore that the sub- 
sequent adsorption studies have been made on surfaces that already 
are partially covered with a layer of oxygen or nitrogen. 

A number of very valuable results have been obtained from 
studies on these well-defined metal surfaces. On nickel, for example, 
twice as much carbon monoxide appears to be adsorbed as hydrogen, 
suggesting that carbon monoxide is attached to a single metal-surface 
atom, whereas hydrogen, possibly dissociated into two hydrogen 
atoms, occupies two sites. Adsorption of oxygen proceeds to at least 
twice the extent that adsorption of carbon monoxide does, and this 
suggests, as does other evidence, that oxygen diffuses into the metal 
lattice and forms what are essentially metal oxides. 

Of special interest is the observation that the adsorption of 
small amounts of ethylene leads to the evolution of ethane and the 
formation on the catalyst surface of a (CH)n polymeric material. Ap- 
parently, the ethylene adsorption occurs with appreciable bond 
dissociation. 

Finally, it should be mentioned that the use of clean metal sur- 
faces has led to some correlation between the adsorption process 
and the nature of the adsorbent metal. Some correlation has been 
found, for example, between the available d orbitals of the metal 
atoms and the heat of adsorption of hydrogen, and this correlation 
suggests an adsorption mechanism in which the hydrogen molecules 
dissociate into atoms and the atoms form bonds with the metal atoms 
on the surface. 

The work with clean metal surfaces has emphasized the com- 
plexities that undoubtedly occur when metal powders, chemically 
deposited metal films, oxides of metals, and nonmetals are used as 
adsorbents. It is these more complicated surfaces, however, that 
exhibit the many remarkable and industrially important catalytic 
effects. The study of surface phenomena cannot, therefore, be 
restricted to clean metal surfaces. 


HETEROGENEOUS CATALYSIS 


Many chemical processes occur in the presence of certain surfaces 
that do not proceed at all, or do so very slowly, in the absence of such 
surfaces. Such reactions are said to be exhibiting heterogeneous 
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catalysis. The effect of the surface is often so profound that it may 
be difficult to keep in mind that this effect is that of hastening the 
approach to an equilibrium state. A catalyst may, and generally will, 
provide very different accelerations for the approach of different reac- 
tions to their equilibrium state. Full use of this important influence 
in chemical reactions requires a detailed understanding of the reac- 
tions that are occurring on the surface of the catalyst. 

The most dramatic surface catalytic effects must be attributed 
to reactions of chemisorbed species. Physical adsorption is effective 
in raising the local concentration of the reagents and in supplying a 
reservoir of thermal energy to these reagents. These factors, how- 
ever, are probably of minor importance in heterogeneous catalysis. 
Chemisorption, on the other hand, may result in a rather drastic dis- 
ruption of the bonding in an adsorbed molecule. Itis easily seen that 
such molecules, or molecular fragments, may enter into reactions in 
a manner quite different from that in which the unperturbed gas- 
phase molecules do. In kinetic terms, the molecules on the surface 
are such that they may react through a state of much lower activation 
energy than can the normal molecules. 

It follows that heterogeneous catalysis can be understood in 
detail only when the nature of the adsorbed species is so understood. 
At present, only some features of heterogeneous catalysis can be 
given a molecular description. It is true, however, that one of the 
most fruitful approaches to an understanding of the adsorbed state 
is through studies of the reactions that the molecules of this state 
undergo. 


24-10. SOME EXPERIMENTAL METHODS AND RESULTS 


Heterogeneous catalysis is usually studied by passing the gaseous 
reagent, or reagents, through a tube having a section containing the 
catalyst. The catalyst can then be held at any desired temperature 
by an external oven, and the reaction will proceed catalytically at that 
temperature. On leaving the catalyst chamber the reaction mixture 
will usually be effectively frozen by the absence of the catalyst, and 
the products that are collected may be analyzed by any convenient 
method. 

Many different catalysts are used, and since the exact treat- 
ment and mode of preparation are of great importance, many varia- 
tions in catalytic activity are observed. It is now recognized that the 
attainment of a ‘‘clean’’ surface for which catalytic activity may be 
correlated with the properties of the catalytic material itself is no 
simple matter. The method discussed in the previous section, for 
example, depends on the evaporation of a metal in a high vacuum to 
form a fresh metallic surface. Some of the more frequently studied 
and used catalysts are listed in Table 24-4. The important class of 
supported catalysts included there consists of a catalytically active 
material laid down on some porous support. 

One of the areas in which heterogeneous catalysis finds wide- 


spread industrial application is that of petroleum refining. Reactions 
are desired that convert low-octane hydrocarbons and low- and high- 
vapor-pressure hydrocarbons to high-octane gasoline, and catalytic 
reactions are necessary to make such reactions feasible. Table 24-4 
summarizes some of the processes that are in use in petroleum re- 
fining and in other industrial processes. 

Even this brief table shows the variety of reactions that can be 
stimulated by suitable catalysts. The desire for suitable catalysts 
for such processes has contributed to the considerable effort that has 
been directed toward an understanding of the catalytic process. 


24-11. KINETICS OF HETEROGENEOUS DECOMPOSITIONS 


The study of the kinetics of single-phase reactions led, in Chap. 15, to 
a considerable understanding of the details of reaction mechanisms. 
A similar study of heterogeneously catalyzed reactions leads only to 
the more explicit recognition that the catalytic effect is a surface reac- 
tion. The study of some relatively simple decompositions that are 
heterogeneously catalyzed will illustrate this. 

The kinetics of decomposition can often be accounted for on 
the assumption that the rate is proportional to the amount of the 
reagent on the surface. In line with this assumption it is convenient 
to treat three situations that are distinguished by the relation between 
the pressure of the gas and the amount that is adsorbed on the sur- 
face. An even greater variety exists, however, in the dependence of 
rate of reaction on reagent pressure, but all the complexities cannot 
be considered here. 

First, for low surface coverages the amount of gas adsorbed is, 
according to the Langmuir isotherm, approximately proportional to 
the gas pressure. The rate of decomposition, if decomposition is in- 
deed a surface reaction, would be expected, if no other complication 
occurs, to be proportional to the gas pressure. The rate with which 
the gas is decomposed, dn/dt moles/sec, would be given by 


Sa kP 


fh = [15] 


Catalyst Process 


Silica alumina gel 


Chromic oxide gel, chromia-on-alumina, 


nickel-aluminum oxide 
Phosphoric acid on kieselguhr 


Co, ThOs, MgO on kieselguhr (Fischer- 


Tropsh catalyst) 
Iron 
Copper 
Platinum 
Al(CoHs)3; TiCl4 


Cracking of heavy petroleum fractions 

Hydrogenation, dehydrogenation of hydro- 
carbons 

Polymerization of alkenes 

Synthesis of hydrocarbons from H» and CO 


Synthesis of ammonia 

Dehydrogenation of alcohols to aldehydes 
Isomerization of hydrocarbons 
Polymerization of olefins 
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FIGURE 24-10 

The decomposition of 
phosphine on a glass 
surface as a function 


of time at 446°C. The 


partial pressure of phos- 


phine at time t is P and 
at zero time ts Pp. 
[From D. M. Kooij, 

Z. Physik. Chem., 
12:155 (1893).] 


where & is a proportionality constant. For aconstant-volume system, 
dn can be replaced by (V/RT) dP, so that the rate law would be 


dP Fela 
= “= +2 pp 
dt ve 
or 
Po _ RTk 16 
In = vane [16] 


where the initial gas pressure is Po at time ¢ = 0. 
The decomposition of phosphine on glass, 


PH; > P + $H. [17] 


as shown by the data of Fig. 24-10, conforms to this rate law and there- 
fore presumably proceeds by the decomposition of adsorbed mole- 
cules. That the surface is involved is readily shown by increasing the 
surface area, by the addition of glass wool, for example, and observing 
the higher rate constant. 

The second decomposition-rate-expression type that will be 
mentioned here is anticipated for moderate adsorption for which the 
amount adsorbed can be expected, according to the Langmuir iso- 
therm, to be proportional to the expression P/(1 + aP). The decom- 
position might then follow the rate expression 


dP _RTk_ P 


at Va ierrer ES 
where & is a constant. Separation of variables gives 
ep a, — RTk 
P COs = V dt [19] 


and integration between the limits Po at time ¢ = O and P at time ¢ 
gives 


Po 


RTk 
Cor 


o — P) = 53037 


a 
2.303 é ee) 


The experimental results for the decomposition of stibine on an 
antimony surface, : 


SbH3 —> Sb + 3Hp [21] 


250 


TIME, HR 


fit this rate law, Itis necessary to show that, for some value of a, a 
plot of the left side of Eq, [20] against ¢ yields a straight line, and as 
Fig, 24-11 shows, such a plot can be obtained, 

Finally, for a strongly adsorbed gas, the surface coverage 1S 
essentially complete, and the amount of adsorbed material is essen: 
tially independent of the pressure. The rate of decomposition would 
then be expected to be independent of P, and the rate law would be 
written as 


dp 7 
7 a [22] 


and 
e kt 4+ const {23} 


[he data for the decomposition of ammonia on a tungsten surface are 
shown plotted in Fig. 24-12 so as to illustrate their conformity to this 
relation, 

Even decompositions of the type used in these eyamples do not, 
however, necessarily follow such simply explained rate laws, One 
or more of the decomposition products may be adsorbed on the 
catalyst. In such cases the products inhibit the reaction by compet: 
ing with the reagent for the catalyst surface. An example of this 
situation is provided by the decomposition of armmonia on a platinum 
filament. The Langmuirisotherm derivation leads, for the simulta: 
neous adsorption of NH, and Hz, to the coverage expressions 


Dviyy byt, Printy 
ets 1 + by, wu, + Onl, 
and [24] 
Dy, by Pr, 


1 + bwu,Pwu, + OnPu, 


Adsorption studies of the separate reagents show that hydrogen is 
adsorbed to a much greater extent than ts armmonia and therefore 
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FIGURE 24-11 

The decomposition of 
slibine on an antumony 
surface as a function of 
time, The pressure of 
stibine is P at time t 
and Po at lime zero. 
[From A, Stock and 

M. Bodenstein, Ber., 
40:570 (1907). 
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FIGURE 24-12 

The decomposition of 
ammonia on a tungsten 
surface at 856°C. 

[From C. N. Hinshel- 
wood and R. E. Burk, 
J. Chem. Soc., 127:1105 
(1925).] 


that bvu,Pnu, < bu,Pu,. For appreciable hydrogen pressures, fur- 
thermore, by,Pu, will be greater than unity, and the fraction of the 
surface covered by ammonia becomes 


_ byx;Pyu; 25 
Onn, = ie [25] 


If the rate of the decomposition is dependent on the amount of 
ammonia on the surface, the constant-volume rate expression 


dPyx. Py. 
dt eae pe [26] 
is expected. Sucha rate law does, in fact, fit the observed decomposi- 
tion data of ammonia on a piatinum surface. i 

This type of inhibition is an illustration of the important catalyst- 
poison behavior. The adsorption of a product, or a foreign substance, 
can compete for the catalyst surface and thereby inhibit the reaction. 
The effect of a small amount of such adsorption can be very great and 
leads to the recognition either that some catalysts have only a few 
active sites at which reactions can occur or that a small amount of 
adsorbent can alter the electron content of the catalyst to spoil its 
activity. 

This brief discussion of the kinetics of heterogeneously cata- 
lyzed reactions should indicate that studies such as those mentioned 
above can bear out the fact that such reactions are surface reactions. 
It becomes difficult, however, to study the nature of the surface reac- 
tion by kinetic measurements. For a reaction of any complexity the 
details of the adsorption processes and the details of the surface 
reaction cannot be deduced from the kinetic data alone. 


PROBLEMS 


1 Sketch the force versus total-surface-area curve that would be expected 
in a Langmuir surface-film experiment when a 0.1-cc sample of a solution 
containing 0.1 mole/liter of palmitic acid, CH3(C,4H2s3)COOH, in the 


(0) 200 400 600 800 1000 1200 
TIME, SEC 


volatile solvent ethyl alcohol is placed on the surface of water and com- 775 


pressed on a Langmuir film balance. 
References 
2 Estimate, to the extent that you can from Fig. 24-4, the thickness of the 


almost completed layer of CH3(CH2)341COOH indicated in parts B and C. 
Similar estimates on the strips in part D show them to be two molecules 
thick. 


3 Suggest a mechanism of surface-film collapse that leads to the formation 
of layers that are two molecules thick lying on top of the monomolecular 
layer. 


4 The data of Langmuir [J. Am. Chem. Soc., 40:1361 (1918) | for the adsorp- 


tion of nitrogen on mica at 90°K give: 


P (atm) 28 34 40 49 60 7.3 9.4 12.8 17.1 23.5 33.5 


Amt. adsorbed (cu mm at 
20°C and 760 mm) 12.0 13.4 15.1 17.0 19.0 21.6 23.9 25.5 28.2 30.8 33.0 


Show that these data fit a Langmuir-isotherm expression, and evaluate 
the constants in the expression. 

Estimate the area covered by a single nitrogen molecule from the 
fact that the density of liquid nitrogen is 0.81 g/cc. 

Estimate the surface area of the mica sample in the Langmuir ex- 
periment. Ans. Ym = 1.62 x 10-6 mole. 


5 Acetic acid is adsorbed from solution by activated charcoal. The follow- 
ing data have been reported for the amounts y of acetic acid adsorbed as 
a function of the concentration c of the equilibrium solution: 


c (moles/liter) 0.018 0.031 0.062 0.126 0.268 0.471 0.882 
y (moles) 0.47 0.62 0.80 111 4155 2.04 2.48 


Show that these data fit a Freundlich isotherm, and determine the con- 


stants in the Freundlich-isotherm expression. 


6 Show that at low surface coverages the Langmuir isotherm corresponds to 
the Freundlich expression with n = 1. Show also that at high surface 
coverages the Langmuir equation corresponds to the Freundlich expres- 


sion with n equal to infinity. 


7 Obtain Eqs. [24] for the fraction of surface covered by each of two 


adsorbents if the adsorptions follow Langmuir’s adsorption isotherm. 


REFERENCES 


ADAMSON, A. W.: “Physical Chemistry of Surfaces,” Interscience Publishers, Inc., New York, 
1960. A comprehensive account of the many aspects of studies of 
surface chemistry. 


SELWOOD, P. W.: “Adsorption and Collective Paramagnetism,” Academic Press Inc., New York, 


776 


Chapter 24 
Adsorption 

and heterogeneous 
catalysis 


1962. A monograph dealing with the use of magnetic measurements 
in the study of the nature of chemisorption. 


HAYWARD, D. O., and M. B. W. TRAPNELL: “‘Chemisorption,”’ 2d ed., Butterworth & Co. (Pub- 
lishers), Ltd., London, 1964. An excellent summary of the present 
state of our knowledge of the rates, equilibrium pressures, heats, and 
mechanisms involved in the chemisorption of gases on solids. 


DAVIES, J. T., and E. K. RIDEAL: “Interfacial Phenomena,” Academic Press Inc., New York, 1963. 
Studies and properties of surfaces and interfaces in liquid systems. 


BOND, G. C.: “Catalysis by Metals,” Academic Press Inc., New York, 1962. A complete account 
of an important area of heterogeneous catalysis that brings together 
some of the approaches and much of the recent work on chemisorp- 
tion and catalytic effects of metals. 


MACROMOLECULES 


Many approaches, both theoretical and experimental, to the study of 
the behavior of chemical systems have already been developed and 
applied. In these studies a distinction has generally been made be- 
tween a molecular treatment and a macroscopic one. An important 
and very interesting class of systems occurs which is, in a way, inter- 
mediate between these extremes. These systems often consist of, or 
contain, molecules that are so large that they can be treated either as 
large molecules or as small macroscopic particles. Most particles 
that are of current interest and are in this size range, about 100 to 
10,000 A, are found to be single molecules, and the term macromole- 
cule is convenient. 

A number of different physical-chemical approaches are re- 
quired to reveal the nature of these systems. Some of these special 
techniques have already been mentioned but find their greatest cur- 
rent application in the study of macromolecule systems. Still other 
techniques must be introduced for these special systems. The de- 
duction of the details of these large and often very complex molecules 
is one of the present exciting challenges presented to the physical 
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TABLE 25-1 
Some common types of 
colloids classified as to 


phase type 


chemist. Many of the systems, as will be seen, have great biological 
importance. Some of this area of study is often included in biochem- 
istry, but the term molecular biology also seems appropriate. In the 
short study of macromolecules that can be presented here, it Is 
desirable to discuss both synthetic and naturally occurring macro- 
molecules side by side. Although the areas of plastics and biological 
materials may seem little related, it will be found that the physical- 
chemical study of the basic chemical units of these areas has very 
much in common. It is convenient to distinguish, for these studies, 
between macromolecules in the solid state and in solution. After a 
more general introduction to the types of systems that occur or can 
be produced with particles in this size range, these two principal sec- 
tions, |.e., solutions and the solid state, will be treated so that informa- 
tion on the structure, shape, and behavior of macromolecules can be 
obtained. 


25-1. TYPES AND SIZES OF PARTICLES 


The existence of particles in the size range that will be dealt with here 
was suggested by the early observation made by the botanist Robert 
Brown of the random motion of pollen grains as seen under a micro- 
scope. It was later recognized that these particles, though large 
enough to be seen, were small enough to reveal the effects of random 
molecular bombardment, the so-called Brownian motion. By the 
end of the nineteenth century, study of small-particle systems, called 
colloids, became an important branch of physical chemistry. 

The unique behavior of colloids is now recognized to be ex- 
hibited by particles in the size range of about 100 to 10,000 A. One 
of the most commonly recognized features of such systems is that 
they scatter light, as, for example, is observed when a beam of sunlight 
passes through dusty air or through thin skimmed milk. Further- 
more, the particles of a colloidal system do not settle out and, as the 
chemist has invariably experienced with some silver chloride precip- 
itates, tend to pass through ordinary filter paper. Colloidal systems 
frequently occur and, as Table 25-1 shows, can be of many different 
phase types. 

A closer look at the chemical world, however, shows that there 


——eeeooeeeeaaa  — — — — — — 


Name Type Examples 
Sa a ea 
Aerosol Solid particles in gas Smoke 

Aerosol Liquid particles in gas Fog 

Sol Solid particles in liquid S, Au, AgCl in H20 
Emulsion Liquid particles in liquid Mayonnaise, milk 
Foam Gas bubbles in liquid Whipped cream 
Gels Liquid in solid matrix Jellies 


ee SES 


are particles in this size range of great interest and importance that 
are not listed in Table 25-1. These stem from the existence of single 
molecules sufficiently large so that individual molecules have colloidal 
dimensions. In view of present interest, these macromolecule sys- 
tems can be classed as synthetic polymers and as the naturally occur- 
ring macromolecules. Most interest in the natural materials is now 
centered on proteins and nucleic acids, but natural macromolecules 
also include the polysaccharides and the polyisoprenes, the latter 
being the molecules of natural rubber. These categories of macro- 
molecules are outlined in Table 25-2. 

In addition to the many types of highly dispersed systems listed 
in Table 25-1 and the macromolecules, which will be our principal 
subject of study in this chapter, listed in Table 25-2, mention should 
also be made of the colloidal-sized groups known as micelles. The 
turbidity exhibited by soap or detergent solutions is the best-known 
indication of micelle formation. Since the molecules of soap or 
detergent are very small compared with colloidal dimensions, the 
particles causing the turbidity are groups, or micelles, of these mole- 
cules. Their formation is closely analogous to that of monomolecular 
films studied in the previous chapter. Most soaps and detergents 
have a long hydrocarbon ‘‘tail’’ and a polar ‘‘head.’’ In the soaps 
the head is the sodium or potassium salt of the carboxylic acid, that is, 
RCOO-K*: in the detergents the head is the salt of a sulfonic acid, I.e., 
of the type R—SO3 Na*. A micelle can be expected to form in a 
manner depicted in Fig. 25-1. It will be seen later that the charged 
layer around the surface of the particles is important for the stability 
of the individual micelles. 

All our studies will now be directed toward an understanding of 
macromolecule systems. It will be clear that many of the methods 
dealt with are applicable to all systems with colloidal-sized particles. 
No specific treatment of the important system of sols, i.e., solids dis- 
persed in liquids, will be given. Such colloids are now studied largely 
in connection with their role in the precipitation process and therefore 
are more suitably treated in a study of analytical chemistry. 


Classes Examples 
Synthetic macromolecules: 
Addition polymers Polyethylene 
Condensation polymers Nylon 
Natural macromolecules: 
Proteins: 
Fibrous Keratin, silk fibroin 
Globular Hemoglobin 
Nucleic acids Deoxyribonucleic acid (DNA) 
Polysaccharides Cellulose 


Polyisoprene Natural rubber 
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FIGURE 25-1 

The structure of a mi- 
celle. An actual micelle 
must, however, consist 
of hundreds of soap or 


detergent molecules. 


25-2. SYNTHETIC POLYMERS 


A few of the more important synthetic linear polymers are listed in 
Table 25-3. These linear polymers are characterized by covalently 
bound skeletons that extend throughout the length of the molecule. 
Probably the nicest example is provided by the synthetic polymer 
polyethylene, 


\H Oh \H 


0 a eae 
va eo aw /Y 


Synthetic polymers are made from the corresponding mono- 
mers by one of two general types of reactions. One reaction type is 
that of addition polymerization. The mechanism of this type of 
polymerization reaction consists in the adding on of monomer units 
to the growing polymer chain by a free-radical, carbonium-ion (cat- 
ionic-polymerization), or carbanion (anionic-polymerization) mecha- 
nism. The formation of polyethylene from ethylene proceeds, in the 
high-pressure process, by a free-radical addition which is probably 
initiated by oxygen molecules. Once started, the polymerization 
proceeds by the process 


—(CH2)n—CH + CH2=CH2 > CH3—(CH2)n42—CH 
CH3—(CHe)n42—CHe + Ciio—CiHs — etc. 


Termination occurs when two radical centers in the system come to- 
gether and react to pair the electrons of the free radicals. 

The second important reaction type for the formation of a 
polymer is that of condensation, in which, usually, water is split out 
as the monomer units join together. The synthesis of nylon from 
hexamethylenediamine and adipic acid proceeds by the continuation 


CH3(CHo )n @) SO, Na‘ 


of the reaction 


6) 
| 


H»N(CH2)sN—C—(CH2)4COOH + H20 
The polymers listed in Table 25-3 consist predominantly of 
linear molecules with minor amounts of branching and cross linking. 
It should be mentioned, however, that cross-linked polymers do exist, 
or can be formed, and that these constitute a very important type of 
material. Cross-linked polymers have, at least to some extent, a 
three-dimensional array of covalent bonds. Common examples are 
vulcanized rubber and rigid plastics like Bakelite. The vulcanization 
of rubber can be illustrated by the addition of sulfur monochloride, 
SoClo, to rubber. The synthetic-rubber molecule chains 


CH3 


| 
---CH=C—CH» 


e 
CH=C—CH2—CH2— 


CH2 
are joined together by sulfur cross links in the manner 


7. 
9 CH2 


Cl 


Cl 


| 
H—C—CH» 


| 
CH3 


CHo— 


(ape 


CHe 


Such cross linking produces a characteristic infusible, insoluble 
material. It is the latter feature that prevents illuminating solution 
studies from being made on such polymers. 

Synthesis of a polymer, such as polyethylene, proceeds princi- 
pally by the free-radical addition that has been indicated. In fact, 
one finds that a certain number of side chains are usually produced 
to give a less perfect linear polymer than that ordinarily shown 
diagrammatically. 

A polyethylene chain may adopt, and does so to some extent in 
solid polyethylene, the energetically favored, but statistically unlikely, 


Chemical unit Molecular weight 
Polyethylene [—CH2—]n 5,000-40,000 
ie | 0 
60,000- 1,500,000 
Polystyrene eet 
H H 0 0 
Nylon | | | | 10,000-30,000 
—N(CH»)gN—C—(CH2)4—C—In 
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FIGURE 25-2 

Segment of an isotactic 
polymer chain. (From 
D. J. Cram and G. S. 
Hammond, “Organic 
Chemistry,’ McGraw- 
Hill Book Company, 
New York, 1959.) 


zigzag shape 


io NGG > 


mee aee 
SS iat eee 


If a similar diagram is attempted for a polymer like polypropylene, 
one recognizes a number of different possibilities. Polypropylene, as 
Ordinarily prepared, has the methyl groups on every second carbon 
atom attached at random on either side of the chain, and is known’as 
an atactic polymer. 

By very carefully selecting the polymerization catalyst it is pos- 
sible to produce a stereospecific form, known as an isotactic polymer, 
with the structure shown in Fig. 25-2. The regular arrangement of 
the side-chain groups produces considerable changes in the way in 
which the molecules can pack together and therefore markedly affects 
the physical properties of the resulting polymeric material. 

Finally, mention should be made of inorganic polymers. The 
single crystal particles of a finely dispersed ionic or metallic material 
could be taken as an example. More suitable, however, are the poly- 
mers such as occur in the silicones, the metaphosphate glasses, and 
sulfur. The silicones are synthetic linear polymers of the type 


CH; H3 CH; H3 


NG pie CH; <e CH“ CH 
Le ae 


where rotation about the Si—O bonds must be expected to be rela- 
tively free. The silicones form liquids and soft plastics or rubbers. 


25-3. PROTEINS 


The world of living things is made up of a great variety of chemical 
substances, many of which fall into the category of macromolecules. 
In the animal world many of these macromolecules are proteins. 
These basic units of life have an amazing complexity which, until re- 
cently, seemed to be such as to remain forever beyond man’s under- 
standing. Much of our present understanding of the nature and 
biological role of proteins has come about through chemical and 
biological studies that cannot be dealt with here. In recent years, 


H CH, H Cha Cs es 


ie wy NZ Ne 
NFR IRS 


CHa -CH5¢- SCh> OCH ju CH. 


however, many physical-chemical attacks have been made on the 
problem of protein structure and behavior. These studies have con- 
tributed in great measure to our present remarkable understanding 
of proteins. It will be clear, however, that much remains to be done 
and that the physical-chemical techniques that are now practiced will 
be refined and new ones will be developed to provide answers to the 
many questions which still exist. 

Very many different proteins can be isolated from the whole 
variety of living matter. All these proteins can be broken down by 
hydrolysis to yield organic molecules, all of which are amino acids. 
These amino acids, furthermore, all have the structure 


i.e., they are a-amino acids, the name signifying that the NH» group 
is attached to the carbon atom adjacent to the acid function. These 
a-amino acids are distinguished by different R groups. The amino 
acids that are constituents of proteins are listed in Table 25-4. 
Amino acids such as these can be visualized as being linked to- 
gether through something like a condensation reaction to form poly- 
peptides. The attachment of one amino acid to another is through 
a peptide bond similar to that previously illustrated in the formation of 
nylon. The condensation of two amino acids can be depicted as 


HoN—CH—COOH ap Serge eo > 
Ri R» 


| 
H2N o C—NH ca COOH + H20 
Ry Ro 


By repetition of such a reaction, amino acids can be built up into 
macromolecules. 

True proteins, however, cannot be so easily synthesized. They 
consist of similar polymers of amino acids, but in a protein there is 
a definite sequence of a number of different amino acids. If chemi- 
cally and structurally the exact order of the amino acids seems rather 
trivial, this is not the case biologically. It is the sequence of amino 
acids that is an important characteristic of the protein. The se- 
quence, moreover, continues throughout the protein molecule, which, 
depending on the protein, will have a molecular weight of the order 
of ten to hundreds of thousands. There are therefore hundreds of 
amino acids linked in a particular manner in a typical protein. 

The chemical constitution, i.e., the percentage of the various 
amino acids present, has been worked out for many proteins. Fur- 
thermore, the remarkable feat of complete analyses of the order of 
the amino acids of a protein can, in some cases, be accomplished, as 
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784 was first demonstrated by Sanger. The detailed structure of the rela- 
tively simple protein insulin is indicated in Fig. 25-3. 
ie tobi A feature of this protein, which must be anticipated for others, 
Macromolecules ar : P 
is that it is not one polymeric sequence but rather two essentially 
linear chains cross-linked by a disulfide bridge. Any detailed study 
TABLE 25-4 of the size and shape of such molecules must take into account such 
cross links. 
In this regard it should be mentioned that secondary forces, 
which are not covalent chemical bonds, can also operate to bind 


The amino acids ob- 
tained from protein 
hydrolysis* 


SSS SE 
NEUTRAL AMINO ACIDS 


Glycine CH»(NH»2)CO2H Serine HOCH CH(NH»2)CO2H 
Alanine CH3CH(NH2)CO2H Threonine CH3CH(OH)CH(NH»)COoH 
Valine (CH3)oCHCH(NH>)COoH Methionine CH3SCHoCH2CH(NH2)COoH 
Leucine (CH3)2CHCH2CH(NH2)CO2H Cysteine HSCH2CH(NH2)CO2H 
Isoleucine CH3CH2CH(CH3)CH(NH»)COoH Cystine SCHoCH(NH»)COoH 
Phenylalanine CgH5CH2CH(NH»)CO2H SCH»CH(NH»)COoH 
Tyrosine wo—{_—cvcH(nn)c03H Proline 
N COoH 
I | 
H 
Diiodotyrosine HO CHoCH(NH»)CO2H Hydroxyproline HO 
I - ~~ 
N COoH 
I I | 
H 
Thyroxine HO ‘ \ 0 — CH»CH(NH»)COH 
I I 
CH5CH(NHs)CO2H 
Tryptophan Cul 
! 
H 
ACIDIC AMINO ACIDS 
Aspartic acid HO»CCH2CH»CH(NH2)CO>H Glutamic acid HO2CCH2CH(NH>)CO>H 
BASIC AMINO ACIDS 
Lysine HoN(CH»)4CH(NH»)COoH 
Arginine pen ate) ee Histidine iL | 
NH } ‘CHsCH(NH»)COoH 
Ornithine HoN(CHs)3CH(NH»)COsH H 


*From D. J. Cram and G. S. Hammond, “Organic Chemistry,” McGraw-Hill Book 
Company, New York, 1959. 


protein chains together. Such forces are usually hydrogen bonds or 
electrostatic-charge interactions. In aqueous solution, however, 
what are called hydrophobic forces are also recognized. These forces 
are related to the lowering of the free energy of a protein-water sys- 
tem when the hydrocarbon-like parts of the protein chain are to- 
gether, and the polar parts of the chain are in contact with the solvent 
—rather like the soap micelle illustrated in Fig. 25-1. These hydro- 
phobic forces contribute to the overall shape of a protein molecule in 
an aqueous system. 

Hydrogen bonds are important because the protein chain con- 
tains a sequence of groups that can engage in hydrogen bonding. 
Principal of these groups are the NH and C—O groups, which, if suit- 
ably positioned relative to each other, can form the hydrogen bond 


\ y, 
DN-H-0=C. 


Electrostatic interactions occur because of the presence of 
acidic and basic centers in some of the amino acids of proteins. In 
this connection it is important to note that an individual amino acid 
can be titrated by either acid or base and that the charged species 


H3N*—CH—COOH in acid 
R 
and 
H»sN—CH—COO- in base 
R 
are formed. Furthermore, it appears that the molecule in approxi- 


mately neutral aqueous solution adopts the zwitterion form 
H3N+—CH—COO- 
R 
rather than the noncharged configuration 
H2N—CH—COOH 
R 


In the proteins, although most of these amine and carboxylic 
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FIGURE 25-3 

The arrangement of 
amino acids in the 
protein insulin. The 
shaded connecting links 
are disulfide bonds. 
Abbreviations corre- 
spond to the amino 
acids in Table 25-4. 
(Courtesy of Prof. Irving 
M. Klotz, Northwestern 


University, Evanston, 


Ill.) 
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acid groups are used up in peptide-bond formation, there are free 
basic and acidic centers which can act in a similar way to give the mole- 
cule a net positive or negative charge. Such charges produce second- 
ary forces that have a considerable effect, not only on the electrical 
properties of proteins, but also on the geometric configuration. Like 
charges can, for example, repel each other to cause the molecule to 
open up, whereas opposite charges can act to pull the molecule 
together. 

Secondary forces are effective in determining, in solution, the 
shape that the polymer molecule adopts, i.e., whether it tends to ball 
up or be extended, and in the solid state both the shape of the protein 
molecule and the way in which neighboring protein chains are packed 
together. 

In structural studies it is customary to distinguish between 
fibrous and globular proteins. The fibrous proteins tend to occur as 
long chains and are found in structural tissue such as wool, hair, nail, 
and muscle. The globular proteins, on the other hand, tend to be 
more or less spherical and, unlike the fibrous proteins, are often 
water-soluble. Such substances as enzymes, hemoglobin, and egg 
white fall into this category. 

Many features of both types of proteins will be revealed by the 
physical-chemical studies dealt with in later sections of this chapter. 


25-4. NUCLEIC ACIDS 


The great variety of form that proteins can assume leads one to the 
question as to how the information for the synthesis of all the protein 
molecules can be contained in each cell of a living organism. Genetic 
Studies lead to the conclusion that each living cell carries in it sets 
of information, or codes, for the building up of all the proteins associ- 
ated with the life of the cell. It appears, furthermore, that the chro- 
mosomes, which originate in the nucleus of the cell, are the units in 
which this vast quantity of information is stored. When a cell divides 
to form two new cells, the chromosomes (of which man has 48 in each 
body cell) go through a remarkable series of maneuvers and ultimately 
split into two parts. One part goes into each of the new cells and con- 
tinues to function as the information center for protein and other 
syntheses. The chromosomes contain subdivisions called genes, and 
these control various biochemical syntheses. 

The chromosomes are rich in macromolecule species, which, 
since chromosomes occur in the cell nucleus, are called nucleic acids. 
It is these macromolecules that are now recognized as performing the 
prime function of the genes. Elucidation of the structure and function 
of nucleic acids, insofar as known at present, will be seen to beat least 
as great an accomplishment as the corresponding progress that has 
been made in protein studies. 

Nucleic acids occur in at least two main types: deoxyribonucleic 
acid (DNA) and ribonucleic acid (RNA). In this brief treatment atten- 
tion will be restricted to DNA, which, as Fig. 25-4a indicates, consists 
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FIGURE 25-5 
The structure of glucose 


and cellulose. 


of a backbone of alternate sugar residues and phosphate groups. 
The macromolecule nature of the molecule is best brought out by the 
more schematic representation of the chain, also shown in Fig. 25-4a. 
Attached to each sugar group of the chain is one of four nitrogen- 
containing groups. Although we shall not become involved with the 
detailed behavior of these groups, their geometry is important and 
they are shown in Fig. 25-40. 

Further, it anticipates some of our later structural studies to 
mention that DNA consists of two macromolecule chains that are 
associated by secondary forces as indicated in Fig. 25-4. When it is 
pointed out that there are about 101° side-group positions in a DNA 
molecule and that the four different groups are attached in some order 
that apparently represents a code, there is the possibility for storing 
a vast amount of information. Moreover, the presence of two macro- 
molecule chains anticipates the cell-division process, in which the in- 
formation unit is divided and new units appear in the two new cells. 
The biological consequences of a detailed molecular structure for the 
nucleic acids are fascinating. We shall see that the structural aspects, 
on which our physical-chemical studies will focus, are equally remark- 
able. 


25-5. THE POLYSACCHARIDES 


The third important type of natural polymers is the polysaccharide 
molecule. Simple sugar units can be depicted as condensing with 
the elimination of water to form disaccharides, such as sucrose, and 
polysaccharides, such as starch and cellulose. 

Figure 25-5 shows the structure of glucose and the repeating 
unit in cellulose. 

Cellulose is the chief constituent of wood and cotton. It is per- 
haps not strictly correct to include such molecules in a study which 


e 
| on ~ 
4 / 

H HO 
GLUCOSE 


CH,OH 


CELLULOSE 


claims to deal with particles in the range of colloidal sizes. The cellu- 
lose molecules can presumably be of macroscopic length, and the 
average molecular weight of such natural products is not easily deter- 
mined since any process that breaks the material apart to free the in- 
dividual molecules may at the same time cleave the molecular chain. 


25-6. THE POLYISOPRENES 


Natural rubber is a polymeric material composed of linear polymers of 
CH3 

the isoprene, CH2.=C—CH=CHp, molecule. This monomer can in 

fact be polymerized catalytically to give a synthetic rubber. In natu- 

rally occurring rubber the linear polymers have nearly all the remaining 

double bonds connected in the polymer chain to give a cis configura- 

tion, and the polymer can be drawn as 


ce Ce 
ax wee a aes 
chs Hs a CHo2 
CH3 H 


A transpolyisoprene also occurs, and is known as gutta-percha. 
The molecule can be represented as 


puile 2p 
C=C... (Cris H CH3 
Ves NAN va SS 
CH3 CH rine pe. 
CH3 CHe H 


Unlike rubber it is a tough, hard substance. 


MACROMOLECULES IN SOLUTION 


Much of our information on the size and general shape of macromole- 
cules has been deduced from various properties of solutions contain- 
ing these molecules. In this section some of the methods used to 
understand the behavior of solutions of macromolecules will be in- 
vestigated, and in the process of such studies a number of properties 
of the macromolecules themselves will be discovered. It is first 
necessary, however, to discuss the meaning of molecular weight when 
applied to a polymeric material. 


25-7. MOLECULAR WEIGHTS OF POLYMERS 


Polymerization reactions, both synthetic and natural, can lead to high- 
molecular-weight compounds. The reaction chain, however, is 
broken by some termination process that usually occurs in a random 
manner with respect to the size to which the polymer has already 
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grown. It follows that polymers have a range of molecular weights 
and that any data for the size or weight of the molecules of a polymer 
must represent some sort of average value. It will be seen that 
attempts to deduce molecular weights of polymers lead to number- 
average and weight-average molecular weights. 

The number average, denoted by M,,, is defined as the weight 
of sample divided by the total number of moles n in the sample; i.e., 


Mis weight [1] 
n 
Any measurement that leads to the number of particles, or molecules, 
that are present in a given weight of sample will allow the calculation 
of a number-average molecular weight. If the sample can be con- 
sidered as made up of fractions consisting of ny moles of molecular 
weight Mj, nz moles of molecular weight Mz, and so forth, then 


M. —_ 4M, + n2M2+ --- 
n= 
LON = Wp ae 908 


Sy nM; 
= ees [2] 


DM 
i 


In other experiments each particle makes a contribution to the 
measured result according to its molecular weight. The average 
molecular weight deduced from such measurements is therefore more 
dependent on the number of heavier molecules than it is in experi- 
ments depending simply on the total number of particles. The appro- 
priate average for such determinations is the weight average, defined 
as 


SinM? 


Nga ee 
SiniM; 


[3] 


For an appreciable distribution of molecular sizes in a polymer 
sample, these two molecular weights M,, and M,, will be appreciably 
different. 


25-8. OSMOTIC-PRESSURE DETERMINATIONS OF 
MOLECULAR WEIGHTS 


A measurement of any of the colligative properties of a solution of 
macromolecules leads, essentially, to a value for the number of solute 
molecules in a given amount of solvent, as was discussed in Chap. 20. 
There it was pointed out that for the solutions of low molality, such as 
are always obtained with macromolecules, the only colligative prop- 
erty that is conveniently measured is the osmotic pressure. Such 
measurements are one of the most important means of molecular- 


weight determinations. It should be evident from the nature of col- 
ligative properties, i.e., their dependence only on the number and 
not on the nature of the solute molecule, that a number-average 
molecular weight is obtained. 

The high concentration in terms of weight of solute per weight 
of solvent, even for low molalities, means that solute interactions will 
occur and nonideal behavior will result. It is almost always neces- 
sary, therefore, to extrapolate the measurements to infinite dilution, 
as was done in Chap. 20. Sensitive osmotic-pressure instruments 
now allow measurements to be made on very dilute solutions, and 
molecular weights even up to 500,000 can be obtained. 


25-9. DIFFUSION 


A number of hydrodynamic experiments lead to information about 
the size and shape of macromolecules in solution. The first of these 
that will be considered is the diffusion of the macromolecules of a 
solution across a carefully made, well-defined liquid boundary into 
pure solvent. Experimentally, one finds that the rate of diffusion is 
proportional to the concentration difference across the boundary, or 
more conveniently, to the concentration gradient de/dx, where c is 
the macromolecule concentration in grams per cubic centimeter of 
solution. The rate of diffusion is found, furthermore, to be propor- 
tional to the cross-section area A. If the diffusion rate is written as 
dw/dt, the number of grams of macromolecules transferred across 
the boundary per second, one has Fick’s law of diffusion, 


dw dc 

ip. as (41 
The proportionality constant D is called the diffusion coefficient, and 
the negative sign is introduced so that D will have a positive value. 
The diffusion coefficient can be recognized as the amount of solute 
that diffuses across a l-sq-cm area in 1 sec under the influence of 
a concentration gradient of 1 g/(cc(cm). The diffusion coefficient is 
characteristic, therefore, for a given solvent ata given temperature, of 
the diffusing tendency of the solute. Some measurements of diffu- 
sion coefficients for macromolecules are listed in Table 25-5. 


4 ; Diffusion 

Protei Sp vol Sedimentation coeff. D Mol wt 
rotein 

f MW 

uv (cc/g) coeff. s (sec) eee rom Eq. [24] 

Insulin 0.75 3.5 x 107-18 8.2 x 10-7 41,000 
Hemoglobin 0.75 44 x 10-18 6.3 x 10-7 67,000 
Catalase 0.73 11.3 x 10718 Aix 107 250,000 
Urease 0.73 18.6 « 10°13 RS MOY 470,000 


Tobacco mosaic virus 0.73 185 x 10-22 0:53 10-7 31,000,000 
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Diffusion and sedimen- 
tation coefficients and 
derived molecular 
weights for some pro- 
teins (values are for 
aqueous solutions at 


20°C) 
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It is necessary now to see whether or not these experimental 
diffusion coefficients can be related to any properties of the system 
and particularly of the macromolecule. To do this, a molecular view 
of the diffusion process is taken. 

Consider diffusion across a distance interval dx over which the 
concentration changes from c to c — dc. The force that drives the 
molecules to the more dilute region can be obtained from the differ- 
ence in the chemical potential of the solute at concentration c and at 
concentration c — dc. If the corresponding mole fractions of solute 
are xg and xg — dxg and Henry’s law is assumed, the discussion of 
Sec. 19-5 leads to the free-energy difference per molecule of 


Gea aa G. — [5] 


MN XB 


where i is Avogadro’s number. For dilute solutions the concentra- 
tion in grams per cubic centimeter is proportional to mole fraction, 
and Eq. [5] can be rewritten as 


IME 1 Ca Ole 
Geode oe G. = “OU are [6] 
or 
ag = FAT in( - &e) 
N c 
te CO 
iz I E [7] 


where the relation In (1 — y) = —y for small y has been used. 

This free-energy difference corresponds to the work done in the 
transfer of one macromolecule across the distance dx and can there- 
fore be written as a force times the distance dx. Thus 


Driving force = 24 — _ RT 1 de [8] 


dx Um crax 


A frictional force that sets in balances this diffusion force when 
some constant velocity is reached. The frictional force exerted by 
a viscous fluid, of viscosity n, has been derived for a macroscopic 
sphere of radius r by Stokes as 


Frictional force = 6arnu 
dx 
= 67rn— 
7) it [9] 


It appears to be suitable to apply this expression to the motion of rea- 
sonably spherical macromolecules. The diffusion velocity increases, 
therefore, until the force of Eq. [8] just balances that of Eq. [9]. Then 


dx __ RT 1 de 
SARE a 6 ax 

or 
Oke RT dc 


dt ~~ 6arNm dx [10] 


Comparison with the empirical Fick-law expression can be made 
when it is recognized that c dx can be identified with dw since these 
terms are the weight of solute diffusing across the boundary in time 
dt. (All the molecules, which have an average diffusion velocity that 
carries them a distance dx in time df, will cross the boundary in time 
dt if they start within a distance dx of the boundary. The mass of 
these molecules is the volume, dx times the unit cross-section area, 
times the concentration c in grams per cubic centimeter. Thus 
dw = cdx.) Equation [10] becomes 


dw _ RT_ dc 
dt 6rrIy ax Be 


Comparison of this molecularly derived diffusion-rate expression with 
Eq. [4] allows the interpretation of the observed diffusion constant 
Das 


=e 8 
~~ 6arIn i 


Measurements of D and 7 could therefore lead to a value of the 
radius r for the macromolecule. Such a procedure is a little unsatis- 
factory in that the molecules will not necessarily obey Stokes’ law, 
even for spherical particles, and furthermore, the macromolecules will 
generally be solvated and in moving through the solution will, to some 
extent, carry along this solvation layer. The molecular interpretation 
of D, as given by Eq. [12], is important, however, in determining the 
effective value of the group of terms 6zrNn for a given solute and 
solvent. 


25-10. SEDIMENTATION AND THE ULTRACENTRIFUGE 


In the previous section the tendency of a solute to diffuse across a 
concentration gradient was treated. Macromolecules in solution can 
be made to alter their distribution in space by subjecting them to other 
forces. In the simplest experiment a solution is allowed to stand so 
that the force of gravity acts. A greater and more easily observed 
effect can be produced, however, by means of an ultracentrifuge in 
which a sample of the macromolecule solution rotates at a very high 
speed, in the neighborhood of 10,000 to 80,000 revolutions/min. 
The ultracentrifuge, some features of which are shown in Fig. 25-6, 
is a very important tool for macromolecule research. 


PHOTOGRAPHIC SAMPLE COLLIMATED 
PLATE CELL LIGHT BEAM 


CC AIR DRIVEN ROTOR 
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FIGURE 25-6 

Rotor and cell for oul- 
turbine ultracentrifuge. 
[T. Svedberg, Endeav- 
our, 6:89 (1947).] 
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The behavior of solutions of macromolecules on ultracentrifuga- 
tion will now be investigated. Two essentially different types of ex- 
periments can be performed. Either one can centrifuge the sample 
until an equilibrium distribution is obtained, or alternatively, one can 
observe the rate of movement of the macromolecules during the 
centrifugation. 

The first method, called sedimentation equilibrium, allows the 
process to proceed until an equilibrium distribution of the solute 
throughout the cell is obtained. Thermodynamics has introduced 
free energy as a convenient quantity for the study of equilibrium, and 
it can be used here to deal with the equilibrium concentration gradient 
that develops. In particular, the centrifugal and diffusional contribu- 
tions to the free energies G,, and G,, at the radial positions r; and 
r2 are calculated. At equilibrium the values of G,, and G,, must be 
equal. 

A particle of mass m at a distance r from the center of rotation 
experiences a force, as was shown in Sec. 3-8, given by 


Jeomutidcal = aIIt Tay [13] 


where w is the angular velocity in radians per second, and m’ is the 
effective mass of the particle. The free-energy difference between 
the particle at r; and at rz is obtained by finding the work required to 
move the particle from r; to re. The centrifugal free-energy differ- 
ence, which is more negative at larger values of r, is thus 


T2 
AG centrifugal = -{f (m’rw?) dr 
"1 


= — ne (re2 — r42) [14] 


This factor tends to concentrate all the particles at large values 
of r, where the free energy is low. 

In solution, however, this centrifugal effect Operates only be- 
cause the macromolecules may be more dense than the solvent, and 
the quantity m’ in Eq. [14] must be interpreted as an effective mass. 
The relation between the effective and actual masses can be deter- 
mined from the difference in weight of 1 g of solute and the weight 
of solvent that occupies the same volume. If the volume of 1 g of 
solute is v, the weight of a volume v of solvent is vp, where p is the 
solvent density. The buoyancy-correction term, the difference in 
weight of a volume uv, is 1 — up, and the corrected centrifugal free- 
energy contribution is 


_ m1 — vp)w*(r2? — 11?) 


AGeentrifugal = 


[15] 


Balance is brought about by the diffusion tendency, which, 
according to Eq. [3], is, per molecule, 


AGdittusion = $e In [16] 


where cz and c; are concentrations, which can be in grams per cubic 
centimeter, at 7. and ry. 

At equilibrium the decrease in AG given by Eq. [15] just 
balances the increase given by Eq. [16], and for the process of moving 
solute from r; to re one has 


AGrentritucal —t- AGaitfusion = 0 
which gives, on rearrangement, 


RT \n (c¢2/¢1) 
(1 = upo?/2)Xiri? — 12?) 


Thus, if measurements of the relative concentrations are made 
at two positions after equilibrium has been obtained, one can use 
Eq. [17] to calculate a value for the weight of the individual particles 
or for the weight of an Avogadro's number of particles, i.e., the 
molecular weight. 

The second ultracentrifuge method starts with a well-defined 
boundary, or layer of solution near the center of rotation, and follows 
the movement of this layer toward the outside of the cell as a function 
of time. Such a method is termed a sedimentation-velocity experi- 
ment. 

The force tending to move the macromolecules to the outside of 
the cell is given by 


feentrifugal = ml — up) rw” [18] 


This force is balanced for some constant-drift velocity dr/dt by a 
frictional force that is given by Stokes’ law as 


M_= Iun.= al 


ferction = Garner SE [19] 
Equating these forces to find the constant-drift velocity, one 
obtains 


m(1 — up)rw? = Grr [20] 
A characteristic of a given macromolecule in a given solution is 
its sedimentation coefficient s, defined as the velocity dr/dt with which 
the macromolecules move per unit centrifugal field rw2. It is there- 


fore often values of 


~ re? 


that are tabulated to express the results of a sedimentation-velocity 
experiment. In cgs units the value of s for many macromolecules 
comes out to be of the order of 10-18 cm/sec per unit centrifugal field. 
A convenient unit having this value has therefore been introduced, 
and is called a suvedberg, in honor of T. Svedberg, who did much of the 
early work with the ultracentrifuge. 
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FIGURE 25-7 
Separation of Limulus 
hemocyanin into frac- 
tions with different sedi- 
mentation constants, 
given in svedbergs. 
Centrifugal force is 
120,000 times gravity, 
and time after reaching 
full speed is 35 min. 
[From T. Svedberg, 


Proc. Roy. Soc. (London), 


B127:1 (1939).] 


According to Eq. [20], 


_ dr/dt _ m(1 — up) 
GR 6anr 


[22] 


Rearrangement and multiplication by an Avogadro’s number gives 


6rnrIs 


i [23] 


M = %mn = 
Now the troublesome and poorly defined terms involving 7 and r can 
be replaced by their effective values, such as appear in the measur- 
able quantity D of Eq. [12], to give the desired result 


RTs 
D1 — up) 

Thus measurements of the sedimentation and diffusion coeffi- 
cients and of the densities of the solvent and solute allow the deduc- 
tion of the molecular weight of the macromolecules. The necessary 
data for such calculations for a few macromolecular materials are 
given in Table 25-5. 

A particular advantage of the sedimentation-velocity technique 
is that a macromolecule solution containing two or more types of 
macromolecules is separated according to the molecular weights of 
the components. Figure 25-7 shows the type of sedimentation dia- 
gram that is obtained for a system containing a number of macro- 
molecular species. 


M= [24] 


25-11. VISCOSITY 


Another hydrodynamic property of solutions of macromolecules which 
is dependent on the molecular weight is the viscosity of a solution of 
the macromolecule material. Unlike the previous methods for obtain- 
ing molecular weights, however, measurements of viscosity do not 
yield absolute values. But the measurements are easily made and 
find wide use in the determination of the molecular weight of a given 
sample or batch of polymer. Use must be made of calibration meas- 
urements of viscosities of solutions containing polymer fractions 
whose molecular weights have been determined by other methods. 

The viscosity, or more properly the coefficient of viscosity, has 


CONCENTRATION 
OF FRACTIONS 


5.5 6.0 6.5 70) 
r,CM 


been treated for gases and liquids in Secs. 2-8 and 16-6 and has been 
seen to measure the resistance to flow of a fluid. The addition of 
polymer molecules to a solvent invariably increases the viscosity over 
that of the pure solvent. In relating this increased viscosity to the 
properties of the solute, a number of functions of the measured 
viscosity coefficients no of the pure solvent and 7 of the solution are 
used. These are shown in Table 25-6. 

Most directly related to the nature of the individual solute mole- 
cules is the intrinsic viscosity, which has the effect of macromolecule 
intermolecular interaction removed by the extrapolation to infinite 
dilution. It represents the fractional change in the viscosity of a solu- 
tion per unit concentration of polymer, or macromolecule, at infinite 
dilution. 

Determinations of the intrinsic viscosity for different molecular- 
weight fractions of the same polymer lead to the expression, which is 
best looked on as being empirical, 


[n] = KM* [25] 


where K and a are empirical constants which depend on the solvent, 
the polymer, and the temperature. The study of known molecular- 
weight fractions allows K and a to be evaluated, as is illustrated in the 
plot of Fig. 25-8. With values for the empirical constants, the molecu- 
lar weight of any batch of the polymer can be deduced from the easily 
performed measurements of viscosity. 

Some attempts have been made to relate the values of a to the 
shape of the molecules. The more elongated a molecule is, the more 
effective are the high-molecular-weight fractions in reducing the 
viscosity of the solution, and the values of a are expected to rise from 
typical average values of 0.6 or 0.7 tol or 2. As Table 25-7 shows, 
many polymer solutions do, however, have values of a that are near 
0.6 and 0.7. 

The effect of the shape of a polymer molecule is more noticeable 
in experiments in which the viscosity of the same polymer is studied 
in different solvents. In a ‘‘good’’ solvent it is expected that the 


Name Definition 
ato a 
Relative viscosity 
No 
Specific viscosity eS 
10 
Reduced specific viscosity aie is 
Cano 
isee ted ee ier 
Intrinsic viscosity [n] = lim (- n= te) 
e>0 \C No 
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Some viscosity terms 
derived from the meas- 
ured solvent and solution 
viscosities, no and n, 
respectively (c is often, 
but not always, used as 


g/100 cc) 
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FIGURE 25-8 

Relation of [n] to M for 
polyisobutylene fractions 
in cyclohexane at 30°C. 
[From W. R. Krigbaum 
and P. J. Flory, J. Am. 
Chem. Soc., 75:1775 
(1953).] 


TABLE 25-7 
Constants for Eq. [25] 
for various polymer- 


solvent systems * 


polymer chains will be solvated and will open up; in a ‘‘poor’’ solvent 
they will tend to remain coiled up. The expectation of a high intrinsic 
viscosity for polymers in good solvents compared with poor solvents 
is borne out by the result for polystyrene of 1.20 to 1.30 in good, 
aromatic solvents and 0.65 to 0.75 in poor, aliphatic solvents. 

Again some deductions as to the shape of polymer molecules 
are possible. The important use of viscosity measurements is, how- 
ever, in the rapid determination of relative molecular weights. 


25-12. LIGHT SCATTERING 


One of the most distinctive features of a colloidal, or macromolecule, 
solution is the scattered light, or Tyndall effect, that is observed when 
a light beam is passed through such a solution. This scattered light 
can be used in two different ways to help elucidate the nature of 
colloidal solutions. 

The first application is made in the ultramicroscope, which is 
shown schematically in Fig. 25-9. Here the sample is observed 
through a microscope at right angles to the direction of the entering 
light beam. Each colloid particle, larger than about 10 A diameter 
in very favorable cases, will produce an observable point of scattered 
light. The individual particles can then be counted, and if the micro- 


0.50 


0.25 


0.25 


0.50 


4.5 5.0 9.5 6.0 
LOG M 


Polymer 


Mol-wt range 


25 


Polystyrene Benzene 32,000-1,300,000 | 1.03 x 10-4 | 0.74 

Polystyrene Methyl ethyl | 25 2,500-1,700,000 3.9 x 10-4 | 0.58 
ketone 

Polyisobutylene | Cyclohexane 6,000-3, 150,000 2.6 x 10-4 | 0.70 

Polyisobutylene | Benzene 1,000-3 150,000 8.3 x 10-4 | 0.50 

Natural rubber Toluene 40,000-1,500,000 9.0 x 10-4 | 0.67 


“From P. J. Flory, “Principles of Polymer Chemistry,” Cornell University Press, 
Ithaca, N.Y., 1953. 


scope focuses on a definite, known volume of solution, the number of 
particles per unit volume can be determined. Such data, along with 
the measurable weight of macromolecule material per unit volume, 
lead to a value of the average mass of the individual particles. 

It should be emphasized that none of the details of the particles 
can be observed. They merely act as scattering centers, and one 
observes points of light. Furthermore, unless the refractive index of 
the colloid particle is very different from that of the solvent, the 
scattered light is too weak to be seen. The similarity of the refractive 
index of most macromolecules to the medium in which they are dis- 
persed means that little scattered light will be given off. The method 
is therefore mostly applicable to inorganic colloids. 

The second application of the scattering of light depends on the 
measurement and interpretation of the amount of light scattered in 
various directions as a beam of light passes through a solution of 
macromolecules. In some experiments the total amount of the 
scattered light is deduced from the decrease in intensity of the 
incident beam as it passes through the sample. Just as for Beer’s 
law for the absorption of light (Sec. 15-17), one has the relation 


l= he [26] 


where t is the measure of the decrease in incident-beam intensity per 
unit length of a given solution and is known as the turbidity. In some 
experiments, on the other hand, the intensity of light scattered in 
various directions is measured directly, rather than inferred, from the 
decrease in intensity of the incident beam. 

That the scattered light is related to the particle size and shape 
can now be shown. We first consider the effect of particles that are 
small compared with the wavelength of the radiation. Incident plane- 
polarized radiation imposes, as Fig. 25-10 illustrates, an electric field 


& = & sin 2nvt [27] 


at the particle. If the particle has a polarizability a, there will be an 
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FIGURE 25-9 
The detection of parti- 
cles in the ultramicro- 


scope. 
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FIGURE 25-10 

The induced-dipole 
moments produced by 
the two components of 


incident radiation. 


induced-dipole moment given by 


is 
Hinduced = AO 


a&o sin 2avt [28] 


It is this oscillating-dipole moment that emits secondary radia- 
tion and causes the particle to be a scattering center. 

It has been mentioned in connection with the difficulties of early 
atomic theories that in classical electromagnetic theory an acceler- 
ated charge must emit electromagnetic radiation. This result can be 
applied to show what secondary radiation will be emitted by the oscil- 
lating induced dipole. 

The oscillating-dipole moment of Eq. [28] can be formally writ- 
ten as a charge of value a&o oscillating with a unit amplitude relative 
to an equal and opposite charge. Thus we can write 


Minduced = (a&o)x [29] 
with 
x = sin 2avt [30] 


In this way a picture is obtained of an induced charge a& 9 in the 
irradiated particle vibrating with simple harmonic motion. This 
motion, furthermore, involves an acceleration d2x/dé2 which is cal- 
culated from Eq. [30] as 


Oe = An2v2 sin Qnvt [31] 

It is necessary now to quote, without derivation, the very impor- 
tant classical electromagnetic result that the acceleration of a charge 
q leads to the emission of electromagnetic radiation which produces 
at a distance r and angle 4, as in Fig. 25-11, from the oscillating 
charge, an electric field e given by the expression 


q dx cos $ 
c2 dt? r 


e= 


[32] 


With this result one calculates that the radiation field of the 
dipole induced in the particle by one component of the incident radia- 


POLARIZABLE 
MOLECULE 


U induced = & E 


tion is 


a&o472p2 sin 2mvt COS 


(A SS SS 
cr 


[33] 
The propagation of this radiation through space with a velocity ¢ can 
be represented by including a sinusoidal space dependence to give 


Am2p2&o sin 2av(t — x/c) COS 
cr 


C= [34] 

It is, however, not the electric field of the radiation but rather 
the energy content that is of interest. This energy is directly related 
to the square of the field amplitude, and with this relation the 
intensity, or energy, of the secondary beam is calculated as 


j = L6aiv* 42642 sin? 2nv (¢ 3 *) cos? ¢ [35] 
What is of importance for comparison with experimental results is the 
intensity of scattered radiation, at various angles, compared with the 
intensity of the incident radiation. This incident plane-polarized 
radiation can be depicted as entering the sample according to the 
relation 


To = &o2 sin? 2a» (« = x) [36] 
and this expression can be inserted into Eq. [35] to give 


t _ lor 42 cose 37 

[mae eo [37] 
Introduction of the radiation wavelength by the relation »y = c/\ then 
gives 


I 1674 a? cos? ¢ [38] 


ee Xe: 


When ordinary, nonpolarized radiation is used for the incident 
beam, the induced-dipole moment in the sample can be considered 
to have two mutually perpendicular components. The scattered 
beam consists, then, of two perpendicular components like that of 
Eq. [38]. This net scattered beam is related to the angle 6 of Fig. 
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FIGURE 25-11 

The angular dependence 
of the radiation emitted 
from an oscillating 


charge. 
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FIGURE 25-12 

The angular dependence 
of secondary, or scat- 
tered, radiation from a 
particle that is small 
compared with the wave- 


length of the radiation. 
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25-12 by the equation 


to aeaeae (1 + cos? 6) [39] 


Io = Mér2 


This angular dependence is best verified by checking that it gives the 
correct summation of the two plane-polarized components in various 
special directions. 

The intensity predicted by Eq. [39] for the scattered beam from 
small particles is illustrated in Fig. 25-12. 

It should be noticed that the forward and backward scattering 
are equal. Furthermore, the fourth-power dependence of the scatter- 
ing on the wavelength shown by Eq. [39] should be noticed. Itis, for 
example, to this enhanced scattering of short-wavelength radiation 
that the blue color of the sky is attributed. The short-wavelength 
blue end of the visible spectrum is scattered more than the long- 
wavelength red end, and the ‘‘background”’ color of the sky is there- 
fore blue. 

The interpretation of the scattering of radiation that has cul- 
minated in Eq. [39] can be brought to a comparison with the experi- 
mental quantity, the turbidity. For many samples the amount of 
scattering is small, and the turbidity expression 


I 


aS eal! 
ifee 
or 
eine [40] 
Io 
can be written, for unit-cell length, as 
mae tay LE ge vhs ) 
ln (z oy 
ae [— Ig ) 
= in ( jf +1 
~, hy = IE 
o~ =F [41] 


The term Ip — Tis the intensity removed from the incident beam and 
is therefore the integral over all angles of the scattered radiation of 
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Eq. [39]. The measure of turbidity can therefore be evaluated, 
according to the differential surface element of Fig. 25-13, as 


he baa ate 
a i 2ar2 sin 6 dé [42] 


Substitution of the expression for scattered intensity i of Eq. [39] and 
integration gives 
— 8 27 \*,2 
r= © ( 2: ) a [43] 
For a concentration of ¢ g/cc and a molecular weight M there 
will be (c/M)X molecules per cubic centimeter, and the turbidity of 
such a material will be 
— 82 (27 \* 2 6X 
sare ( ) “M [44] 
To obtain a calculation of molecular weight from a measured 
turbidity, it is necessary to have a value of the molecular polarizability. 
The expression of Eq. [37] of Sec. 14-5 can be reduced Oe Mp I, 
as is the case for gases, to the relation between a and the refractive 
index ne of 


Qn (<a) a Ear ee al [45] 


Here c plays the role of p, used in Sec. 14-5. With this result the 
turbidity of a gaseous system, in which the particles are small com- 
pared with the wavelength, can be written as 
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FIGURE 25-13 
The surface element for 
the integration of the 


scattered radiation. 
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With this expression the measurable turbidity can be related to the 
molecular weight of the gas-phase particles, the mass of material per 
unit volume, and the refractive index of the gaseous system. This 
expression has, in fact, been turned around so that a value for Avoga- 
dro’s number has been obtained from the scattering produced by gas 
samples. 

For the systems of interest here, i.e., macromolecules in a liquid 
medium, it is necessary to introduce the fact that the scattering de- 
pends on the difference between the refractive index of the particles 
and that of the medium. If np is the refractive index of the solution 
and nr that of the pure solvent, the appropriate relation comparable 
with Eq. [46] turns out to be 
t= Sor (ng — ng)? [47] 
Now measurements of 7 and ne for a solution of a given value of c and 
nr allow the calculation of the molecular weight M. It should be 
mentioned that, since the polarizability increases with increasing 
molecular size, the amount scattered by an individual molecule is 
proportional to its size. The molecular weight that is obtained is 
therefore a weight-average molecular weight. 

In practice, this expression is usually written as 
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In dilute solutions, moreover, the term for the change of refractive 
index with concentration can be written as a differential, and H then is 
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[50] 


From measurements of refractive index for the wavelength of 
light used in the scattering experiments, H can be evaluated and the 
turbidity can be measured. Equation [50] can then be used to calcu- 
late a molecular weight. In practice, an extrapolation to infinite dilu- 
tion is necessary, and, for particles of appreciable size compared with 
the wavelength of light, so also is recognition of the angular depend- 
ence of the scattered light. 

A little must now be said about the scattering that results when 
the molecules are not small with respect to the wavelength of the light. 
Visible light has wavelengths between about 4000 and 8000 A, and 
these lengths are just about the dimensions expected for many macro- 


molecules. As for electron scattering from different atoms of a mole- 
cule in an electron-diffraction experiment, the scattering from differ- 
ent parts of the molecule will now interfere with one another. The 
effect is, in fact, very similar to that studied in detail for electron dif- 
fraction. The macromolecule is best thought of as some geometric 
shape presenting a continuum of scattering centers rather than a few 
discrete centers. A detailed calculation for the amount of light 
scattered as a function of angle, for a given wavelength and assumed 
molecular size and shape, can be performed by integrating the Wier| 
equation of Sec. 13-3 over all parts of the molecule. The type of light- 
scattering angular dependence that can result for molecules with 
dimensions like that of the wavelength of the scattered light is in- 
dicated in Fig. 25-14. The details of the pattern are dependent on 
the shape of the molecule as well as on its overall size. Measure- 
ments of light scattering now give promise of being one of the most 
powerful methods for studying the geometry of macromolecules in 
solution. 

In lieu of a detailed analysis of the molecular shape that would 
lead to the observed angular dependence of the scattered radiation, 
it is often sufficient to measure the intensity of the scattered beam at 
two angles, usually 45 and 135°, to the incident beam. The ratio of 
these intensities reflects the overall shape of the macromolecule in 
solution. Calculations have been made, using essentially the Wier| 
equation for some simple shapes, and these are shown in Fig. 25-15. 
From observations of the scattered intensity at the angles of 45 and 
135°, such curves can be consulted and lead to some information on 
the usually unapproachable quantity, the shape of a molecule in 
solution. 


25-13. ELECTROKINETIC EFFECTS 


The behavior of colloidal particles dispersed in an aqueous medium is 
greatly affected by the fact that the particles often carry an electric 
charge. The presence of acidic and basic groups in proteins, for ex- 
ample, means that there will generally be positive or negative charges 
on the protein molecule. The number and sign of these charges will 
depend on whether the solution is acidic or basic. Charges are also 
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FIGURE 25-14 

The scattering of visible 
light from a spherical 
particle of radius 

5000 A. [From V. K. 
LaMer and M. Kerker, 
Light Scattered by Par- 
ticles, Sci. American, 


188:69 (1953).] 
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FIGURE 25-15 

The ratio of the intensity 
of the scattered light at 
45° to that at 135°. The 
wavelength of the light 
ts X, and L is the diam- 
eter for spheres, the rms 
distance between ends 
for coils, and the length 
for rods. 


FIGURE 25-16 

The fixed charges asso- 
ciated with a protein 
molecule in (a) basic 
solution and (b) acidic 


solution (schematic). 


carried by inorganic colloidal particles, such as AgCl, where the 
charge can be attributed to a preferential adsorption of Ag* or Cl- 
ions on the surface of the particles. The nature of the net charge on 
the particles is clearly important in questions of the tendency of the 
calloidal particles to come together, or flocculate, since this process 
must overcome the electrostatic repulsion between particles. 

The electrical nature of colloidal particles can best be studied 
in experiments which make the colloid particles and the surrounding 
medium move relative to one another. Such experiments are said to 
treat electrokinetic phenomena. 

The charge distribution around a charged colloid particle might 
be expected to be that indicated in Fig. 25-16. A protein molecule 
has been used for illustration, but although the charged groups of the 
protein molecule can be more definitely attributed to the reaction of 
chemical groups such as —COOH and —Nh)z, the charge distribution 


° 


145°/iq35 


L/X 


Ht 
H+ 


H+ 


@ PROTEIN |) FIXED LAYER gue 


(a) (b) 


is expected to be similar in inorganic colloids. The effective charge 
of a particle in electrokinetic experiments is the fixed charge, which is 
made up of the actual charge of the particle and any ionic charges that 
are held sufficiently close to the particle so that they will remain with 
the particle as it moves through the solution. The total charge of the 
system of colloid particles and solution is necessarily electrically 
neutral, and opposite charges to that of the fixed charge will tend to 
surround the colloid particle and will form a diffuse layer which will 
move with the solution rather than the particle. The situation is 
shown schematically in Fig. 25-16. Electrokinetic phenomena can all 
be given a qualitative explanation in terms of the concept of the 
charge fixed to each particle and the surrounding charge which moves 
with the liquid medium. Attempts at quantitative interpretations in- 
troduce the zeta, or electrokinetic, potential, which expresses the 
potential drop between the fixed charges and the body of the solution. 

The electrokinetic phenomena of most practical importance is 
that of electrophoresis. In the study of proteins, for example, one 
forms a boundary between a buffer solution containing a protein 
sample and the pure buffer solution in a manner similar to that used 
in studying diffusion. With an electrophoresis instrument one applies 
a potential difference between electrodes dipping in the two solutions 
and observes the movement of the boundary between the solutions 
and thus determines the motion of the macromolecules as a result of 
a potential gradient. The movement of the boundary is observed 
optically, the refractive-index gradient at the boundary causing the 
light to be refracted from its path. In this way the extent to which the 
macromolecules with different mobilities have migrated from the 
original boundary can be determined. 

The direction of migration is, of course, dependent on the 
charge of the particles, and one finds that proteins move to the anode 
for sufficiently basic solutions and to the cathode for sufficiently acidic 
solutions and show no electrophoretic effect at the isoelectric point. 

Different proteins may show different mobilities. Electro- 
phoresis is therefore a valuable tool for separating biological fractions 
into pure components. In this respect, it supplements the ultracen- 
trifuge, which separates according to molecular weight. Electro- 
phoresis experiments can show that, even if a sample is homogeneous 
with respect to molecular weight, it may contain different components 
having different electrical properties. Figure 25-17 shows the separa- 
tion that can be obtained in a complicated natural-product prepara- 
tion. 


PLASMA 


807 


Section 25-13 
Electrokinetic effects 


FIGURE 25-17 

The electrophoretic pat- 
terns obtained with (left) 
normal human serum 
and (right) plasma. The 
main components are 
identified as A for albu- 
min, for fibrinogen, 
and a, B, and y for the 
different globulins. 
Fibrinogen is lacking 


in serum. 
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FIGURE 25-18 
Electroosmosis through 
a porous membrane 
holding a fixed positive 


charge. 


The mobilities found for colloidal particles, and particularly for 
proteins, depend, of course, on the pH of the solution. In general, the 
mobilities, i.e., the velocity acquired by the particles for a potential 
gradient of 1 volt/cm, are around 20 x 10-5 cm/sec and are seen, 
therefore, to be only a little less than the mobilities found for simple 
ions, as listed in Table 21-8. 

Two interesting electrokinetic effects result from the possibility 
of holding the position of the charged macromolecules fixed. Thus 
a membrane or layer of fibrous macromolecules can be introduced 
into a buffer solution. Again the macromolecules adopt some fixed 
charge. Unlike any of the systems dealt with in our study of electro- 
chemistry, we now have the movable liquid carrying a net charge, the 
balancing charges being in the fixed macromolecules. The situation 
is shown diagrammatically in Fig. 25-18. If now an electric potential 
is applied, the movable ions and their surrounding solvent move to the 
oppositely charged electrode, where the ions are discharged. The 
effect of this movement is to carry the solvent, and the movable ions, 
through the membrane. This process is known as electroosmosis and 
has some practical applications as an adjunct to ordinary osmosis. 
One should recognize that both electrophoresis and electroosmosis 
involve the relative flow of the charged macromolecules and the oppo- 
sitely charged surrounding liquid and are therefore essentially the 
same phenomenon. 

With a similar arrangement as that used for electroosmosis, one 
can reverse the procedure and produce a potential as a result of forc- 
ing the buffer solution to flow through the macromolecule matrix. 
The potential difference that is developed is known as a streaming 
potential. 

The quantitative treatment of all these electrokinetic phe- 
nomena depends on the charge fixed to the particle and the movable 
charges surrounding the particle. Since this charge distribution pro- 
duces the zeta potential, the phenomena can be analyzed either 
directly in terms of the charges or, as is more generally done, in terms 
of the zeta potential. 

Before leaving the subject of the charges of colloidal particles, 


it should be mentioned again that it is these charges which account 
for much of the stability of colloids. For highly solvated macromole- 
cules in water, i.e., hydrophilic colloids, the solvating layers of water 
help to prevent the individual particles from agglomerating. For non- 
solvated particles in water, i.e., hydrophobic colloids, however, such 
solvation is unimportant, and only the electrical effect operates. The 
particles of AgCl, for example, carry a net fixed negative charge, due 
to a preferential adsorption of Cl- ions surrounded by a diffuse, 
balancing, positively charged region rich in Agt ions. Because of the 
electrostatic repulsion between their negative charges, the colloidal 
particles cannot easily come together. Agglomeration, or floccula- 
tion, can be made to occur, however, by adding an electrolyte, particu- 
larly one with positive ions of high charge. These added positive 
charges will surround the colloid, or as might be said, will decrease its 
zeta potential, and will allow them to approach one another. With 
inorganic colloids, where solvation is less important than in protein 
systems, the action of charges in stabilizing or precipitating the col- 
loidal particles is very important. 


25-14. THE DONNAN MEMBRANE EQUILIBRIUM AND DIALYSIS 


One final electrical phenomenon encountered with macromolecules 
should now be mentioned. This phenomenon, known as the Donnan 
equilibrium, is not, however, an electrokinetic effect. We shall see, 
for example, that it does not depend on the zeta potential. The 
Donnan equilibrium shows up when a colloidal solution in which the 
particles are charged, most commonly an aqueous protein solution, is 
separated by a semipermeable membrane from the pure water or from 
the solution without the colloid. The complications that arise as a 
result of the charged protein molecules can be seen by reference to 
Fig. 25-19. Itis supposed that the particles P, which can be thought 
of as protein molecules, carry some negative charge and that an 
appropriate number of sodium ions balance this charge. Suppose 
that an osmosis cell is set up, or that dialysis is performed with this 
solution and a solution of sodium chloride, as in Fig. 25-19. The 
macromolecules P@ cannot pass through the membrane. The Cl- 
ions, on the other hand, can, and they will tend to diffuse from the 
high concentration on the right to the low concentration on the left. 
To preserve electrical neutrality, an equal number of Nat ions will 
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FIGURE 25-19 

The passage of solvent 
and ions through a 
semipermeable mem- 
brane in an osmosis ex- 
periment using a solu- 
tion of macromolecules 


and electrolyte. 
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pass from right to left across the membrane. An osmotic-pressure 
measurement would therefore be complicated by the additional num- 
ber of particles in the macromolecule side of the membrane. 

Suppose that the dialysis or osmosis of the solution containing 
PO) and Nat is performed against water. Here the Na? ions will tend 
to diffuse to the low-concentration region on the right. Electrical 
neutrality can now be maintained only by additional dissociation of 
water to form Ht ions on the left and OH ions on the right. Unless 
a buffer is used, the pH of the solutions will therefore change during 
the experiment. 

The quantitative nature of these effects can be set down for a 
system of two equal volumes separated by a semipermeable mem- 
brane. If c, and c2 are the initial concentrations and x is the concen- 
tration change due to the diffusion of NaCl, the situation is described 
as: 


Initially Nat PO (Na Cle 
Cy Cy | C2 C2 
At equilibrium Nat = =PO Ch |} Nat Ch 
Oy te % C1 iy | Co —X G—% 


The concentrations are written such that both compartments 
remain electrically neutral. The transfer of Nat ions and Cl- ions, 
subject to this neutrality condition, will proceed until the free energy 
of NaCl in both compartments is equal. More conveniently, this 
equilibrium stipulation can be expressed as equal activities of NaCl 
in the two compartments. Thus, in the left compartment, 


Cea (Qnar (or) = (v¥+)2[Nat][CI-], [51] 
and in the right compartment 
(anaci)r = (Qna+)(Aci-)r = (y+)r2[Nat],{CI-], [52] 


If the mean-activity coefficients in the two compartments can be taken 
as equal, usually as a result of equal ionic strengths, the Donnan 
equilibrium relation is obtained as 


[Nai ][Cl,-] = [Na,*][Cl,-] 
or 
(ci + 4Xx) = (@ — xKco — 2) [53] 


Rearrangement gives the concentration of the NaCl that is transferred 
to the colloid compartment as 


C22 


Tene 2C2 Koad 


This expression, or a more general one for multivalent ions, is impor- 
tant in any experiment with charged particles in solution that are in 
any way fixed, or moved, in relation to the other ions in the solution. 


MACROMOLECULES IN THE SOLID STATE 


As our previous study of the solid state has shown, the existence of an 
ordered crystalline sample allows, through X-ray diffraction, a rather 
direct means for the determination of molecular structure. In spite 
of the complexity of the protein molecules and the frequent lack of 
simple single crystals of polymers, this technique has been applied 
and has met with considerable success in unraveling the structures of 
these macromolecules in the solid state. 

An X-ray-diffraction study of a single crystal of macromolecules 
can proceed, in principle, in the same manner as that illustrated by 
the simple example of Chap. 13. In practice, however, the unit cell 
is usually so large that it is not possible to deduce the position of each 
of its many atoms. It is often possible, nevertheless, to determine 
repeated periods that give important clues as to the arrangement and 
structure of the macromolecule. Likewise, the presence of a few 
heavy atoms in a macromolecule allows these reference points to be 
located, and these permit a description of the remainder of the 
molecule to be attempted. 

Often the X-ray study must be made on a fiberlike material in 
which the macromolecules are more or less ordered along the fiber 
axis. From such studies, as Fig. 25-20 indicates, one can often de- 
duce any repeated distances along and perpendicular to the fiber axis. 
Such results can be of great aid in the elucidation of fiber structures. 

These tools and some of the structural properties of proteins, 
nucleic acids, and solid polymers will now be dealt with. 


25-15. THE STRUCTURE OF PROTEINS 


A number of proteins and their simpler analogues, the polymers of 
amino acids, known as polypeptides, exist or can be prepared in fiber 
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FIGURE 25-20 

X-ray patterns of fibers. 
(a) Schematic diagram 
of X-ray-fiber pattern. 
(b) The X-ray-diffraction 
pattern of a fiber of poly- 
oxymethylene (CH2O)n. 
(Courtesy of P. H. Geil, 
Case Institute of 


Technology.) 
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FIGURE 25-21 
Dimensions of the fully 


extended polypeptide 
chain as derived from 
crystal-structure data. 
[From R. B. Corey and 
J. Donohue, J. Am. 
Chem. Soc., 72:2899 
(1950).] 


or crystalline form. The technique of X-ray diffraction can therefore 
be applied. 

It is possible to carry over the standard bond lengths and bond 
angles from simpler molecules and to use these values to construct 
the geometry of the basic elements of the polypeptide or protein 
molecules. The idea of resonance of the type 
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suggests, according to the requirement of planarity of a double-bond 
structure, the planarity of such six-atom groups. Distances carried 
over from simple molecules now allow the fully extended protein 
skeleton to be drawn, as in Fig. 25-21. The protein molecule can be 
looked upon, therefore, as far as structural arrangements are con- 
cerned, as a succession of planar groups as shown in Fig. 25-21, 
where we have attempted to show that the a-carbon atom, although 
involved in two planar units, does not fix any necessary relationship 
between these planes. 

The principal questions of polypeptide and protein structure can 
now be reduced to the following: (1) What are the possible arrange- 
ments of these planar groups relative to each other in the chains? 
(2) How ts one chain arranged relative to its neighbors? 

Recognition of the importance of hydrogen bonding in protein 
structures, and of the carry-over of the dimensions of Fig. 25-21, 
suggests some of the structures that should be considered. For 
some proteins a detailed crystal or fiber structure can, in fact, be 
drawn from the recognition of these two features and the relatively 
meager X-ray-diffraction data. The hydrogen-bonding requirement 
is that each N—H bond and each C=O group, of the same protein 
chain or a neighboring chain, be arranged so that a good hydrogen 
bond can be formed. The geometry required appears, from simpler 
crystal studies, to be 
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Many structura! studies have been made on fibrous proteins. 
Keratin, which is the protein of wool, hair, and horns, will serve as 
a specific example of this class of proteins. Fibers of this protein are 
remarkably elastic; they can be stretched to twice their normal length, 
and when the tension is released, they return to their original length. 
It is found that the normal and extended fibers show different X-ray- 
diffraction patterns. It is convenient to distinguish the normal un- 
stretched keratin and its X-ray pattern by the prefix a, and the 
stretched keratin and its X-ray pattern by the prefix B. 

X-ray diffraction patterns for fibrous proteins are similar to that 


shown for a synthetic polymer in Fig. 25-20. From such photographs 
for keratin and the nA = 2d sin @ relation discussed in Sec. 13-1, it 
has been deduced that there are repeated distances of 3.33 A along 
the fiber axis and of 9.7 and 4.65 A perpendicular to the fiber axis and 
perpendicular to each other. The value of 3.33 A, being about half 
the repeat distance 7.27 A, suggests, in comparison with Fig. 25-21, 
an amino acid-residue length. An approximate accounting for the 
three unit distances can, in fact, be achieved in terms of sheets of 
fully extended molecular chains. 

The discrepancy between the repeat distance of 7.27 A pre- 
dicted on the basis of this structure and the observed repeat distance 
of 3.33 A was removed by the suggestion of Pauling and Corey that, 
instead of the planar extended structure, a pleated-sheet structure, 
shown in Fig. 25-22, was formed. In this way not only could the X-ray 


Vi \ Va va 
R—CH HC—R R—CH R—CH 
x vA NX ~ 
C=0---H-—N C=0 C=0—6 
7 x / YA =o 
H—N C=0----H-N H—N 
Ss ve \ ~~ 
HC—R  R-—CH HC —R HC—R 
fe S Va we 
O=(6 N—H----O=C o=C ee 
XS ya <x Nee 
N-H---O=C isp ae 
4 ee R—CH R—CH 
\ is ~ SS 
C=0---H—N c=0 GaOas 
Jo < va Wa SS 
H—N CS0-—— HN H—N 
SS fe Sy AS 
HC-R  R—CH HC—R HC—R 
Ve NS a a 


813 


Section 25-15 
The structure 
of proteins 


FIGURE 25-22 

The pleated-sheet pro- 
tein structures. (a) The 
protein chain configura- 
(b) Chains ar- 


ranged in an antipar- 


tion. 


allel manner. (c) 
Chains arranged in a 


parallel manner. 


4 Ze 
R—CH R—CH 
~ SS 
G=0~ c=0 
Ve Sie ee 
H—-N H—N 
~ ~ 
HC —R HC—R 
vhs vA 
:0=¢ _0=C 
Nee < 
N-H N—-H 
we ve 
—CH R—CH 
NX x 
c=0. _ C=O 
ye SS ee 
H—-N H—-N 
~S NS 
HC—R HC—R 
We Ye 


= 
oO 
~ 


814 


Chapter 25 
Macromolecules 


FIGURE 25-23 

The atomic arrangement 
in the a helix. [From 
R. B. Corey and 

L. Pauling, Rend. Ist. 
Lombardo Sci. Lettere, 
89:10 (1955).] 


distances be accounted for, but also good hydrogen bonding could be 
maintained between the N—H and C=O bonds of adjacent chains. 

The structure of a-keratin must reflect the fact that the fiber is 
only about half as long as for B-keratin. Some folding or coiling of 
the protein chains must exist. A structure which accounts for the de- 
crease in fiber length, preserves good hydrogen bonding and the basic 
distances, and is in accord with X-ray-diffraction results was deduced 
by Pauling and Corey. Helical structures were considered, and that 
which is appropriate to a-keratin is distinguished from other possible 
helical structures by its designation as an a helix. The structure is 
shown in Fig. 25-23, and one should be able to see in these drawings 
the planar six-atom groups previously mentioned. This structure fits 
all the requirements and predicts a repeated distance along the fiber 
axis, say, from N to N, of between 1.47 and 1.53 A. Layer lines 
indicating a spacing of 1.5 A have, in fact, been observed in some 
proteins in which this a helix is expected. 

Another repeat distance along the fiber direction that might be 
expected to show up is the pitch of the helix, i.e., the vertical distance 
along the axis from one point on the helix to a point on the helix 
directly above the first point. Thea helix has 3.6 amino acid residues 
per turn, and since each amino acid corresponds to a vertical distance 
of 1.5 A, the pitch is expected to be 3.6 x 1.5=5.4A. In fact, a 


spacing of 5.1 Ais observed. A neat explanation of this discrepancy 
has been given in terms of a helix with a nonlinear axis, as shown in 
Fig. 25-24. This shape, moreover, leads nicely into the idea that 
a-helix protein molecules can form bundles or cables as illustrated in 
Fig. 25-24. These ideas allow one to see how the detailed structure 
of large protein groups, of a size that is almost large enough to be 
seen with an electron microscope, can be deduced. 

Studies of fibrous proteins lead, as the above discussion in- 
dicates, to the idea of the pleated sheet and the a helix. Many 
detailed problems of fibrous protein structure remain: the effect of 
bulky side groups, the role of disulfide cross links, and so forth. 
Much progress has been made, and in particular, the idea of a helical 
macromolecule chain has been very fruitful. 

The second important type of protein is the globular protein. 
The gross properties of these molecules suggest a spherical or 
balled-up shape rather than the essentially linear one adopted by 
fibrous proteins. The tendency at present, however, is to think of 
the globular protein as consisting partly of an a helix wound in 
some way into a more or less spherical shape. In spite of the nicely 
crystalline form that is sometimes adopted by these proteins, the 
lack of a specific direction of the molecular chain makes the X-ray 
analysis of their structure very difficult. They become, as it were, 
huge molecules in a crystal lattice that X-ray-diffraction studies must 
tackle in a rather direct manner. 

Some progress is being made. This progress has followed from 
the assumption of a protein chain with, perhaps, a helix arrangement 
and the X-ray-diffraction study of proteins containing a few heavy 
atoms. These heavy atoms act as strong scattering centers, and the 
X-ray analysis can treat the spacing between planes containing these 
relatively few atoms and can, to begin with, ignore the complexity 
introduced by all the other atoms of the molecule. 
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FIGURE 25-24 

The helix given a slight 
coil so that a seven- or 
three-strand cable can 
be formed. [From 

L. Pauling and R. B. 
Corey, Nature, 171:59 
(1953).] 
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FIGURE 25-25 

The configuration of 
myoglobin. The dark 
gray disk is the heme 
group; the little biack 
ball attached to it is an 
artificially introduced 
group required for the 
X-ray analysis of the 
macromolecule. The 
white parts show the 
polypeptide configura- 
tion at a resolution of 
about 6A. (From M. F. 
Perutz, Endeavour, 
1958, p. 196.) 


A globular protein that has been analyzed in considerable detail 
is myoglobin. Although the positions of the individual atoms have 
not been identified, the convolutions of the protein chain can be fol- 
lowed. A photograph of a model of the proposed structure is shown 
in Fig. 25-25. The structure is in fact known in more detail than is 
shown in this figure, but inclusion of this detail tends to obscure the 
general features of the structure. 

This section should indicate that the physical-chemical ap- 
proach to structure problems is making exciting advances even in 
studies of molecules as complex as proteins. 


25-16. THE STRUCTURE OF NUCLEIC ACIDS 


A number of the general ideas which have been successful in protein- 
structure studies appear also to be applicable to studies of nucleic 
acids. The chemical units of the nucleic acid deoxyribonucleic acid 
(DNA) have been pointed out in Sec. 25-4. It remains to suggest a 
geometric arrangement for the two molecular chains of Fig. 25-4. 

In 1953 Watson and. Crick, primarily on the basis of X-ray- 
diffraction studies, proposed that the two molecular chains formed 
a double helix and that the basic groups of Fig. 25-4 formed hydrogen 
bonds in a manner which holds the two spirals in position. The pro- 
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posed structure is shown in Fig. 25-26. It consists of a double helix 
about 20 A in diameter and has two residues for every 3.4 A along the 
helix. A DNA molecule with a molecular weight of 10 million would 
have the remarkable length of 50,000 A, that is, 0.005 mm. Al- 
though the double helix would seem to be a rather stiff structure, it 
appears reasonable that it adopts a coiled or folded shape. The 
hydrogen-bonding requirements can be satisfied between the chains 
by the stipulation that a thymine side group lines up opposite an 
adenine group, and a guanine group opposite a cytosine group. In 
this way, as Fig. 25-26 shows, the central core of the two-strand helix 
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FIGURE 25-26 
Double-helix model of 
the structure of DNA 
proposed by Watson 
and Crick. [From 

L. D. Hamilton, CA 

(A Bulletin of Cancer 
Progress), 5:159 (1955).] 
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FIGURE 25-27 
The X-ray diagram of 
(a) atactic polypropyl- 


ene, which has only a 


small amount of crystal- 


linity, and (b) highly 
crystalline isotactic 


polypropylene. 


can maintain a diameter of about 11 A, and a number of good 
hydrogen bonds can be formed. 

In terms of the double-helix structure of Watson and Crick, the 
division of a DNA molecule into two daughter molecules, such as 
occurs in cell division, is pictured as an uncoiling of the double helix. 
It is in this regard, in addition to its immediate structural interest, that 
the structural ideas on nucleic acids are of immense interest to bio- 
chemists and biologists as well as to physical chemists. 


25-17. CRYSTALLINITY OF HIGH POLYMERS 


The characteristic of most synthetic polymeric materials like polyeth- 
ylene that sets their X-ray or solid-state study apart from typical 
studies is the tendency of the polymeric material to be only partly 
crystalline. Thus one must deal with the degree of crystallinity as 
well as with the structure of the crystalline and amorphous regions. 
The principal tool for this study remains that of X-ray diffraction. 

Differently prepared, or differently treated, samples of poly- 
meric materials show different degrees of crystallinity. A particularly 
marked difference is shown by isotactic and atactic polymers. The 
X-ray-diffraction patterns of such types of polypropylene are shown 
in Fig. 25-27. The isotactic material gives a pattern that corresponds 
to those mentioned in Chap. 13 in connection with X-ray-powder pat- 
terns. The isotactic polymer consists, therefore, of randomly ori- 
ented, small crystalline regions. The diffuseness of the pattern from 
the atactic material indicates that in this form of the polymer there 
is little crystallinity and the material is essentially amorphous. 

The broadening of the diffraction lines that is observed in pat- 
terns from partly crystalline polymeric material can be used to esti- 
mate the size of the crystalline regions. The broadening results from 
interference effects that lead to only incomplete constructive and 
destructive interference. In this way crystallite sizes in the range of 
tens to hundreds of angstoms have been deduced. 

From such measurements, and others, one is led to a diagram 
for a typical polymeric material, as shown in Fig. 25-28. The amount 
and size of the crystallites are expected to vary with the particular 
polymer and with its physical treatment. 


Other physical properties can also be used to deduce the degree 
of crystallinity. The heat of fusion of a polymeric material, for in- 
stance, can be compared with that expected for a completely crystal- 
line material. A similar use can be made of the density of the polymer 
as compared with that expected for crystalline material and for that 
of completely amorphous material as found in a liquid hydrocarbon. 

These ideas on the molecular nature of these synthetic polymer 
materials are the basis on which the physical properties of the mate- 
rials are to be understood. The elasticity, for example, can be inter- 
preted in terms of a realignment of the molecular chains in the 
amorphous regions and of the crystallites, and the X-ray pattern of 
the stretched material shows, in fact, a similarity to fiber patterns, 
indicating an ordering of the directions of the molecular chains. 

Alterations in the structure of the polymer, such as cross linking 
produced by irradiation of the material with high-energy radiation, 
produce molecular changes that lead to marked changes in the physi- 
cal properties, of which the rigidity imposed by cross linking is prob- 
ably the most important. The detailed attempts that are being made 
to understand the physical properties in terms of the molecular con- 
figurations cannot, however, be treated here. 


25-18. ELECTRON MICROSCOPY 


The most straightforward way to investigate the structure of macro- 
molecules would be to make use of a microscope of sufficient 
resolving power. No progress in this direction can be hoped for by 
using visible radiation, as does an ordinary microscope, because the 
wavelength of light, about 6000 A, is longer than the details of the 
particles which one hopes to observe. All that one sees is that the 
molecule acts as a scattering center, a principle used in the ultrami- 
croscope. The suggestion that electrons have a wave nature leads 
not only to their use in electron-diffraction experiments treated in 
Chap. 13, but also to their use in place of ordinary electromagnetic 
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FIGURE 25-28 

The arrangement of 
molecular chains in a 
partly crystalline linear 


polymeric material. 


820 


Chapter 25 
Macromolecules 


radiation in a microscope. According to Eq. [8] of Chap. 13, the 
wavelength of the electron beam can be made less than 1 A with 
fairly readily available voltages of around 10,000 volts. It follows, 
therefore, that such radiation is in principle capable of resolving de- 
tails of structure almost down to the range at which diffraction 
methods are effective. 

Early developments following the suggestion of the wave nature 
of electrons showed that a beam of electrons could be focused by 
electric and magnetic fields. It then became possible to construct 
a microscope using an electron beam rather than electromagnetic 
radiation as used in an optical microscope. In view of the previous 
discussion of electron diffraction, it is apparent that the system must 
be evacuated so that the electron beam is not diffracted by molecules 
of air in the system. This requirement and the high energy of the 
electron beam impose some frequently troublesome restrictions on 
the nature of the samples that can be studied. 

The electron beam passes through the sample, supported on 
a thin film or screen, and the differences in scattering power of the 
different parts of the sample lead to a photograph of the transmitted 
beam that indicates the structure of the sample, insofar as the struc- 
ture is related to variations in electron scattering power. Under the 
most favorable conditions, magnifications of 30,000 are possible, 
giving resolution of structural details down to about 10 A. In most 
cases, details with dimensions of 100 or 1000 A are all that can be 
satisfactorily recognized. The method, however, is still being devel- 
oped, and in many macromolecule systems the electron microscope 
can reveal structural details that are not far removed from structures 
that can be understood from the molecular results of diffraction 
experiments. 


PROBLEMS 
1 The molecular weights of a synthetic polymer are distributed according to 
M—10,000\2 
the expression 1 @V _ 0.61 x 10-4e— ( 10,000 ) , Where JN is the num- 
N dM 


ber of molecules with molecular weight M. 

Plot the molecular-weight-distribution curve. 

Determine graphically the number and weight-average molecular 
weights. Ans. M (number av) = 11,000; M (weight av) = 14,500. 


2 From the diffusion coefficients of Table 25-5, estimate the radii of the listed 
macromolecules, using Eq. [12]. The viscosity of water at 25°C is 0.894 
centipoise. 

Compare the molecular weights that would be obtained by this 
method with those listed in Table 25-5. Ans. For insulin, M = 84,000. 


3 A silver chloride-aqueous colloidal solution was examined in an ultrami- 
croscope. In a field of view 0.05 mm diameter and 0.05 mm depth, 
an average of 8.4 particles were counted. 


If the solution had been prepared by the dilution of a solution con- 821 
taining 0.0032 g of AgCl per cubic centimeter by a factor of 1 to 10,000, 
what was the average weight of the AgCl particles? Is this a number or Bi aaa is 


weight average? 


4 The molecular weight of egg albumin is about 40,000. What is the 
freezing-point depression, and what are the vapor-pressure lowering and 


the osmotic pressure at 25°C of an aqueous solution containing 10 g/liter? 
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EVALUATION OF INTEGRALS OF THE TYPE 
if “xne-ae? dx 


a. Reduction of the integrals. Integration by parts, using the 
general expression 


fudv = uv] — fvdu 
can be carried out with 

du = xe~@** dx and thus SS SSS 
and 

“= xt and thus du = (n — 1)x""? dx 


With these identifications, integration by parts gives 


2 nl ~ 
f xne-ar? dy = — + ena | 
0 Pa 0 


= ee = LS a n—2e— ax? 
; oF (Gas — sera dx 


a0 4 Bel fete de 


In this way integrals of the general type can be reduced either to one 
involving the integral xe~2*" or to one involving the integral e-*”. 
b. For n odd, the method of part a leads to the integral 


i. 
if xe-ar? dx 
0 


which can be integrated directly to give 


a ee 


c. Forneven, the method of part a leads to the integral 


oO 
fi eet de 
0 


Evaluation is accomplished by writing the product of two such 
integrals based on two independent coordinates x and y which can be 
pictured as being cartesian coordinates. We thus investigate 


igeaes dx [ew dy tech cee dx dy 
0 0 0 Jo 


The coordinates x and y can now be related to new coordinates 
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r and @ by the relations which associate cartesian coordinates with 
polar coordinates. Thus 

x2 4 y2 = 2 
and 

dx dy = rdr d@ 
Furthermore, since in the x, y coordinate system the integration is 
over the first quadrant, the corresponding limits of the integration 


involving rand @ areO to oo and O to 7/2. We thus have the problem, 
in r and 8, of 


1/2 oe) 
dj i e-*r dr dé 
0 Jo 


Now the two integrations can be performed to give (7/2)(1/2a) and, 
therefore, the original integral is evaluated as 


fo ea ax a a8 


d. Even and odd character and the limits of integration. 
Functions of the type xe~2” are even if n is even and odd if n is odd. 
Integration from — co to +o will, therefore, give zero for n odd and 
will give twice the value of the integral from O to oo for n even. 

e. Values of most often used integrals: 


[7 eee ax = Je fo xene de et 
~x a 0 2a 
| eee Oho = wie eag | eee ax = BLS 
be 2a a 0 2a? 
THO8 —ar2 cS T 
ie xtear? dy — mee 


STIRLING’S APPROXIMATION 


One form of Stirling’s approximation for the value of the factorial of 
a large number can be derived as follows: One considers the natural 
logarithm of the factorial and expresses this as a summation. Thus 


In N! 


II 


In N + In (WV — 1) + In(N — 2) + =>» +|In24 Inl 
N 

Sine 

i=1 


For large N, the argument of Appendix 4 can be used to replace the 


lI 


sum by an integral to obtain 
N 
In N! = uf In x dx 


where x is a continuous function. 
Integration by parts, with wu = Inx, du = dInx = (1/x) dx 
and dv = dx, v = x, leads to the result 


In Ni axinx |; = ie xt dx 
1 1 x 
= NinwN — N 


Although this logarithmic form is often the one used we can also 
write 


Nic Nie 


Finally it should be mentioned that a better approximation, not 
derived here, is 


N! = NNe-N(2N)1/2 


THE METHOD OF LAGRANGE 


MULTIPLIERS 
An extremum of a function f (x1, x2,..-,%n) of a set of n variables 
X1, X2,.+.,Xm exists when df is zero for variation of any of the 


x;'s. Since 


on) SOF " 2 
df= 1 dx, fo eg a gar stake 
Ox 0X2 OXn 


Bae here, [1] 


/ OX; 


and, for an extremum, df must be zero for all values of dx, 
dx», ..., AX,, an extremum will occur when all the coefficients of the 
dx; are zero. Thus an extremum can be found by writing the n equa- 
tions 


Chee 0 
0X4 = 
Po 6 
0X2 
[2] 
ecfehy 
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and solving for the values of x1, x2,..., x, that satisfy this set of 
n equations. 

When, however, the x;’s cannot all be independently varied the 
dx;'s cannot take on any value and we cannot require all df/dx;'s to 
be zero. We cannot proceed by the method outlined above to solve 
for the values of x1, x2,..., x, that locate an extremum. 

The procedure which locates an extremum in a function such as 
f (x1, X2,..., Xn) when variations in the x;’s are subject to certain con- 
straints depends on the introduction of what are known as Lagrange 
multipliers. If, to be specific, two constraining equations 


FAC ene Boa bs yy BEN) = 0) 
and [3] 
A(x, QDs tata Xn) = 


are assumed, the Lagrange method asserts that solution of the set of 
n + 2 equations 


a E+ pt = 0 foriieris icteerr: [4] 
BOG, Xe, 5 en) =O [5] 

CG Boy oo a.9 be) =O [6] 

will yield values of x1, x2,..., x, that locate an extremum subject to 


the constraints. The a and B are undetermined multipliers that are 
constants, not functions of the x;. 

That this procedure locates an extremum for a well-behaved 
function can now be shown. 

Solutions that satisfy Eq. [4] allow the partial derivatives Of /0x; 
to be written as 

LE eg Seen gilt, li 

a is a an, B a, for all z 
These expressions can now be inserted into the total differential ex- 
pression for df to give 


me Ge. ON a. 
df= —ad\-B du — 8 de [7] 
Finally, if the constraining equations, Eqs. [5] and [6], are satisfied 
Se Te 
Das Oke, = 0) and 2x, dx; = 0 


and it follows from the substitution of these in Eq. [7] that df = 0. 

Thus solution of Eqs. [4] to [6] for x;, x2, ..., Xn locates 
an extremum when the x;’s are subject to constraints such as those 
of the two expressions g = 0 and A = 0 used in this illustration. 
Whether the extremum is a maximum, minimum, or point of inflection 
is usually determined from physical considerations. The values of 
the undetermined multipliers, a and B in the example used here, may 
turn out to be of interest, but their determination is not central to the 
problem of locating an extremum. 


REPLACING A SUM BY AN INTEGRAL 


Let us consider the condition under which a summation of terms, each 
term determined or indexed by the value of an integer, can be re- 
placed by an integration. 

Suppose a quantity A is given by a summation of terms accord- 
ing to 


A = a(1) + a(2) + a(3) +--+ + an) 


Il 


S ali (1 


r=1 


where a(i) implies a term whose value is determined by assigning an 
integral value to z. In the summation of Sec. 4-5, for example, each 
term in the summation is obtained by assigning an integral value to 
iin the general term expression 


e7i2h?2 8ma2kT 


Although only integral values of i are used to generate values 
for the terms of the summation we can deal with i as a continuous 
variable. Then, the summation over the range of 7’s can be written, 
in a way that turns out to be profitable, as 


AE a(l) fai + a(2) fai + See a(n) {" di 
1 ; ‘ 2 i : n . Ai 2 
=[ atl) di t+ fi a2) di +--+ +f" an) i [2] 


Now, if each a(i) does not vary very much in the unit range of 
i, that is, in the range of integration of each term, the constant values 
of a(1), a(2), and so on, obtained by using integers can be replaced 
by the varying functions a(z) obtained by using the continuous variable 
iin each term. When this condition holds, i.e., the variation in each 
term is small compared with the total variation in the values of the a(z) 
terms, we can rewrite Eq. [2] as 


A= fai di + [° a di + on + [" adn 
= [" ali) di (3] 


By this development, the conditions under which a sum can be 
calculated by means of the corresponding integral have been dis- 
played. 
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crystal, 554-557 
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Giauque,-W. F., 203, 205, 206 
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Intermolecular forces, 525-531, 
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Steiner, R. F., 821 
Steric factor, 493 
Stevenson-Schomaker correction, 
391 
Stirling’s approximation, 99, 824—- 
825 
Stock Aq, 7723 
Stokes, R. H., 687 
Streitwieser, A., Jr., 331 
SU Gao 
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232 
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of reaction rate, 486-488 
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second law of, 182-202 
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Vapor-liquid systems, 596-609 
Vapor pressure, and Gibbs-Duhem 
relation, 628 
of liquids, 519-524 
of nonideal systems, 619-621 
of small droplets, 548-550 
of solutions, 597-600 
Vapor-pressure diagrams, 598-602, 
636 
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Actinium Ac 2 ) (227) 
Aluminum Al 13 26.98 
Americium Am 9 s(243) 
Antimony Sb 51 121.75 
Argon Ar. 18 39.95 
Arsenic As S33 ~ 74:92 
Astatine At aly 
Barium Ba 56 137.34 
Berkelium Bk 97 (249) 
Beryllium Be 4 9.012 
Bismuth Bi 83 208.98 
Boron B 5 10.81 
Bromine Br 30 79.91 
LIST 
OF THE ATOMIC 
MASSES 
OF THE 
ELEMENTS 


* Based on mass of C* at 12.000. 
Values in parentheses repre- 
sent the most stable known 
isotopes. 


ELEMENT SYMBOL Number Mass 
Cadmium = Gd 48 112.40 
Calcium Ca 20 40.08 
Californium Cf 98 (251) 
Carbon C 6 12.011 
Cerium Ce 28 140.12 
Cesium Cs 55 132.91 
Chlorine ao. 35.45 
Chromium Cr 24 52.00 
Cobalt Go 27 58.93 
Copper Cu 29 63.54 
Curium Cm 96 (247) 
Dysprosium Dy 66 162.50 
Einsteinium Es 99 (254) 
Erbium Er 68 167.26 
Europium Eu 63 151.96 
Fermium Fm 100 (253) 
Fluorine =F 9 19.00 
Francium Fr 87 (223) 
Gadolinium = Gd 64 157.25 
Gallium Ga 6 69.72 
Germanium Ge OZ 72.99 @l 
Gold = Au 79 196.97 
Hafnium HE 72 178.49 
Helium He 2 4.003 | 
Holmium Ho 67 164.93 | 
Hydrogen H 1 1.0080 | 
—<oeneanionnne 
Indium =n 49 114.82 | 
lodine | 53 126.90 
Iridium Ir 77 192.2 
Iron Fe 26 95.85 
Krypton Kr 36 83.80 
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ELEMENT smo. Number Mass* FLEMENT SYMBOL Number © Mass 


Te a, 138.91 Radium —~Ra 88 —«(226) 
Lawrencium = Lw 103 (257) Radon Rn 86 = (222) 
Lead ro 82 207.19 Rhenium Re 75 186.23 
Lithium Li 3 6.939 Rhodium Rh 45 102.91 
Lutetium Lu ‘ue 174.97 Rubidium Rb 37 85.47 
bene er : Ruthenium Ru 44 101.1 
Magnesium Me 2 24.31 & 
_ Manganese = Mn 25 54.94 Samarium sm 62 150.35 
Mendelevium Md 101 (256) Scandium Sc ai 44.96 
. Mercury Hg 80 200.59 § Selenium Se 34 78.96 
Molybdenum Mo 42 95.94 Sic 28.09 
wad Ske. te 47 107.870 
Neodymium Nd 60 144.24 ei he 1 99.990 
soe u “ oe Strontium Sr 38 87.62 
Neptunium Np 93 (237) Sulfur 5 16 37.06 
Nickel Ni 28 58.71 oe : 
Niobium Nb 41 92.91 Tantalum la 13 180.95 
Nitrogen N 7 14.007 Technetium te (99) 
Nobelium No 102 (253) Tellurium Te 52 127.60 
-__ Terbium Tb 65 158.92 
cae nes . fae Thallium ‘TI 81 204.37 
pie ee  * ia Thorium ‘Th 90 232.04 
Palladium Pd 46 106.4 Thulium Tm 69 168.93 
Phosphorus P ib 30.97 & Tin Sn 50 118.69 
Platinum Pt 78 195.09 Titanium Ti 22 47.90 
Plutonium Pu 94 (242) Tungsten = W 74 183.85 
Polonium Po 84 (210) ens | f 99 238.03 
|, Potassium K ue 39.10 
— Praseodymium = Pr 592 s«140.91 Vanadium = 23 50.94 
Promethium = Pm ee (147) “[oure Oey y ee 
_ Protactinium: Pa 91 (231) a aa 
Ytterbium Yb 70 173.04 
Yttrium Y 39 88.91 
Zinc Zn 30 65.37 


Zirconium Zt 40 91.22 


